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Abstract: In the literature, Z-convergence (or convergence in Z) was first introduced in [11]. Later related
notions of Z-sequential topological space and Z*-sequential topological space were introduced and studied. From
the definitions it is clear that Z*-sequential topological space is larger(finer) than Z-sequential topological space.
This rises a question: is there any topology (different from discrete topology) on the topological space X which
is finer than Z*-topological space? In this paper, we tried to find the answer to the question. We define Z-
sequential topology for any ideals Z, K and study main properties of it. First of all, some fundamental results
about ZX-convergence of a sequence in a topological space (X,T) are derived. After that, IX-continuity and
the subspace of the ZX-sequential topological space are investigated.
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1. Introduction

The notion of convergence of real or complex valued sequences was generalized using asymptotic
density and was called statistical convergence by Fast [7] and Steinhause [20] in the same year 1951,
independently. After some years P. Kostyrko, T. Salat, W. Wilczynki [11] gave a generalization of
statistical convergence and called it as ideal convergence (or converges in ideal). Various fundamen-
tal properties (convergence in Z and Z*) were investigated. Later B.K. Lahiri and P. Das in [12]
discussed convergence in Z and in Z* and investigate some additional results related to mentioned
concepts [4, 810, 15-17].

The concept of Z*-convergence of functions was extended to Z®-convergence by M. Macaj and
M. Sleziak in [13] in 2011. The authors of [2, 3, 5, 6, 14] gave further properties and results about
TF-convergence.

In first part of this paper we introduce Z*-sequential topological (seq.-top.) space, which is a
natural generalization of Z*-seq.-top. space. Later we discuss the Z"-continuity of the function and
in last two section we write about ZX-subspace and Z-connectedness. We will use further the
abbreviation T.S. for a topological space.

2. Definition and preliminaries

In this part, we give some known definitions and necessary results.
Definition 1 [7, 20]. Let A C N, and for m € N let the set
Ap ={zeA:x<m}
and |Ap,| stand for the cardinality of A,,. Natural density of A is defined by
lim —|Am|

m—oo M

B(A) =
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whenever the limit exists. A real sequence T = (x;) is said to statistically converges to xq if for any
e >0,

B({n: |z — x| > e}) =0
holds.

Definition 2 [11]. Let Z be any subfamily of P(N), with P(N) being the family of all subsets
of N. Then, T is called an ideal on N if the following requirements hold:

(i) finite union of sets in L is again in Z;
(i) any subset of a set in T is in L.

7 is admissible if all singleton subsets of N belong to Z. The ideal Z is non-trivial if Z # @ and
Z # P(N). A non-trivial ideal Z is called proper if N is not in 7.

The family of finite subsets of the N is an admissible non-trivial ideal denoted by Fin and the
family of the subsets of N with natural density zero is also an admissible non-trivial ideal denoted
by Zg. The set of all non-trivial admissible ideals will be denoted as VA throughout the study.

Ezample 1. [11] Consider the decomposition of N as N = U;’;l B; where all f; are infinite
subsets of N and are mutually disjoint. Take the family
7 ={N CN: N intersect only finite number of 3}s}.

Then, Z belongs to N A.

Definition 3 [19]. Assume F C P(N). The collection F is a filter on N if

(i) a finite intersection of elements of F is in F and

(i) if Ce FACC D, then D € F.
If empty set is not in F then F is proper. If Z € N A then the collection
F={NcCN:N%e¢T}
is a filter on N. It is known as the Z-associated filter.

Definition 4 [21]. In a T.S. (X, T) a sequence & = (x;) C X is called to converging in T to a
point x € X if
{ieN: z; e v} € F(I)
holds for each meighborhood v of x. The point x is referred to as the ideal limit of the sequence

Z = (x;) and it is represented by x; La (or T —limz; = x).

Remark 1.

(i) Statistical and Zg— convergence are coincide.
(ii) Classical convergence and Fin—convergence are coincide.

Lemma 1 [1]. Assume that Z,Z; and Iy be ideals on the set N and consider a T.S. (X,T),
then

1. IfT € NA, then every convergent sequence is L-convergent sequence which converges to same
point.

2. If Ty C Iy and (x;) C X is a sequence which x; =2 x, then z; =

3. If X the Hausdorff space, then the limit of every convergent sequence is unique.
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3. I’"-convergence of sequence

In this part we will investigate some results related to Z*-convergence of sequences which is
a generalized form of Z*-convergence of sequences. If we consider Fin instead of K, then we will
have Z*-convergence.

Definition 5 [6]. In a T.S. (X,T) a sequence & = (x;) C X is called to be T*-converging to
xg € X if AM € F(Z) s.t. the sequence

x;, 1€ M,
Yi = {x, i¢ M
1s Fin convergent to x.
That is, for each neighborhood v of z,
{ieN: y; € v} € F(Fin),
or

{ieM: y;¢vyu{iec MC: y; ¢ v} € Fin.

So,
{fieM: z;¢vyU{ic M®: z ¢ v} € Fin.
This implies that
{ieM: y; ¢ v} € Fin.
Therefore,
{ie M: y, € v} € F(Fin).

It is clear that this definition is the same as the definition given in [6]. In the definition of
T*-convergence of sequence if we consider an arbitrary ideal K instead of the ideal Fin then it
yields the definition of Z®-convergence of a sequence. That is, Z*-convergence is the generalized
form of Z*-convergence.

Definition 6 [13]. Let Z and K stand for the ideals of N and consider a T.S. (X,T). The
sequence & = (x;) C X is T -convergent to a point x € X if AM € F(I) s.t. the sequence

)T, 1€ M,
Y= \a, i¢ M,
K
KC-converges to x. We represent it as T — lim(x;) = x or x; = x .

Definition 7. Let Z and K stand for the ideals of N and (X,T) represent a T.S. Consider the
sequences T = (x;) C X and § = (y;) C X. Define a relation ~1 as

fwzﬂ@{iixi%yi}ez.

The relation ~7 is an equivalence relation. That is,

lL.Vi=@)cX {i:xi#x}=0€Ll=7T~17.

2. Let £ ~7g. Since {i:y; #x;} ={i:z; #y;} €Z, then g ~1 .

3. Let £ ~z gand g ~7 2. Then, A:={i:z; =vy;} € F(Z) and B :={i:y, = z;} € F(Z). So,
{i :x; =2z} = AN B € F(Z). Hence, & ~1 Z holds.
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Lemma 2. LetZ and K stand for the ideals of N and consider the T.S. (X, T ) and the sequences
K ~ ~
z = (x;) CX. Assume z; i for any x € X and t = (t;) C X is a sequence s.t. & ~1 t. Then,

IIC
the sequence t; = x.

K
Proof Letax; £ x, then IM € F(Z) s.t. the following sequence
)T, 1€ M,
Y=\, i¢M
is KC-convergent to x. Since (x;) ~7 (t;). So Vi € M, x; = t;. Therefore, the following sequence

o ti, 1€ M,
Y= a, i¢ M

K
is K-convergent to x which shows that ¢; L3 2 holds.
O

The Definition 7 gives the possibility that the definition of ZX-convergence of a sequence can
be rewritten as follows:

Definition 8. Let Z and K stand for the ideals of N and consider the T.S. (X, T). A sequence
T = (x;) C X is I®-convergent to the point x € X if there exist a sequence t = (t;) C X s.t. T~z t
and t; g x holds.

In the following lemma we demonstrate that Definition 6 and Definition 8 are equivalent for
any ideals Z and K and for any T.S. (X, 7).

Lemma 3. Let Z and K stand for the ideals of N and consider the T.S. (X,T) and

K ~ ~

Z = (z;) C X be a sequence. Then, z; Ly iff It =(t;) CX s.t. T~zt andt; K 2 hold.

K
Proof Letax; Ly 2 holds. Then, IM € F(Z) s.t. the following sequence
)T, 1€ M,
Y= e, i¢M
is K-convergent to z. Let us chose (t;) = (y;) Vi € N. Then, the proof will complete if we show
that = ~T :lj
Consider the fact {i € N:a; = y;} = {i € M : 2; = y;} € F(Z). Hence, T ~1 .
Conversely, let Z = (z;) and t = (¢;) be sequences s.t. & ~7 t and t; X 2 hold. Since & ~7 1,

then
M:{iGN:xi:ti}Gf(Z)

)T, 1€ M,
Y=\ 2, i¢ M.

holds. Define a sequence

Since x; = t; hold Vi € M, then we can write

;o= x;, €M,
ez, ¢ M.

Because t = (t;) is K-convergent to x, the sequence §j = (y;) is also K-convergent to x. Hence, the
sequence T = (x;) is TX-convergent to the point z and this completes the proof. ]
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4. Tr-seq.-top. space

In this section, we are going to define a new topology on the X using the ideal Z and K and
investigate some properties of the new T.S. This topology will be an extended version of the Z*-
seq.-top. space which was discussed in [18]. If we take Z = Fin, then Z%-seq.-top. space is coincide
with Z*-T.S.

Definition 9. Let Z and K stand for the ideals of N and consider the T.S. (X,T). Then

K
1. A set F C X is IV-closed, if for each (z;) C F with x; AN x, then x € F.
2. A set V.C X is IF-open, if its complement VC is T®-closed.

Remark 2. Consider the T.S. (X, 7). An O C X is Z"-open iff each sequence in X — O has
ZX-limit in X — O.

P r o o f. The proof is evident from Definition 9. Therefore, it is omitted here. O

Definition 10. Let Z and K stand for the ideals of N and consider the T.S. (X,T). For any
7K
subset A C X define a set ar (it is called T®-closure of A) by

—7K K
A" ={reX:3(x;) CA, z;, >z}

_ 7K __ 7K
It is clear that EI’C =0, Xt = X, and A C A5 holds VACX.
__ 7K
Remark 3. A subset C of the T.S. X is ZX closed set iff CI =C.

P r o o f. Proof is obvious from the Definition 10. So, it is omitted here. ]

Lemma 4. Let Z and K stand for the ideals of N and let (X,T) represent a T.S. For any
subset A C X, T’ -closure of A is T®-closed.

Proof Wemust show that .
—7T
—7K

@'y =a".

It is clear that

_x Tz If
AT c @)

Tk ,C

Ik . —T A
Let z € (A" ) . Then, there exist a sequence (z;) C A

s.b. @y 2% 2 holds. Since (x;) C A,

K
then there exist sequences (z]') C A s.t. a7 L, 2;. Therefore there exist the sets M, € F (Z) s.t.
{ieMy:z}'¢0"} ek

for each neighborhood v™ of x;. Choose mj the i where z} is belonging to neighborhood v! of
x1, similarly mso the ¢ where ﬂ:lz is belonging to neighborhood v? of x5. If we continue this process
and take m, the ¢ where z is belonging to neighborhood v™ of x,. The obtained sequence (Tm,)

K K
belongs to A. The theorem will be proved if we show that z,, L, 2. Since z; & x,s0o M € F(I)
s.t. the sequence

o, 1€ M, E)x
y’l_ 1_’ ’L¢M, yl .
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So,
{ieM:z;¢v}eK

for each neighborhood v of . Now,

{ieM:v"¢guv}C{ieM:z; ¢v}ek.

Therefore,
{ieM:v"¢v}ek
and
{ieM:zy, gvyCclicM: 0" CU}eK
_ 7K
hold. So, xmpljxandeAI . O

Definition 11. Let Z and K stand for the ideals of N and (X,T) represent a T.S. Then, for
A C X, T’-interior of A is defined as

—A— (XA

K

AO

Proposition 1. Let V be a subset of T.S. X, then V is T®-open iff VeIt =y,

Proof. LetV bean Zr-open set. Then, X — V is ZX-closed set and
clze(X =V)=X -V

holds. So, we have

VI Yy (x - V) = V.

Conversely assume that

Vet —y

holds. From the definition of Z¥-interior of V we have

V=V (®@-V).

Hence,
7K

yVnx -V =0g.

Consequently
IK

X—-V Ccx-V
Thus,

— 7K

X-yv =xX-V
is satisfied. Therefore, X —V is ZX-closed and V is T®-open. O

Definition 12 [21]. A sequence (x;) in a T.S. X is Z-eventually in a subset A of X if

{ieN:z; € A} € F(2).
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Definition 13. LetZ and K stand for the ideals of N and consider the T.S. (X,T). A sequence
T = (z;) € X is T"-eventually in a subset V of X. If there ewist a sequence § = (y;) C X s.t.
y~1 T and g is K-eventually in V.

In the next theorem, we will provide a sequence characterization of ZX— open set.

Theorem 1. Let T and KC stand for the ideals of N and consider the T.S. (X,T). A subset v
of X is T"-open iff each T -convergent sequence to xy € v is I -eventually in v.

I
Proof. Let v is Z;-open. Then, X — v is Z"-closed and X — o7 = X — v holds. Let

K
Z = (x;) C X be a sequence s.t. z; Lzand 2 €. Then, IM € F(I) s.t. the sequence

o= x;, €M,
e, g M

is IC-convergent to x. Since v is a neighborhood of x, then we have
H={ieN:z; ¢v}ek.
If we choose y; = t;, then
{ieN:yy=ua;}={ieN:t;=ua;} =M e F(I)

holds. So, (y;) ~7 (z;) holds and (y;) is eventually in v.

Conversely, let Z = (z;) C & is a sequence which is Z*-convergent sequence to a point € v and
it is ZX-eventually in v. Assume that v is not ZX-open subset of X. So there exists zg € X — UI’C
which 29 ¢ X — v. This means that there exists a sequence (z;) C X — v which is Z*-convergence
to 29 € v. So, (z;) is Z*-eventually in v.

Therefore, 35 = (y;) C X which & ~7 § and 7 is K-eventually in v. This implies that ¢ is
K-eventually in v which is not in case. O

Theorem 2. Let T and K stand for the ideals of N and consider the T.S. (X,T). A subset
C C X is IF-closed iff
C=n{A:AisI"— closed and C C A}.

Proof Let
C=n{A:Ais T" — closed and C C A}.

K
Let = be any element of Z®-closure of C. Then there exists (z;) C C s.t. x; L2 Leta ¢ C so
z¢ N{A: Ais I" — closed and C C A}.

This implies that 3Z%-closed subset F of X s.t. x ¢ A, but C is T®-closed and it is a subset of A,
which is a contradiction.
The converse is obvious. O

Theorem 3. LetZ and K be ideals of N and (X,T) be a T.S. A function clzx : P(X) — P(X)
7K
defined as clzx (A) = A5 s satisfying Kuratowski closure axioms
(K1) clge (@) =2 and clx(X) =X,
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(K2) ACcl(d) VACAX,
(K3) CII}C( ) = ClI}C (CIIIC (A) \V/A g X,
(K4) CII}C (A U B) = ClI}C (A) U ClI}C (B) VA7 B Q X.

Proof. (K1) and (K2) are clear from the definition of Z¥-closure function. By Lemma 4,
clrr (A) is closed. So, clzx(clzx(A)) = clzx (A). Therefore, (K3) holds.
To prove (K4), let x € clzx(A) U clze(B). Then, z € clzx(A) or x € clx(B). Without lost

K
of generality assume that « € clzc(A). So, I(z;) C A s.t. z; L 2. Therefore, A(x;) C AU B s.t.
K
z; 5z So,x € clzx (A) Uclze(B).

Conversely, let x € clze(A U B). Then, there exist a sequence (z;) C (AU B) s.t. x; N
Assume that 2 ¢ clzc(A) and = ¢ clze(B). So, neither set A nor set B contains a sequence s.t. Z%-
converges to the point x. Consequently, there is not any sequence in the AU B which is convergent
to . But = € clzx (A U B) which is a contradiction. Hence,

CIIIC (A U B) = CII}C (A) U CII}C (B)
holds. O

Corollary 1. A subset A of X is IT"-closed iff clzc(A) = A and a subset O C X is T -open
iff X — O is IT-closed.

Theorem 4. Let T and K stand for the ideals of N and consider the T.S. (X,T). Then,
Tre ={ACX :clgx(X —A) =X - A}
s a topology over the set X.

Proof. By (K1), itis clear that X € Tzx and @ € Tz« hold. Let A, B € Tzx be arbitrary
sets. To prove AU B € Trzx we must to prove that

X —AUB=clzx(X —AUB)
holds. By (K2), we have
X —AUBCclz(X —AUB).

Now, let z € clzx(X — AU B) be an arbitrarily element. Then, 3(z;) C X — (AU B) s.t. it
is Z"-convergent to x. This implies that (z;) is not subset of AU B. So, (x;) is neither subset of
A nor subset of B. Therefore, (z;) C X — A or (z;) C X — B which Z®-converges to point x. So,
x € clge (X — A) or z € clzx (X — B). Since X — A and X — B are closed sets, then

EX-AuUuX-B)=X-AUB

holds.
Let {A;} be a collection of T®-open subsets of X. Then, clzc(X — 4;) = X — A; Vi € N. By
considering (K2), we have

Nien(X — A;) C clzx (Nnen (X — 45)).

Let © € clze Npen (X — A;) be an arbitrary element. Then, 3(x;) C Npen(X — A;) which is
TK-convergent to z. Then, (z;) C (X — A;) Vi € N. Since X — A; are closed sets, then x € X — A;
Vi € N. Therefore,

x € Nien(X — 4;).

Hence, the set T7x is a topology and (X, 7zx) is a T.S. O
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Definition 14. The T.S. (X,Tzx) is called as I"-sequential T.S. For abbreviation we will
show it by T"-seq.-top. An T’-seq.-top. (X, Tzx) is said to be I -discrete space if Tre = P(X).

Theorem 5. Let Z, K, I;, K1, Zy and Ko stand for ideals of N and (X, T) represents a T.S.
Let Ty C Iy and K1 C Kgo. Then,
1. 7})C2 < 7}K1,

P r oo f. Let v be any Z%2-open subset of X'. Then, X —v is Z¥2-closed and clrx, (X—v) = X—v
hold. To prove v is Z®1-open subset of X, we will show that

clye (X —v) C X — .

K
Let x € clzx, (X — v) be any point. Then, there exists (z;) C X — v s.t. z; Y 2. Since

Ic
K1 C Ky, then by Proposition 3.6 in [13], z; 2. So, z € clyx, (X —v). Therefore, x € X — v.
Hence X — v is Z%2-closed set and v is Z¥2-open subset of X.

I)C IIC
The second one can be proved by using the fact that if Z; C Iy, then, x; — = implies z; — x,
it easily can be proved. 0

Theorem 6. Let Z and K stand for the ideals of N and (X, T) represent a T.S. Then, every
T*-open set is I-open set.

Proof If wetake K = Fin then ZT*-open set will be Z®-open set. O

Theorem 7. Let T and K stand for the ideals of N and (X, T) represent a T.S. Then, every
IK—open set is KC-open set.

Proof. Letwv bean arbitrary Z%-open subset of X. Then, X — v is Z¥-closed and
clrx (X —v) =X —o.

To prove v is K open, it is sufficient to show that X — v is K-closed, i.e,

X—’U:X—UK.

It is clear that X — v C X —v". Let z € X — 0" be an arbitrary element s.t. 3(x;) C X — v
satisfying x; K.

K
Then, by Lemma 3.5 in [13] we have x; 5o, So, x € clzx (X —v) = X —v. Hence, the theorem
proved. ]

Proposition 2. Let Z and K stand for the ideals of N and (X, T) represent a T.S. Then, the
following statements are true:

1. If K C I, then, each T-open set is I -open set.

2. If the space X is a first countable space and the ideal T has additive property with respect to
K (see Definition 3.10 in [13]), then, each T -open set is T-open set.

3. If T C K, then every K-open set is T -open.
P roof The proof is obvious from Proposition 3.7 and Theorem 3.11 of [13]. O
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5. I*-continuity of functions

In this section we will define ZX —continuous and sequential Z%-continuous functions. We will
prove that in any Z%-sequential T.S. these two concepts coincide. Also, we will state some theorems
that give the definition of Z%-continuous function in different words and ways. At the end of this
section we will see that the combination of Z®-continuous functions is Z*-continuous.

Definition 15. Let Z and K stand for the ideals of N and (X, Tzx) (y,7;}n) represent I -
seq.-top. spaces. A function f, from X to Y is said to be

(i) T-continuous which provides that inverse image of any T™-open subset of Y is T"-open
in X. . .
(i) Sequentially T-continuous which provides that f(x;) EaN fz) V(z;) C X with x; 5o

Theorem 8. Let Z and K stand for the ideals of N and (X, Tzx) (, 7'Il,<) represent T -seq.-

top. spaces; and f, from X to Y be a function. Then, f is T®-continuous iff it is sequentially
K -continuous.

Proof. Let f be an ZF-continuous function. Then, inverse image of any Z®-open subset of

K
Y is Z"-open subset in X. Let (2;) C X be a sequence with z; 5o Then, there exists M € F(Z)
s.t. the following sequence
P X, 1€ M,
e, i€ M
is KC-convergent to z. That is, for each neighborhood v of x we have
{ieN: t; ev} e F(K).

Let V be any Z-open neighborhood of f(z). Then, f~1(V) is T®-open subset of X which contains
the point z. So, it is a neighborhood of x. Therefore,

{ieN: t;e f71(V)} € F(K),
implies that {i e N: f(t;) € V} € F(K). Hence, the sequence

L f(xz)a 1€ M,
f(tz) T {f(x), Z§é M

<
is KC-convergent to f(x). So, f(z;) L f(x). Hence, f is sequentially ZX-continuous function.
Conversely, let the function f be sequentially Z*-continuous and v is any Z*-open subset of V.
Assume that f~!(v) is not ZX-open subset of X. Then, X — f~1(v) is not Z"-closed subset of X.
So,

) Cc X — L) st oy 2 and = ¢ X — f(v),

K
ie. z; ¢ f~1(v) Vn and z; L, # which means z € f~Y(v). Since f is Z*-sequentially continuous

function then f(z;) N f(z). So, f(z) € v and f(z;) ¢ v Vn. This is a contradiction. O

Lemma 5. Let Z and K stand for the ideals of N and (X, Tzx) (y,7;[’K) represent T -seq.-
top. spaces and f, from X to Y be an I’-continuous function. If (y;) C Y be a sequence s.t.

VAN _ =~ .
yi =y, then [~ (y:) = f~1(y).
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K
Proof. Let f bean Z"-continuous function. Let y; £ y then IM € F(Z) s.t. the sequence

_ Jui, ieM,
Ty igM
is K-convergent to y. So, for each neighborhood v of Y,
{i e N:y, e v} € F(K).

Since f is Z"-continuous function, then inverse image of any Z%— open set in ) is Z"-open in X,
f~1(v) is open neighborhood of = in X. Then

{i eN: [ y) € [ (v)} € F(K).

Therefore,
1 .
-1 _ f (yl)a (S Ma
o=l e
is KC-convergent to f~!(y) and hence f~!(y;) I—>)C (). O

Theorem 9. Let Z and K stand for the ideals of N and (X, T7x) (, 7'Ij,c) represent I -seq.-
top. spaces. Then the function f, from X to Y is I’ -continuous iff

clpe (f71(B) = f~(clge (B)
holds YB C Y.

P roof. Assume that function f, from X to ) is Z"-continuous function. Let
z € clue (f71(B)).

K
Then, 3(x;) C f~1(B) s.t. z; L, 2. Since f is Z¥-continuous so,

K
f(xi) = f().
In another hand (x;) C B, so f(z) € clyx(B) and = € f~1(clzc(B)).

Now, let z € f~Y(clzc(B)), ie. f(z) € clgx(B). Therefore, I(y;) C B s.t. x; £ Then,
by Lemma 5 there exists (x;) = (f~'(y;) C f~Y(B) s.t. x; N x, where * = f~!(y) holds. So,
x € clze (f71(B)). Hence,

clpe (f7H(B) = f~(clge(B).
Conversely, let

e (71 (B) = fHclzx (B), VB e P).
Let v be Z%-open subset of ) then
clgx (Y —B)=Y — B.
Let B =Y — v, then
clze(fTHY = v) = fTH el (V=) = [TV —v).
This shows that f~1() — v) is Z"-closed. Hence, the following equality
Y =) =2 =)
implies that X — f~1(v) is Z"-closed. Therefore f~!(v) is Z*-open set. O
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Corollary 2. Let T and K stand for the ideals of N and (X, T7x) (.’)),TI,,C) represent I -seq.-
top. spaces. A function f, from X to Y is I -continuous iff

intzx (f~1(B) = f(intzc (B) VB C Y.

Definition 16. LetZ and K stand for the ideals of N and (X, Tzx) (y,7;[’K) represent I* -seq. -
top. spaces and f, from X to Y be a function. The function f is I®-continuous at a point © € X
if inverse image of any neighborhood of f(x) is a neighborhood of x in X.

Corollary 3. Let T and K stand for the ideals of N and (X, Tzc) (Y, T

%,C) represent I -seq.-
top. spaces. Then, the function f, from X to Y is I*-continuous iff it is T -continuous at every
point x € X.

Definition 17. Let Z and K stand for the ideals of N and (X, T7x) (y,TI/,C) represent I -
seq.-top. spaces and f, from X to Y be a function, f is said to be I-closure preserving if

flclzx(A)) = clze(f(A) VA C X.
Theorem 10. The function f, from X to Y is I"-continuous iff it is I -closure preserving.

Proof. Letf:X — Y bean Z®-continuous function. Then, for any subset B of
clze(f7H(B) = £~ (clpe(B)
holds. Consider a set A C X s.t. f(A) is subset of ). So,
clpe (f7H(F(4)) = fH (elpe (f(A))

holds and it implies that f(clzx(A4)) = clzx(f(A4)) YA C X holds.

Conversely, let f be T®-closure preserving function, then
flclzc(A)) =clze(f(A)) VACX.
Let v be any subset of Y, then f~!(v) is subset of X and
Flelpe(f7H(v)) = elge (F(f7H(v) = clgxe(v)

holds. So
clze (f 1 (v) = £~ (clgx (v)

and by Theorem 9 the function f is Z*-continuous. O

Theorem 11. Let X,) and Z be T"-seq.-top. spaces. Let f, from X to Y and g, from Y to
Z be IF-continuous functions. Then go f : X — Z is I -continuous functions.

Proof. Let v beany Z"-open subset of Z. Since g is ZX-continuous function then ¢~!(v)
is T®-open subset of ) and because f is ZX-continuous function therefore f=1(g~*(v)) is T®-open
subset of X hence (go f)~'(v) is Z®-open subset of X. O



58 H.S. Behmanush and M. Kiigiikaslan

6. Subspace of 7"-seq.-top. space

In this section subspaces of the ZX-seq.-top. space and its properties under an Z*-continuous
function will be discussed.

Definition 18. Let (X, Tzx) be an I-seq.-top. space and Y C X. Then
Cy :PY)—=PQ), Cy(A)=Ynclx(A)

is a Kuratowsky operator. Define a T.S. as (¥, T

7x ), where

TX ={UNY,Y € Tz} C PY).

This T.S. is called T®-subspace of X .

Lemma 6. Let Y be an IT®-subspace of T"-seq.-top. space X. If set A is T"-open subset of Y
and Y is an I"-subset of X. Then A is T -open subset of X.

Proof Let A be I’C—open subset of . Then U € Tzx s.t. A =Y NU. Since ) is an
T open subset of X. Then A € T7«. O

Proposition 3. Let (X,7T7x) and (y,TI/,C) be T -sequential spaces, f : X — Y be T'-
continuous function and A C X is T-subspace of X. Then fra + A = Y, the restriction f
over A is T®-continuous function.

Proof. Let U bean Z"-open subset of Y. Since f is Z"-continuous function then f~(U) is
TX-open subset of X. That is f~1(U) € Tz«.
In other hand f/;ll(U) = AN f~YU). So f/;ll(U) is Z"-open subset of subspace A. Hence fra

is ZX_continuous function. O

Lemma 7. If A is T"-subspace of T-sequential T.S. X. Then the inclusion map j : A — X
is I -continuous.

Proof. If U is ZF-open in X then j7'(U) = U N A is ZX-open in subspace ) hence j is
TX-continuous. O

Proposition 4. Let (X,T7x) and (y,TI/,C) be I -sequential spaces, B C Y be subspace of Y
and f : X — B be I®-continuous function. Then, h : X — Y obtained by expanding the range of
f is TF -continuous.

Proof. Toshowh:X — Y is ZF-continuous function, if B as subspace of ) then note that
h is the composition of the map f: X - Band j: B — ). g
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7. Conclusion

In this article we defined the notion of Z*-closed (resp. ZX-open) set in a T.S. (X,7) and

established some important results concerning this notion. Furthermore, we defined the Z%-seq.-
top., which is a generalized form of the Z*-sequential space. We also talked about Z*-continuity of
functions and saw that in Z%-seq.-top. space the notion of continuity and sequential continuity are
the same. And in the last section of the paper, subspace of Z%-sequential space have been studied
and some important results established.
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