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Abstract: The paper considers the construction of equilibrium in bimatrix games with heterogeneous
dynamics of players’ interaction. Heterogeneity of dynamics is connected with difference in maximal rates of
the participants. In such a formulation, the switching curves of players’ controls are represented by fractional
rational functions and are constructed on the basis of N.N. Krasovskii’s guaranteed strategies using elements
of L.S. Pontryagin’s maximum principle. Equilibrium trajectories are generated within the framework of the
concept, of the dynamic Nash equilibrium introduced by A.F. Kleimenov and are obtained by pasting together
the characteristics of the Hamilton-Jacobi equations expressed as exponential functions. The sensitivity analysis
is carried out for the shapes of control switching curves with respect to the proportions of players’ maximal
rates. The comparative analysis is implemented for the values of players’ payoffs calculated on equilibrium
trajectories of the dynamic game.

Keywords: Dynamic bimatrix games, Heterogeneous dynamics, Average integral payoffs, Characteristics
of Hamilton—Jacobi equations, Equilibrium trajectories.

1. Introduction

The paper is devoted to analysis of a dynamic bimatrix game with heterogeneous dynamics
of interaction between players. Heterogeneity of the dynamics means that the participants of the
game have different maximum rates for changing their behavior.

The considered model analyzes a non-zero-sum game that evolves over an infinite time interval
[3, 6, 7, 11]. The quality of game trajectories for the players is described by average integral
payoff functionals (see, for example, [1, 13]). The construction of optimal strategies of players is
connected with the concept of switching curves for players’ controls, which are built on the basis
of the guaranteed approach of N.N. Krasovskii [5, 8, 9] using elements of the maximum principle
of L.S. Pontryagin [12]. In the paper, it is shown that for game with the heterogeneous dynamics
the control switching curves are represented by fractional rational functions.

Equilibrium trajectories are generated within the framework of the concept of the dynamic
Nash equilibrium proposed by A.F. Kleimenov [4] and are obtained as a result of pasting together
the characteristics of the Hamilton—Jacobi equations, expressed as exponential functions. This
approach, as well as the concept of dynamic stable cooperative solutions [2, 10], is directed on
shifting game trajectories from the static Nash equilibrium toward the Pareto maximum points.

!The research of the second author, Alexander M. Tarasyev, is supported by the Russian Science Foun-
dation (project No. 24-21-00424, https://rscf.ru/project/24-21-00424/).
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The construction of equilibrium trajectories is based on positional strategies generated by con-
trol switching curves. The structure of the switching curves depends significantly on the proportions
of the maximal rates for players’ velocities. In this regard, the sensitivity analysis is carried out for
the switching curves depending on the change of these proportions.

The obtained results for constructing positional strategies and equilibrium trajectories are used
in the analysis of the test model for the considered bimatrix games [6, 7]. In this analysis, the values
of the functionals of players’ payoffs are calculated and compared on the equilibrium trajectories.
It is shown that the obtained equilibrium solutions dominate the static Nash equilibrium [14].

2. Heterogeneous dynamics of evolutionary game

We consider the following dynamics of players’ interaction
Z(t) = —azi(t) + au(t), z(t) =2{, a>0,

Zg(t) = —/BZQ(t) + ﬁv(t), Zg(to) = Zg, 8> 0.

Here parameter z1, 0 < z < 1, represents the probability of choosing the first strategy by
the first player (respectively, (1 — z1) is the probability that he holds to the second strategy).
Parameter z3, 0 < zo < 1, means the probability of choosing the first strategy by the second player
(respectively, (1— z2) is the probability that he holds to the second strategy). Control parameters u
and v satisfy the conditions 0 < u <1, 0 < v <0 and can be interpreted as signals that recommend
players to change their strategies. For example, the value u =0 (v = 0) corresponds to the signal:
“change the first strategy to the second”. The value u = 1 (v = 1) corresponds to the signal:
“change the second strategy to the first”. The value u = 2z; (v = z2) corresponds to the signal:
“keep the previous strategy”. In particular, in the game simulating the investment process, the
control signals u and v determine the movement of funds from one project to another. Parameters
a and f stand for the maximal rates of changing players’ behavior, so the parameter 3/« denotes
the proportion of these maximal rates.

The unit square, (21, 22) € [0,1] x [0, 1], of the game is a strongly invariant set due to the specific
properties of the dynamics (2.1). Consequently, every trajectory of the dynamics (2.1), initiated
inside this square, stays in it on the infinite time horizon.

(2.1)

3. “Local” payoff functionals

Matrices A and B reflect payoffs of the first and second player, respectively:

A <a11 a12>, B <b11 b12> ‘
as1 ao2 b21 b22

Terminal payoff functionals of players in period ¢, where ¢t € [ty;+00), are defined as the
mathematical expectation of payoffs given by corresponding matrices A and B in a bimatrix game,
and can be interpreted as “local” interests of players

9a(21(T), 22(T)) = Caz1(T)22(T) — p121(T) — p222(T) + an2
at given time moment T'. Here coefficients C4, 1, 2 are outlined by the classic theory of bimatrix
games [14]
Ca = a11 — a2 — ag1 + as,
$1 = a2 — a12, Y2 = a2 — a21.

The terminal functional gp of the second player as well as its corresponding parameters Cpg, 11,
and vy are defined in a similar manner based on the elements of matrix B.
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4. “Global” payoff functionals

In this section we consider “global” payoff functionals of players on the infinite time horizon
which are defined on the trajectories (z1(+), 22(-)) of the system (2.1) and have the form

JIF = [‘]IZ’ JIX]’ (4.1)

T
JI, = JIZ(zl(-),ZQ(')):liTrgioféfm/t ga(z1(t), za(t))dt,

1 T
It = JIX(zl(.)’ZQ(.)):limsupm/t ga(z1(t), z2(t))dt,

T—oc0

JIy = [JIg, JI}), (4.2)
_ _ . 1 T
JIp = JIB(Zl(‘)’Z2(‘)):hTHigo%fm/to gB(21(t), z2(t))dt,
1 T
Ty = ), 50) = tmsw s [ a0, )

Average integral functionals represented by formulas (4.1) and (4.2) are widely used in classical
models of evolutionary economics and biology. Functionals of this type have already been studied
in the context of optimal control problems in papers [1, 13], where they were referred to as “time
average values”. These approaches assume abandoning the goal of profit maximization at any given
moment of time, allowing for temporary failure in profit or even losses at certain stages in order to
achieve maximum cumulative results over the entire period under consideration.

5. Dynamic Nash equilibrium

Let us consider the concept of the dynamic Nash equilibrium applied to evolutionary games
with dynamic process of the type (2.1) and payoffs specified by average integral functionals of the
type (4.1), (4.2). We will consider these constructions within the framework of the approach for
non-antagonistic positional differential games [4, 8, 9]. Let us define the dynamic Nash equilibrium
in the class of positional strategies (feedbacks) U = u(t, 21, 22,€), V = v(t, 21, 22, €).

Definition 1. The dynamic Nash equilibria (U°,V?), U® = uO(t, 21, 29,¢), VO = 00(t, 21, 20, €)
from the class of feedbacks U = u(t,z1,z29,¢), V = v(t, 21, 22,€) for the given problem are defined
by inequalities

JI3 (), 25() =TI (21(), % () — e,
1

JI5(21 (), 25() 2 JIE (2 (), %)) — &,
(ZT() ( ))GX(ZUZQ’ UO VO) (Z%( )’Z%( ))GX(Z?’ZQ’ U, Vo)’ (Z%(')’Z%('))EX(Z?’Z(Q)’ UO’V)'

2 (-
2 (-
Here symbol X stands for the set of trajectories, that start form the initial point and are generated

by the corresponding positional strategies in the sense of the paper [9].

6. Zero-sum games

For constructing desired feedbacks U?, V' we use an approach [4]. In accordance with this
approach we construct the equilibrium using optimal control feedbacks for differential games
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Iy =T,UT} and I'p = 'y UT} with payoffs JIY (4.1) and JI§F (4.2). In the game I'y
the first player maximizes the functional JI,(z1(-),22(-)) with the guarantee, using the feed-
back U = u(t, 21, 22,¢), and the second player tries, on the contrary, to minimize the functional
JI}(21(-),22(-)), using the feedback V' = v(t, 21, 22,€). Vice versa, in the game I'g the second
player maximizes the functional J1I;(21(-), 22(-)) with the guarantee, and the first player minimizes
the functional JI%(21(+), 22(")).

Let us introduce the following notations. Feedbacks that solve the problem of guaran-

teed maximization of payoff functionals JI; and JIz we define as u% = ul(t,21,29,¢) and
v% = v%(t,zl,ZQ,e). Let us note that such feedbacks represent a guaranteed maximization of

players’ payoffs in the long term, and can be called “positive”. By u% = u%(t, 21, 29,€) and
1)21 = v%(t, 21, 22,€) we denote the feedbacks that are most unfavorable for the opposing players,
namely, those that minimize the payoff functionals J Ig and J I:{ of the opposing players. We call
such feedbacks “penalizing”.

Let us note that inflexible solutions to the above problems can be obtained within the framework
of the classical theory of bimatrix games. Indeed, let us assume for definiteness (this assumption is
made for illustrative purposes and does not limit the generality of the solution) that the following
relations are satisfied for the parameters of the matrices A and B, corresponding to the almost
antagonistic structure of the bimatrix game

Ca>0, Cp<O,

A_ P2 B Y2
O<21—C—14<1, 0<21—C—B<17 (61)
O<z§4:%<1, 0<z23:%<1.
A B

The following statement can be proved.

Proposition 1. Differential games FZ,FI have equal values

w, =wh =wy = Da
AT VAT - C—v
A
and differential games FE,FE have equal values
—_ + DB

for an arbitrary initial position (29, 29) € [0,1] x[1,0]. These values, for example, can be guaranteed

by “positive” feedbacks u‘fj, vg corresponding to classical solutions zf‘, zQB

0, Zi4<21§1,
= ud =uf(z,20) =11 0< a4
A A AlZ1, 22 ) Sz <z,

[071]7 lezlAa

0, zQB<z2§1,
oY = o = 0vi(21, 20) =4 1, 0< 29 < 2P,

[0,1], 29 =28,

“Penalizing” feedbacks are determined by formulas

0, Z{B <z <1,
0<2z1 < le,
[0,1], 2z =25,

UJO
I
<
UJO
—~
I
—
N
[\
~
I
—_

ul = ut
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0, 22A<z2§1,
0% = vd = v(z21,2) =4 1, 0 < 29 < 23,
[0’1]5 22:'251’

and correspond to classical static solutions zP ,,22 (6.1), which generate static Nash equilibrium
NE = (2, 23).

The proof of this statement can be obtained by direct substitution of the specified strategies
into the corresponding payoff functionals (4.1), (4.2).
Remark 1. Values of payoffs ga(z1,22), gB(21, 22) coincide at points (2, 28), (zF, 24}
A A A A
04l B) = gaeP ) = wa, gn(e o) = g5 24) = wp.

Point NE = (2P, 24!) is a “mutually penalizing” Nash equilibrium while the point (2{!, 2£) has no
equilibrium properties in the corresponding static game.

7. Basic elements of dynamic Nash equilibrium

Let us construct a pair of feedbacks which constitute the Nash equilibrium. For that we paste
“positive” feedbacks u%,vOB and “penalizing” feedbacks u%,vOA.

We choose an initial position (z{,28) € [0,1] x [0,1] and an accuracy parameter ¢ > 0. Next,
we choose a trajectory (z7(+),z3(-)) € X(29,29,u%(:),v%()), generated by “positive” feedbacks
w9y = uY(t, 21, 22,€) and v% = v (¢, 21, 22,€). Let’s take T. > 0 such as

9a(z1(t), 25 () > JI; (21 (), 2 () — &,
9B(21(1), 23 (t)) > JI(21(-), 23 () — &,
t € [T.,+00).

We denote as u%(t): [0,Tz) — [0,1], v5(¢): [0,Tz) — [0, 1] step-by-step implementation of strategies
u%, v% such as corresponding step-by-step trajectory (25(-), z5(+)) satisfy the condition

max [|(z1(2), 23 (1)) = (21(1), (1)) <e.

t€[0,T%]

From the results of paper [4] the next proposition follows.

Proposition 2. A pair of feedbacks U° = u®(t, 21, 20,€), VO = 00(t, 21, 20, €), pasting together
“positive” feedbacks u%, v% and “penalizing” feedbacks u%, v% according to the relations

O = a0t 21, 29,2) 4 A0 Ml 22) = (50, 5 (@0)] <2,
- R P! (2 '
B(z1,22), otherwise,
VO = (1, 20, ) 4 B l(122) =GR, SO <,
Y U%(Zl, z9), otherwise

1s the dynamic e—Nash equilibrium.

Below we construct flexible “positive” feedbacks, which generate trajectories (] l() gl())7

leading to “better” positions, than unflexible static equilibrium (2, 23'), (2{', 22) by both criteria

JIZ (' (), ' () = wa,

7.1
JIF (' (), ' () > wp. (7



Equilibrium Trajectories for Control Systems with Heterogeneous Dynamics 149

8. Optimal control problems for heterogeneous dynamic game
For constructing “positive” feedbacks u% = ufll (21,22), v% = vg (21,22) we consider in this
section an auxiliary two-step optimal control problem with average integral payoff functional for
the first player in situation when actions of the second player is most unfavorable. Namely, we
analyze an optimal control problem for the dynamic system (2.1)

Z = —az +au, 2z(0) =27, 8.1)
Zy = —PBz+ Bu, 2(0) =23, -
with payoff functional
Ty
Ji = / ga(z1(t), z2(t))dt.
0

Here without loss of generality we consider that tg = 0, 7" = T} and terminal time moment
Ty = Ty(2,29) we determine later.

Without loss of generality, we consider that the value of the static game equals to zero, and the
next conditions fulfilled

D
wA:C—AZO, CA>0,
o A a (8.2)
O<Z’A:C—<1, 0<yA:C—<1.
A A

We consider a case, when initial conditions (2}, 29) of the system (8.1) satisfy relations

A=zt 29> (8.3)

We assume that actions of the second player is mostly unfavorable for the first player. For trajecto-
ries of the system (8.1), that start from initial positions (27, 29) (8.3), these actions v = v§(z1, 22)
are determined by the relation

v (21, 2) = 0.

In this situation optimal actions uf = uﬂ (21, 22) of the first player according to payoff function-

als J £ can be presented as two-step impulse control: it equals to unit from the initial time moment
to = 0 till the moment of optimal switch s and the equals to null till the final time moment T’

1, if tg<t<s,

_ -
u%(t) = Uy (Zl(t)72’2(t)) - {O, if s <t< Tf-

Here the value s is the optimization parameter. Final time moment T is determined from the
next condition. The trajectory (z1(:), z2(+)) of the system (8.1), that starts from the line where
21(to) = 2{! returns to this line when 2 (T}) = 2{'.

Let us consider two aggregates of characteristics. The first one is described by the system of

differential equations with the value of control parameter u =1

z:l = —az + q, (8.4)
2 = _5225
solutions of which are determined by the Cauchy formula
) =1 (1) .
2(t) = 29 - e Pt
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Here initial positions (z{,29) satisfy conditions (8.3), time parameter t satisfies the inequality

0 <t < s, where the moment s is the time of switching the characteristics.
The second aggregate of characteristics is given by the system of differential equations with the
value of control parameter u = 0
71 = —az
{ .1 17 (8,6)

z2 = _522’

solutions of which are determined by the Cauchy formula

t) = 1, —at
alf) =ze™, (8.7)
29(t) = zde Pt
Here initial positions (21,23) = (29(s), 28(s)) are determined by relations
A =20s)=1-(1—z)e,
2z =20(s) = 29e=Ps (88)
2 7 72 - ’

and time parameter ¢ satisfies an inequality 0 < t < 7*. The final time moment 7* is given by
formulas

. 0 1 1—(1— Ay, ,—as
—ar* _ 2’14, 7 = Z1n Z1 (8) — ~In ( ( jl )6 )7 (89)

0
2(s)e
1(5) a 2 a 2

and the final position (22, 23) = (21(7%), 22(7*)) is determined as follows

2=z 22 =29(s)e” P, (8.10)

The optimal control problem is to find such time moment s and corresponding switching point

(21, 23) = (2%(s),2(s)) on the trajectory (21(-), 22(+)), where the integral I = I(s) reaches its

I(S) = Il(s) + IQ(S), (811)
B = [[(Ca- == g e

—p1 - (L= (L =z ") — - 25 - e + agy)dt,

(8.12)

*

Ir(s) = / (Cy - z(f(s) . zg(s) e~ (etB) T w1 z?(s) cem¥ iy zg(s) e Bt 4 ag)dr. (8.13)
0

In Fig. 1 we show the saddle point S4 for the matrix A, the switching curve M4 of the control
of the first player for the value of the proportion 3/« = 2, the initial position I P chosen on the
line 21 = z{* for 2o > z§', the characteristic oriented to the vertex of the square (1;0) and the
characteristic oriented to the vertex of the square (0;0), the switching point SP of the motion of
characteristics and the finite point of motion F P located on the line z; = 2.

9. Solutions for optimal control problem

We obtain the solution of optimal control problem (8.4)—(8.13) by calculating the derivative
dI(s)/ds, presenting it as function of optimal switching points (21,22) = (21, 23), equating this
derivative to zero dI(s)/ds = 0 and finding an equation F(z1, z2) = 0 for the curve that consits of
optimal switching points (z1,22). Let us note, that the derivative dI(s)/ds changes its sign from
positive to negative at the point (z%, z%) and, hence, the integral reaches its maximum.
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-02 0 02 04 06 08 1

Figure 1. Switching curve for optimal control problem and optimal trajectory.

First, we calculate integrals Iy, I

—(a+B)-s _ —Bs _
=) = Can (U= e - @
—801'(1—2’4)'(6%.;1)—(&22—901)-5,

_ o (at+B)T* _ T
o= ) = Ca-=810) - ) - () e ()
_ e BT
—p9 - 20(s) - <1GT> Y oag T

We calculate derivatives dI;(s)/ds, dI2(s)/ds and present them as functions of optimal switching
points (21, 23) = (21(s), 23(s))
dIl (S)
ds

= —Ca (1= oY) 2 e T (Ca— ) o (1= ) e o —

= Ca-2{(s) - 23(s) = o1 2(5) — 2 - 23(s) + az,

dI5(s) _Cy. [dz(f(s) () <1 - 6—(a+6)-r*(s)> 0(s) - dz9(s) ‘ (1 - e—(a+6)-r*(s)>

ds ds a+ A1 ds a+
_ - dr*(s) d0(s) [(1—e @)
0(Y. 0(g). p—(atB)r*(s) 2L \2)\ - Z2F1N2)
+20(5) - (s) - e 2] - h
. dr*(s) dzo(s) 1 — e BT
—o1-29(s) e () . oy 22\0)
& dT*(s) dr*(s)

—py - 29(s) e P ) —g

In the last equation we take into the account next expressions for the derivatives and exponents

z?(s) =1—(1—xz4) e %

I =a - (I-za)- e =a ((1—za) e —1)+1)=a-(1-2{(s));
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2(s) =yo-e P
d=29(s)

ds Jo Bre P =B 2(s);
dr*(s) 11 (1-(1—za)-e)\7 1 s !
e e L |
1 1 _ 1—20(s)
_ . o (1 — LeTas — - 1\
@ A= aa) o) @ mra)e )
o (s) _ gmael/adn(0(s)/za) _ _TA _ _ #2

Als) ~ Ca- )
“BTH(s) _ gB/ain((s)/aa) _ Gn(aa/R(s)P _ ((FA NI _ (e NPl
‘ ‘ 1 ¢ 1 <Z?(S)) <CA-z?(s))
0
e o2 Ca 21(80) o,
Cya - 2(s) Cya - 2(s)
Vb g (8 Y (Ca A (),
Ca - #(s) (Ca-20(s))P/
e (atB)T(s) _ o—(atB)1/aln(2f(s)/xa) _ —(1+B/c)In(2](s)/za)
B ( TA )(1+5/a) B ( V2 >(1+B/a)
— \20(s) - \Cy-2(s)
| — o—(atB)r(s) _ 1 _ <_902 )(1+5/a> _ (Ca-2(5)) ) — () B/
Ca-2(s) (Ca - 29(s))(1+8/a) ’
Finally, we get the next formula for the derivative dls(s)/ds

dly(s) ((C - 20(s))1H8/) — 1B/
25 =Cy- [a (1= Z?(s)) . zg(s) . Cr 2?(8))(1+6/a) ‘ (a2+ 5
((Ca- () #P/) — G770
(Ca ()T (a + )
(LHB/a) (1 _ L0
e g (o 2s) A

)

+21(s) - (=B - 23(s)) -

Ca-29(s) 29(s)
-29(s) — a — s
oo (1= (e (G oy ) s B

‘ Ca- Z?(S) ‘ Z?(s)
R ) ((CA'Z?(S))WO‘ —<p§/“)

w2 - (=B 25(s)) (CA'Z?(S))B/O‘-IB

B/a _0(s Y
20 (gm) e

Summarizing derivatives dI(s)/ds, dl2(s)/ds, we equate the sum to zero and, taking into

account the fact that wy = 0 (see (8.2)), we obtain the following equation for the switching curve
M}l when C4 > 0 in the domain where zo > z{‘

M = {(z?<s>,28<s>> € 10,1] x [0,1]: 28(s) = [io1 - 21 (5) — az]/

Ca- ((Ca - () H8/2) — Q{1+5/2)
[1Ca- (0(s))* = 2 20(s) + - 20(s) - (1 = 20(5)) - 4 < 4 2 )

(Ca-2(s)MHB/) (o +B)
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L O (O 20309700 — 7))
 (Ca () (a+ B)

a Py Bla _ B/Of
£0a-800)- 1= 40 (57 25) " st L )

T 20) @ AT
(=40 (52) | A= &

To construct the final switching curve My = M} U M3 for optimal strategy of the first player
in the case C4 > 0, we add to the curve M}l the similar curve Mfl in the domain where zy < z{‘

M3 = {(z?<s>,z8<s>> € [0.1] x [0.1]:

2(s) = —[(Ca — 1) - (1 = 29(s)) = an]/[CA (1= 27(8)* = (Ca = p2) - (1 = 2{(5))
o open o Ca (ng/a) (1= 20(s))IHB/2) — (O g — ) AHB/@))
+a - (1 —27(s)) - 21(s) C{(41+5/a) S(1— Z?( ))(1+5/a) (a+B)
Ca (O (1= D(s) 1/ — (Ca — o) 14710
. C(l'ﬁ‘ﬁ/a) (1 0( ))(lJrﬁ/a . (Oé‘i‘ﬂ)

+Ca+ (1= 2(s)) - 21(s) (CA(fT( L szo;()s)))uwm)

(O (1= )P — (Ca = )P
CH/ (1= 20(s))Pe

- 8/
(Ca — 2) - 20(s) - (CA(-Cé —f??s))) } +1, 29(s) < %}.

In case, when C4 < 0, curves My, M} and M3 are described by formulas

My = MU M3,
M = {(z?<s>,28<s>> € [0.1] x [0.1]:

zg(s) = [‘P1 (11— z?(s)) + a12]/[CA (1 - Z?(s))Q (Ca— o) (1— z?(s))
Ca - ((Ca - (1= 2(s)) 148/ — (€ — pg) 148/
(Ca- (1= 20(s)))+B/2) - (a + B)

Ca- ((Ca- (1= () = (Cp = ipa) 158/
(Ca - (1= 29(s)))A+8/2) - (o + B)

+Ca - (1= 2{(5)) - 2(s) - (CA Cé : jg(s)))(lw/a)

((Ca- (1= 2(5)"/ — (Ca— 22)**)
HCa— ) (1- (s Ca- 1=

_(CA—apz)-z‘f(s)-(CA(.CG:ZJQ()S)QM]’ #() 2 gi}

o (1= 20(s)) - 21 (s)

—B-(1—2{(s))*-
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Aﬁz{@ﬂ%%@bé&ﬂxmﬂk

2(s) = —[(Ca— 1) - 2{(s) + a21]/[CA (20(8) = g - 20(s)
0 0 Ca - ((Ca - 20(s))H8/e) — S{1H0/2)y
R L N (e ) TN )

Ca - ((Ca- 2(s)) 101 — p+77)
T (Ca-(s) B - (a1 )

(Ca - 20(s))P/ — B/
+cAww$-u—Zﬁﬁf<5;%ﬁ5 < (Ca - 20(s))P/e )

—p - (1= 29(s)) - (#j?(s)y/a] +1, 23(s) < %}

—B-(21(s))?

(1+8/a)
) + @2 20 (s) -

Curve My divides the unit square [0, 1] x [0, 1] into two parts: upper part
DY D {(21,22 D21 —zl, 29 >22}

and lower part
DY > {(z1,22): =1 =21, 2 < % }

Basing on structure of domains DY and DlA we construct the flexible “positive” feedback uf;l with

properties (7.1) according to the following formulas

max {0, —sgn(Ca)}, if (21,22) € DY,
uly = ufll(zl,zg) = { max {0,sgn(Ca)}, if (21, 20) € DY,
[O, 1], if (21, 22) € Mjy.

One can obtain similar switching curves Mp for the second player corresponding to the ma-
trix B. More precisely, in case when Cg > 0, switching curve Mp is given by relations

#5(s o —zB) \(
Z?(S) - [(CB — P + br2) - % + 512]/{03 . @17 . (1 — <m)( +5)/5)

(1 —28) \e/B (1 —28) \e/B
+@”«ui£@ﬂ 'u—;@»‘g‘¢“«ui£@ﬂ 'u—é@ﬂy”’

2
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In case, when parameter Cp is negative Cg < 0, curves Mp, M é and Mé are determined by
formulas

Mp = M}LU M3,
ah = { (3060, 8(09) € 0.1 < 0,11
29(s) a (1 —28) \(+8)/8
20 = (1=t 2 -l [0 i (- (i) )

B
(1—28) /B 1 (1—28) \e/s 1
O <<<1 07 A 1> -o-((a=g6y) @ —z%))ﬂ’

2

M} = {(z?<s>,z8<s>> € [0.1] x [0.1]:

2A(s) = — [(CB — by — b11) - % - bll]/[CB . ﬁ _ (1 B <Z§_?BS))(@+B)/B>
B B

+Cp- <<z§?s)>a/ﬁ . zots) a 1) —(Cr—v1) <<z§?s)>a/ﬁ . z%ts))] 1 20 < é’/}_;}

2

The curve Mp divides the unit square [0, 1] x [0, 1] into two parts: left part
DY > {(z1,22): 21 < 28, 2 = 2P}
and right part
D% D {(z1,29): 21 > 28, 20 = 2BV
In this case, the flexible “positive” feedback vf;,l possessing properties (7.1) has the following struc-
ture
max{0, —sgn(Cg)}, if (21,29) € Db,
vg = vg(a:,y) = ¢ max{0,sgn(Cp)}, if (z1,22) € D,
[0, 1], if (z1,22) € Mp.

10. Test model of investments

For the verification of results of calculations on algorithms of construction of optimal controls
and equilibrium trajectories we use the data from the test-example of the paper [6]. As a model
example, we consider payoff matrices of two players on a financial markets of stocks and bonds.
Matrix A corresponds to the behavior of traders which play on the increase of rates ans are called
“bulls”. Matrix B corresponds to the behavior of traders which play on the decrease of rates and
are called “bears”. Parameters of matrices mean the yield on stocks and bonds expressed as interest

rates
10 0 -5 3
A= <1.75 3> , B= (10 0.5) ’

Ca=a11 —ajg —as +ax=10—0—1.75+3 = 11.25,
g01:a22—a12:3—0:3, @2:a22—a21:3—1.75:1.25,

1.25 3
A2 22 11, p=Flo 2 o9,

AT oL 1195 2 =04 1125
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Figure 2. Sensitivity analysis for switching curve M4

of control of the first player. Figure 3. Equilibrium trajectories.

Cp =0b11 —big —boy1 +byo=—-5—-3—-10+0.5 = —-17.5,
W1 = bog —brg = 0.5 —3 = =25, 1hy = by — by = 0.5 — 10 = —9.5,

L U —95 5 U1 =25
— " 7" 054 =—— =—=0.14.
T e T T

In Fig. 2 we present the sensitivity analysis for the the switching curve M 4 of control of the first
player depending on the proportion of the maximal rates 3/«. The saddle point Sy4 for the matrix
A is shown. The dashed line denotes the curve M4 at a value of 5/« = 2, the dashed-dotted line —
at /o =1, the solid line — at §/a = 2/3. One can see that when the proportion §/« is declining
the shape of the switching curve tends to the horizontal line zo = zé“. This line is the barrier line
for the element of the gradient dga/0z; of the “local” payoff functional ga(z1, 22), which describes
the short-term interests of the first player. So, the long-term interests of the first player, presented
by the switching curve M4, merge with the short-term interests given by the line zo = zf‘.

In Figure 3 we present the synthesis of guaranteed control strategies based on the feedback
principle for the case when /a = 2/3. We depict switching curves My and Mp of the controls of
the first and second players, respectively. The direction of the motion is indicated by arrows. The
equilibrium trajectories T R1, T Rs, T'R3 start from the initial points I Py, I P», I P3, move along the
characteristics of the Hamilton—Jacobi equations, meet the switching curves, where they change
the direction of the motion and converge to the point F P.

The values of the players’ payoff functionals at the final point F'P dominate over the values at
the point of the static Nash equilibrium NE:

JIF = ga(f 0 5 F) =30, JIF =gp(x ", 25") = 2.8;

ga(ZNVE NEY =27 gp(aVE, 2F) = 1.9.

11. Conclusion

We analyse the dynamic bimatrix game with average integral payoff functionals and hetero-
geneous dynamics of players’ interaction. The game dynamics is considered on the infinite time
horizon. Equilibrium trajectories are generated within the framework of the dynamic Nash equi-
librium based on the concept of guaranteed strategies proposed by N.N. Krasovskii. Switching
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curves are calculated for guaranteed strategies within the dynamic programming approach and
construction of the L.S. Pontryagin maximum principle. The sensitivity analysis is carried out for
shapes of switching curves depending on the parameter of proportions for maximal rates of payers.
The obtained results are applied to the test model of the dynamic bimatrix game for which the
comparative analysis is provided for payoff functional values on equilibrium trajectories.
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