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Abstract: We consider a controlled linear differential equation with constraints as in the author’s previous
paper. The controller’s goal is to displace an initial state of x0 to a specified final state xT . An observer, unaware
of the system’s state vector, attempts to determine xT by analyzing the vector y(t), which is linked to x(t).
Using y(t), the observer constructs a set of possible values for xT . When specific constraints are used for the
controls (or disturbances, from the observer’s opinion), this set becomes an ellipsoid, characterized by a set of
differential equations. The controller, in turn, aims to achieve its own objectives while simultaneously generating
the most challenging signals for the observer. Unlike the previous article of the author not scalar, but two-
criterion control observation problem is considered here. It is solved in functional spaces in two ways, without
passing to sampling of a system. The solution boils down to determination of finite-dimensional parameters of
optimal control from the system of linear algebraic equations. As the third option the problem can be solved
also by sampling, but then the solution turns out piecewise-constant. We explore an example to illustrate these
concepts.
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1. Introduction and preliminaries

In this paper, we adopt an approach to guaranteed estimation derived from [11] and continue
investigations [1, 2, 4]. Many estimation problems in mechanics, economics, biology, and financial
mathematics with uncertain disturbances may be considered in the framework of set-membership
description of uncertainty, as discussed in [5, 16]. In this work, a controller exploits uncertain
disturbances in the system to generate worst-case signals for an observer. Alternatively, it may
pursue its own objectives, which remain unknown to the observer. Conversely, the observer employs
a minimax state estimation algorithm without awareness of the controller’s goals. Such challenges
emerge, for instance, in aviation, where planes must perform tasks discreetly. Similarly, they appear
in other science problems. Researchers have explored optimization problems related to observation
processes in various contexts, as detailed in [8–10, 12, 13].

Here, as in [2], we consider a more general form of the system and constraints than in [1, 4].
Namely, suppose that the dynamics of our partly observed system is described by the equations

ẋ(t) = A(t)x(t) + b(t)v(t), y(t) = G(t)x(t) + cv(t), t ∈ [0, T ], (1.1)

where x(t) ∈ R
n is a state vector, y(t) ∈ R

m is an output, v(t) ∈ R
l is an uncertain disturbance;

A(·), G(·), b(·) are continuous matrices. The observer does not know the initial state x0 and believes
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that uncertain functions v(·) ∈ Ll
2[0, T ] in (1.1) are restricted by the integral constraints

〈
|v(·)|2 + 2s′(·)x(·) − 2r′(·)v(·)

〉
≤ 1. (1.2)

Hereinafter,

〈F (·)〉 =

∫ T

0
F (u)du, 〈F (·)〉tτ =

∫ t

τ
F (u)du

for vector- or matrix-functions F (·); the symbol ′ denotes the transposition; elements of vector-
functions s(·), r(·) belong to the space L2[0, T ]. By |x|2P , we denote a quadratic form x′Px, where
the matrix P is such that P ′ = P ≥ 0. The matrix c in (1.1), being constant, has a full rank,
i.e. rank(c) = m ∧ l, where m ∧ l = min {m, l}. For brevity, we will write 〈F (·)〉Tτ = 〈F (·)〉τ and
〈F (·)〉t0 = 〈F (·)〉t.

First, for convenience, we will simplify constraints (1.2). For this purpose, we make the replace-
ment of variables. Let xvT (t) be a solution of (1.1) under the boundary condition xvT (T ) = 0. Then
we make a substitution of variables:

v̄(t) = v(t)− r(t)− ṽ(t), x̄(t) = x(t)− xrT (t)− xṽT (t), ȳ(t) = G(t)x̄(t) + cv̄(t),

ṽ(t) = b′(t)s(t), s(t) =
〈
X ′(·, t)s(·)

〉t
.

(1.3)

Here X(u, t) is a fundamental matrix, ∂X(u, t)/∂u = A(u)X(u, t), X(t, t) = In. In new variables
the system becomes

˙̄x = A(t)x̄(t) + b(t)v̄(t), x̄(T ) = x(T ),

‖v̄(·)‖2 + 2x(T )′s(T ) + h(T ) ≤ 1, ‖v̄(·)‖2 =
〈
|v̄(·)|2

〉
,

h(T ) =
〈
2s′(·)xrT (·)− |r(·)|2 − |ṽ(·)|2

〉
.

(1.4)

From now on, we omit the bars over variables and deal with system (1.4) because we can always
return to initial variables. One can see that the variables x and y from equations (1.3) and (1.4) are
bound with each other by means of the function v(t). Let us present the system in an equivalent
form. Consider the pseudoinverse matrix c− of c, [7, 14]. It is known that c−c is an orthogonal
projection onto the subspace

im c′ =
{
v : v = c′y, y ∈ R

m
}
.

Introduce the matrix C1 = Il − c−c which is the orthogonal projection onto the null subspace

ker c = {v : cv = 0}.

Then
v(t) = c−cv(t) + C1v(t), cv(t) = y(t)−Gx(t).

If we introduce a notation

b(·) = b(·)c−, A(·) = A(·)− b(·)G(·), (1.5)

and substitute the orthogonal expansion of v(t) into (1.4), then this equation is converted to the
following one:

ẋ(t) = A(t)x(t) + b(t)y(t) + b(t)C1v(t). (1.6)

The constraints may be rewritten as

JT (v, y) + 2x′(T )s(T ) + h(T ) ≤ 1, C = (c−)′c−,

JT (v, y) =
〈
|y(·)−G(·)x(·)|2C + |v(·)|2C1

〉
.

(1.7)
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If rank(c) = m < l, we have c− = c′(cc′)−1 and C = (cc′)−1. If

rank(c) = l ≤ m,

we obtain c− = (c′c)−1c′ and C1 = Ol, i.e., zero matrix. In the last case we deal with the unique
uncertain element x0. This last case is of no interest to the controller because he knows x0 and
cannot change the signal. Therefore, suppose that rank(c) = m < l. But then we can pass to lower
dimension of disturbances according to the following remark.

Remark 1. Since
ker c+ im c′ = R

l, imC1 = ker c, im c′ = R
m,

it follows that rankC1 = l−m. Using the expansion C1 = T C̃1T
′, where T is an orthogonal matrix

such that
TT ′ = T ′T = Il,

and C̃1 is a diagonal matrix with 0 and 1 on the diagonal, we can eliminate m zero columns
from C̃1 and obtain a matrix D̃1. Then C̃1 = D̃1D̃

′
1 and C1 = D1D

′
1, where D1 = TD̃1. Define

vector-function w(t) = D′
1v(t) ∈ R

l−m, then the following relations

C1v(t) = D1w(t), D1 ∈ R
l×(l−m), rankD1 = l −m, D′

1D1 = Il−m,

are obtained. Therefore, one can use D1w(t) in (1.6) and (1.7) instead of C1v(t).

2. The problem for the observer

We consider the same problem for the observer as in [2]. For this purpose, recall some definitions.

Definition 1. Let the signal y(t) be generated by (1.1) (or (1.3) if the replacement is fulfilled)
with the help of unknown pair (v∗(·), x∗T ) satisfying the constraints. A pair (v(·), xT ) is called
compatible with the measured signal y(t) on [0, T ] if the solution x(t) of equation (1.1) (or (1.4)) and
the function v(t) satisfy inequality (1.2) (or (1.7)) and the measurement equation with given y(t).

Definition 2. The set XT (y) is called the information set (shortly IS ) if it consists of all
vectors x(T ) for each of which there exists a generating compatible pair (v(·), xT ) such that the
corresponding trajectory x(t) satisfies the boundary condition x(T ) = xT .

Thus, the observer’s problem is to find XT (y) and to give an analytical description of this set.
As it was proved by dynamic programming methods in [3], the IS XT (y) under restrictions (1.7) is
the set given by the inequality

XT (y) =
{
x ∈ R

n : x′P (T )x− 2x′(d(T )− s(T )) + e(T ) + h(T ) ≤ 1
}
, (2.1)

where the parameters can be found from the differential equations

Ṗ (t) = −P (t)A(t)−A′(t)P (t) +G′(t)CG(t)− P (t)b(t)C1b
′(t)P (t),

ḋ(t) = P (t)b(t)y(t)−A′(t)d(t) +G′(t)Cy(t)− P (t)b(t)C1b
′(t)d(t),

ė(t) = 2y′(t)b′(t)d(t) + |y(t)|2C − |b′(t)d(t)|2C1
, or

Ṗ (t) = −P (t)A(t)−A′(t)P (t)− P (t)b(t)b′(t)P (t)

+(cb′(t)P (t) +G(t))′C(cb′(t)P (t) +G(t)),

ḋ(t) = −A′(t)d(t) + (cb′(t)P (t) +G(t))′C(y(t) + cb′(t)d(t)) − P (t)b(t)b′(t)d(t),

ė(t) = |y(t) + cb′(t)d(t)|2C − d′(t)b(t)b′(t)d(t),

P (0) = 0, d(0) = 0, e(0) = 0.

(2.2)
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The value on the left-hand side of inequality in (2.1) equals

min
w(·)

JT (w, y) + 2x′s(T ) + h(T )

under the condition x(T ) = x. On the other hand, we can rewrite inequality in (2.1) as

XT (y) =
{
x ∈ R

n : |x− x1(T )|
2
P (T ) + h(T ) + 2x′s(T ) + h(T ) ≤ 1

}
,

x1(T ) = P−(T )d(T ), h(T ) = e(T )− d′(T )P−(T )d(T ),

d(T ) ∈ imP (T ),

(2.3)

where P− is the pseudoinverse matrix.
For further, let us emphasize the parameters of IS in another form. First, we minimize the

functional

JT (w, y) =
〈
|y(·)−G(·)x(·)|2C + |w(·)|2

〉
, C = (cc′)−1, (2.4)

with respect to w(·) under constraints (1.5), (1.6), and x(T ) = x. For this purpose, we write the
solution

x(t) = X(t, T )x− 〈X(t, ·) (b(·)y(·) + b(·)D1w(·))〉t ,

where
∂X(u, t)/∂u = A(u)X(u, t), X(t, t) = In,

that is X(u, t) is a fundamental matrix for equation (1.6). Introduce linear integral opera-
tors (see [15])

Yty = 〈X(t, ·)b(·)y(·)〉t , Wtw = 〈X(t, ·)b(·)D1w(·)〉t ,

and obtain functional (2.4) in the form

JT (w, y) = ‖y(·)−G(·) (X(·, T )x− Y·y −W·w)‖
2
C + ‖w(·)‖2. (2.5)

In formula (2.5), the quadratic terms with w(·) may be written as
〈
w′(·)Kw(·)

〉
= ‖w(·)‖2 + ‖G(·)W·w‖

2
C , where

Kw(t) = w(t) +D′
1b

′(t)
〈
X′(·, t)G′(·)CG(·)W·w

〉t
, or

K = idl−m +W ∗
· G

′(·)CG(·)W· = S∗
· S·, Stw = c′CG(t)Wtw +D1w(t).

(2.6)

Here K is a linear Volterra-type (see [6]), self-adjoint, and coercive operator,

K : Ll−m
2 [0, T ] → Ll−m

2 [0, T ].

Note that the conjugate operator W ∗
· does not depend on T in (2.6) because

W ∗
t f = D′

1b
′(t)

〈
X′(·, t)f(·)

〉t
;

idl−m is the identical operator in Ll−m
2 [0, T ]. The minimum of (2.5) with respect to w(·) is reached

at the function

w0(·) = −K−1W ∗
· G

′(·)Cf·(x, y), f·(x, y) = y(·)−G(·)(X(·, T )x − Y·y). (2.7)

After substitution of (2.7) into (2.5) we obtain

min
w

JT (w, y) =
〈
f ′· (x, y)Cf·(x, y)

〉
−

〈
f ′· (x, y)CG(·)W·K

−1W ∗
· G

′(·)Cf·(x, y)
〉

=
〈
f ′· (x, y)κf·(x, y)

〉
where κ = C −CG(·)W·K

−1W ∗
· G

′(·)C.
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Lemma 1. The operator

κ = C1/2
(
idm − C1/2G(·)W·K

−1W ∗
· G

′(·)C1/2
)
C1/2

is reversible and its reverse has the form

κ
−1 = cc′ +G(·)W·W

∗
· G

′(·). (2.8)

P r o o f. Let T = C1/2G(·)W·, then

K = idl−m + T ∗T .

Therefore,

idm − T (idl−m + T ∗T )−1T ∗ = (idm + T T ∗)−1 = C−1/2
(
cc′ +G(·)W·W

∗
· G

′(·)
)−1

C−1/2.

Multiplying this equality by C1/2 from the left and the right, we obtain (2.8). �

From (2.8), we obtain

κ = C1/2 (idm + T T ∗)−1C1/2.

Then

K−1 = (idl−m + T ∗T )−1 = idl−m − T ∗(idm + T T ∗)−1T = idl−m − T ∗C−1/2
κC−1/2T .

Lemma 2. The operators K−1 in (2.6) and κ in (2.8) can be calculated via differential equa-
tions. They are defined by the formulas:

κf(t) = C(f(t)−G(t)q(t)),

q̇(t) = A(t)q(t)− b(t)C1b
′(t)p(t), q(T ) = 0,

ṗ(t) = −A′(t)p(t) +G′(t)C(f(t)−G(t)q(t)), p(0) = 0; p(t) = −P (t)q(t) + z(t),

ż(t) = −
(
A(t) + b(t)C1b

′(t)P (t)
)′
z(t) +G′(t)Cf(t), z(0) = 0;

K−1w(t) = w(t)−D′
1b

′(t)q(t),

q̇(t) = −A(t)q(t) +G′(t)CG(t)p(t), q(0) = 0,

ṗ(t) = A(t)p(t) − b(t)D1(w(t) −D′
1b(t)q(t)), p(T ) = 0; q(t) = P (t)p(t)− z(t),

ż(t) = −
(
A(t) + b(t)C1b

′(t)P (t)
)′
z(t)− P (t)b(t)D1w(t), z(0) = 0,

where p(t), q(t) are auxiliary variables.

P r o o f. We consider the equation κ
−1λ(t) = f(t) and seek its solution λ(·) in the form

λ(·) = C(f(·)−G(·)q(·)).

After substitution in the equation we have the integral relation for q(·):

−q(·) +WW ∗G′(·)C(f(·)−G(·)q(·)) = 0.

Introducing the variable

p(t) =
〈
X′(·, t)G′(·)C(f(·) −G(·)q(·))

〉t
,
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we obtain the differential equations for q(·) and p(·) after differentiation. The arising boundary
value problem is solved by the substitution

p(·) = −P (·)q(·) + z(·),

where P (·) is the solution of matrix Riccati equation in (2.2). Similarly, we consider the equation
Kλ(t) = w(t) and seek a solution λ(·) in the form

λ(·) = w(·) −D′
1b

′(·)q(·).

After substitution in the equation, we have the integral relation for q(t):

q(t) =
〈
X′(·, t)G′(·)CG(·)p(·)

〉t
, p(·) = W (w(·) −D′

1b
′(·)q(·)).

We obtain the corresponding differential equations for q(·) and p(·) after differentiation. The
arising boundary value problem is solved by the substitution

z(·) = P (·)p(·) − q(·).

�

Corollary 1. The following equality is true:

κG(·)X(·, T ) = CG(·)X (·, T ),

where X (t, T ) is the fundamental matrix of the differential equation

ẋ(t) =
(
A(t) + b(t)C1b

′(t)P (t)
)
x(t).

P r o o f. We have

z(t) =
〈
X ′(·, t)G′(·)CG(·)X(·, T )

〉t
= P (t)X(t, T ).

Therefore,
p(t) = P (t)(X(t, T ) − q(t)), q(t) =

〈
X (t, ·)b(·)C1b

′(·)P (·)X(·, T )
〉
t
.

Thus,

κG(·)X(·, T ) = CG(t)
(
X(t, T )−

〈
X (t, ·)b(·)C1b

′(·)P (·)X(·, T )
〉
t

)
= CG(t)X (t, T ).

�

We can compare the functional relation for minw JT (w, y), equations (2.2), (2.3), and express
the parameters P (T ), d(T ), and e(T ) through the operators K and κ. Indeed, we have

〈
X′(·, T )G′(·)κG(·)X(·, T )

〉
= P (T ),〈

X′(·, T )G′(·)κY·y
〉
= d(T ),〈

Y′
·yκY·y

〉
= e(T ), where Y·y = y(·) +G(·)Y·y.

(2.9)

The complete observability of system (1.6), that is the condition

〈
X′(·, t)G′(·)G(·)X(·, t)

〉t
> 0, ∀t ∈ (0, T ], (2.10)

implies the positivity of corresponding matrix P (t) > 0, t > 0.
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Under conditions (2.10), the set (2.1) is a bounded ellipsoid and

x1(t) = P−1(t)d(t), x2(t) = −P−1(t)s(t), x̂(t) = x1(t) + x2(t).

Parameters x1, x2, x̂(t), and h(t) = e(t)−d′(t)P−1(t)d(t) from (2.3) satisfy the differential equations

ẋ1(t) = A(t)x1 + P−1(t)G′(t)C(y(t)−G(t)x1(t)) + b(t)y(t)

= A(t)x1(t) +
(
b(t)c′ + P−1(t)G′(t)

)
C(y(t)−G(t)x1(t)),

ẋ2(t) = A(t)x2(t) +
(
b(t)c′ + P−1(t)G′(t)

)
C(cb′(t)s(t)−G(t)x2(t))

−b(t)b′(t)s(t) − P−1(t)s(t), ṡ(t) = −A′(t)s(t) + s(t),

˙̂x(t) = A(t)x̂(t) +
(
b(t)c′ + P−1(t)G′(t)

)
C(y(t) + cb′(t)s(t)

−G(t)x̂(t))− b(t)b′(t)s(t) − P−1(t)s(t),

ḣ(t) = |y(t)−G(t)x1(t)|
2
C .

(2.11)

There is a problem with initial states x̂(0), h(0) for these equations because of P (t) near 0. There-
fore, the observer may use other functional approach in Lemmas 1, 2. Anyway, the observer can
build IS XT (y).

3. The problem for the controller

Recall that the controller deals with system (1.4), where bars are omitted, and tries to move
the initial state x0 to the final state xT . It can be done if the minimum of the left-hand side of the
inequality in (1.4) is not less than one. This minimum is equal to

|x0,T |
2
P−(0) + 2x′T s(T ) + h(T ) ≤ 1, x0,T = X(0, T )xT − x0,

P(0) =
〈
X(0, ·)b(·)b′(·)X ′(0, ·)

〉
, x0,T ∈ imP(0),

Ṗ = A(t)P + PA′(t)− b(t)b′(t), P(T ) = 0.

(3.1)

The inequality in (3.1) is necessary and sufficient for vectors x0, xT in order to transfer x0 to xT
by some control. The control action with minimal Ll

2-norm is

v0(·) = b′(·)X ′(0, ·)P−(0)x0,T , (3.2)

but this control does not provide the maximal volume of IS XT (y) or the worst signal for the
observer. Let w0(·) = D′

1v
0(·). For any control v(·) that transfers x0 to xT and generates a signal

of y(·) we get the equalities

W0w = x0,T − Y0y, w(·) = D′
1v(·), x0,T = X(0, T )xT − x0,

ft(xT , y) +G(t)Wtw = cv(t).
(3.3)

As any function from Ll
2[0, T ] admits an orthogonal expansion v0(·) + v(·), v(·) ∈ kerD0, where

D0v = 〈X(0, ·)b(·)v(·)〉 ,

the function v(·) corresponds to x0,T = 0 and generates corresponding signal y(·) such that

W0w = −Y0y, w(·) = D′
1v(·), f·(0, y) = Y·y, f·(0, y) +G(·)W·w = cv(·). (3.3)′

In (3.3)′, we set x0 = xT = 0.
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The IS XT (y) defined in (2.1) may be unbounded, for example, be an epigraph of a parabola.
To eliminate this possibility we assume that the property of complete observability (2.10) is valid.
Then XT (y) is an ellipsoid with the center x̂(T ) = x1(T ) + x2(T ). Its volume depends only on the
value

H(T ) = e(T )− |d(T )− s(T )|2P−1(T ) = h(T ) + 2s′(T )P−1(T )d(T ) − |s(T )|2P−1(T ). (3.4)

The controller wants to minimize the value H(T ) that gives him the maximal volume of IS XT (y).
As the center x̂(T ) is the aiming point for the observer, the controller has to strive to maximization
of the value |x(T )− x̂(T )| at the same time. Thus, a two-criteria optimization problem is obtained.

To solve this, let us fix a number α and consider the scalar maximization problem with para-
metric functionals:

α(1−H(T )) + (1− α) |xT − x̂(T )| = α− Iα → max
v(·)

under the constraints

x0,T = D0v = 〈X(0, ·)b(·)v(·)〉 , ‖v(·)‖2 + 2x′T s(T ) + h(T ) ≤ 1;

Iα = αH(T )− (1− α)|xT − x̂(T )|, α ∈ [0, 1].

(3.5)

This is equivalent to the following problems:

Iα → min
v(·)

or Iα,l → min
v(·),l

, where

Iα,l = αH(T )− (1− α)l′(xT − x̂(T )), |l| ≤ 1.
(3.6)

3.1. Functional approach to the solution

From (2.3), (2.7), (2.8), (2.9), and (2.10), we see that the values H(T ) and Iα,l are quadratic
forms with respect to y(·). Consider the terms from (2.3), (3.3), (3.4), and (3.5) in detail. With
the help of (1.3) and (1.6), we have

y(·) = G(·)(X(·, T )xT −D·v) + cv(·), Dtv = 〈X(t, ·)b(·)v(·)〉t ,

Y·y = y(·) +G(·)Y·y = G(·)X(·, T )xT +D·v,

Dtv = cv(t) −G(t) 〈X(t, ·)b(·)C1v(·)〉t .

(3.7)

Differentiating X(t, T )+〈X(t, ·)b(·)G(·)X(·, T )〉t with respect to t, we obtain the equality X(t, T )+
YtG(·)X(·, T ) = X(t, T ). With the help of operator D·, we can rewrite equality (3.2) as

v0(·) = D−
0 x0,T , D−

0 = b′(·)X ′(0, ·)P−(0), x0,T ∈ imD0 = imP(0).

Here, D−
0 is a pseudoinverse operator in a Hilbert space (see [14]). This operator can be expressed

in explicit form.
We see that h(T ) = 〈g′(·)Lg(·)〉 ≥ 0, where g(·) = Y·y and a symmetric and nonnegative

operator L has the form

L = κ − κG(·)X(·, T )P−1(T )X′(·, T )G′(·)κ.

Let f(·) = g(·)−G(·)X(·, T )P−1(T ) 〈X′(·, T )G′(·)κg(·)〉. Then

f(·) ∈ F =
{
f :

〈
X′(·, T )G′(·)κf(·)

〉
= 0

}
, (3.8)

where F is a subspace with finite codimension. Since Lg(·) = κf(·), we obtain

h(T ) =
〈
g′(·)Lg(·)

〉
=

〈
f ′(·)κf(·)

〉

and arrive at the assertion.
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Proposition 1. The value h(T ) = 0 if and only if the function f(·) ∈ F from (3.8) in the ex-
pansion g(·) = f(·)+G(·)X(·, T )p equals zero. In turn, this is equivalent to the following equalities:

Y·y = G(·)X(·, T )P−1(T )
〈
X′(·, T )G′(·)κY·y

〉
, or

D·v = G(·)X(·, T )P−1(T )
〈
X′(·, T )G′(·)κD·v

〉
.

Here Y·y −D·v = G(·)X(·, T )xT from (3.7).

We solve problem (3.6) with constraints by Kuhn–Tucker’s theorem. Note that the equality
in (3.1) leads us to unique control in (3.2) and the controller cannot choose any other control action.
Therefore, suppose that the strict inequality in (3.1) is fulfilled. Then

|x0,T |
2
P−(0) = ‖v0(·)‖2 < 1− 2x′T s(T )− h(T ).

Remark 2. The operator Y· is invertible. Indeed, if

Y·y = y(·) +G(·)Y·y(·) = g(·),

then
y(·) = g(·) −G(·)p(·), where p(t) = Yt(g(·) −G(·)p(·)).

We differentiate this equality and come to the differential equation

ṗ(t) = A(t)p(t)− b(t)(g(t) −G(t)p(t)), p(T ) = 0, or ṗ(t) = A(t)p(t) − b(t)c′Cg(t).

Let Y·y
0 = g0(·) and Y·y = g(·), where y(·) is generated by the function v(·) from (3.3)′. We

see that

Iα,l = α
〈
(g0(·) + g(·))′L(g0(·) + g(·))

〉

+(2αs(T ) + (1− α)l)′ P−1(T )
〈
X′(·, T )G′(·)κ(g0(·) + g(·))

〉
+ J̄ ,

where J̄ does not depend on y(·). Let us seek optimal v(·) from (3.3)′ in the form

v(·) = c′Cf(·) +D1w(·), where f(·) = Y·y +G(·)W·w = cv(·).

Now, let g(·) = Y·y = f·(0, y) be equal to an expansion f(·) + G(·)X(·, T )p, where f(·) ∈ F and
p ∈ R

n. Then

Iα,l = α
〈
f ′(·)κf(·)

〉
+ (2αs(T ) + (1− α)l)′ p+ 2α

〈
f ′(·)κg0(·)

〉
+ J̃ ,

where J̃ does not depend on f(·) and p. Substituting v(·) into inequality (3.6), we obtain the
constraint

‖f(·) +G(·) (X(·, T )p +W·w) ‖
2
C + ‖w(·)‖2 + ‖v0(·)‖2 + 2x′T s(T ) + h(T ) ≤ 1.

By (2.5), (2.6), (2.7), and Lemma 1, we see that the minimum of the left-hand side of the constraint
with respect to w(·) equals

‖u(·)‖2
κ
+ ‖v0(·)‖2 + 2x′T s(T ) + h(T ), with optimal function

w0(·) = −K−1W ∗
· G

′(·)Cu(·), where u(·) = f(·) +G(·)X(·, T )p.
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In order to minimize Iα,l, we compose the Lagrange function, taking into account the relations
in (3.7):

L = Iα,l + k‖u(·)‖2κ − 2z′D0v − 2q′
(〈
X′(·, T )G′(·)κu(·)

〉
− P (T )p

)
,

where k ≥ 0, z, q ∈ R
n are Lagrange multipliers. We use the expansion for v(·), the function w0(·),

and the operator S· from (2.6). Therefore, we obtain

v(·) = c′Cu(·) + S·w0 = U·u(·), where U· =
(
c′ − S·K

−1W ∗
· G

′(·)
)
C.

After differentiation of L with respect to u(·) and p, we have the equations

(α+ k)κu(·) + ακg0(·)− U∗
· D

∗
0z − κG(·)X(·, T )q = 0;

αs(T ) + (1− α)l/2 − αP (T )p − α
〈
X′(·, T )G′(·)κg0(·)

〉
+ P (T )q = 0.

(3.9)

These equations allow us to express the function u(·) in terms of q and z:

u(·) = (α+ k)−1
(
G(·)X(·, T )q − αg0(·) + κ

−1U∗
· D

∗
0z
)
.

Then, the substitution of u(·) into the equality conditions gives the equations

(α+ k)P (T )p + α
〈
X′(·, T )G′(·)κg0(·)

〉
−

〈
X′(·, T )G′(·)κU∗

· D
∗
0

〉
z = P (T )q;

D0U·

(
κ
−1U∗

· D
∗
0z +G(·)X(·, T )q − αg0(·)

)
= 0.

(3.10)

We obtain a system of linear algebraic equations for p, q, and z; moreover,

z =
(
D0U·κ

−1U∗
· D

∗
0

)−1
D0U·(αg

0(·)−G(·)X(·, T )q),

q = αp+ P−1(T )
(
α
〈
X′(·, T )G′(·)κg0(·)

〉
+ (α− 1)l/2 − αs(T )

)
.

After substitution of z and q into the first equation in (3.10), we obtain the equation for p:

kP (T )p −
〈
X ′(·, T )G′(·)CU∗

· D
∗
0

〉 (
D0U·κ

−1U∗
· D

∗
0

)−1
D0U·

(
αg0(·)

−G(·)X(·, T )
(
αp− P−1(T )

(
α
〈
X ′(·, T )G′(·)Cg0(·)

〉
+ (α− 1)l/2 − αs(T )

)) )

= (α− 1)l/2− αs(T ).

(3.11)

Under fixed l and α, the solution vector p(k) depends on k. After substitution, we have u(k)
and v(k). Note that some of the parameters in (3.11) can be simplified. Indeed,

κ
−1U∗

· =
(
C−1 +G(·)W·W

∗
· G

′(·)
)
C
(
c−G(·)W·K

−1(D′
1 +W ∗

· G
′(·)Cc)

)

= c−G(·)W·K
−1D′

1 −G(·)W·K
−1W ∗

· G
′(·)Cc+G(·)W·W

∗
· G

′(·)Cc

−G(·)W·W
∗
· G

′(·)CG(·)W·K
−1D′

1 −G(·)W·(K − idl−m)K−1W ∗
· G

′(·)Cc = c−G(·)W·D
′
1.

Further,

U·κ
−1U∗

· =
(
c′C − (c′CG(·)W· +D1)K

−1W ∗
· G

′(·)C
)
(c−G(·)W·D

′
1) = c′Cc

−c′CG(·)W·D
′
1 + (c′CG(·)W· +D1)K

−1(K − idl−m)D′
1 = idl − S·K

−1S∗
· .

Now, let us formulate the main conclusion for the controller.
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Theorem 1. Let v0,l(·) be the solution to (3.6), (3.9), (3.10), and (3.11) for k = 0 (i.e., without
the norm constraint). If

‖v0,l(·)‖
2 + 2x′T s(T ) + h(T ) + |x0,T |

2
P−(0) ≤ 1,

then the general solution vl(·) of problem in (3.6) equals v0,l(·) + v0(·); otherwise, vl(·) = vk,l(·) +
v0(·), where k > 0 can be found from the nonlinear equation

‖vk,l(·)‖
2 + 2x′T s(T ) + h(T ) + |x0,T |

2
P−(0) = 1.

The parameters of the linear algebraic equations for p(k), z(k), and q(k) can be calculated in
advance. Besides, the equality

min
v(·)

Iα = min
|l|≤1

Iα,l(vl(·))

must be satisfied.

3.2. The solution via differential equations

There is another way for the controller. Since the inequality in (3.1) is strict, there exists a
small β > 0 such that the inequality

‖v(·)‖2 ≤ 1− 2x′T s(T )− h(T )− β|x0|
2 (3.12)

is valid for v(·) = v0(·) from (3.2). Considering this inequality as a new constraint on disturbances
and x0, we can use equations (2.11) with zero initial data and P (0) = βIn. We can write

x1,tu = 〈X(t, ·)Pb(·)Cu(·)〉t , P b(·) = b(·)c′ + P−1(·)G′(·),

y(t) = G(t)x1,tu+ u(t) = Utu, ft(xT , y) +G(t)Wtw = f(t).
(3.13)

Remark 3. The operator U· is invertible. Indeed, if

U·u = u(·) +G(·)x1,·u = y(·),

then

u(·) = y(·)−G(·)p(·), where p(t) = 〈X(t, ·)Pb(·)C(y(·) −G(·)p(·))〉t .

We differentiate this equality and arrive at the differential equation

ṗ(t) = A(t)p(t) + Pb(t)C(y(t)−G(t)p(t)), p(T ) = 0.

Using the orthogonal expansion v(·) = c′Cf(·) +D1w(·), we reduce the controller’s problem to
the following:

α
(
‖u(·)‖2C+2s′(T )x1,Tu−|s(T )|2P−1(T )+h(T )

)
− (1− α)l′ (xT − x1,Tu− x2(T )) → min

u(·),w(·)

with constraints x0,T = D0v(·),

‖u(·)‖2C + 2s′(T )x1,Tu− |s(T )|2P−1(T ) + h(T ) ≤ 1,

‖w(·)‖2 + ‖f(·)‖2C + 2x′T s(T ) + h(T ) ≤ 1− β|x0|
2, |l| ≤ 1.

(3.14)



On Observability Control in Differential Equations 15

Problem (3.14) can be solved by Kuhn–Tucker’s theorem as before. We take the second-to-last row
in (3.14) as the inequality constraint and assume that

v(·) = U·(Y·y +G(·)X(·, T )xT ).

Similar to the previous Subsection 3.1 and to (2.7), we use

w0(·) = −K−1W ∗
· G

′(·)Cf·(xT , y).

Compose the Lagrange function

L = α‖u(·)‖2C + (2(α+ k)s(T ) + (1− α)l)′ x1,Tu− 2z′D0U·Y·U·u+ k‖u(·)|2C ,

where z, k ≥ 0 are Lagrange multipliers. Further, the solution proceeds in a similar way to that in
the previous section. After differentiation of L with respect to u(·), we have the equation

(α+ k)Cu(·) + CPb′(·)X ′(T, ·)((α + k)s(T ) + (1− α)l/2) − U∗
· Y

∗
· U

∗
· D

∗
0z = 0. (3.15)

Substitution of u(·) into the equality conditions gives a linear algebraic equation for z:

D0U·Y·U·

(
−Pb′(·)X ′(T, ·)((α + k)s(T ) + (1− α)l/2) + cc′U∗

· Y
∗
· U

∗
· D

∗
0z
)

= (x0,T −D0U·G(·)X(·, T )xT ) (α+ k).
(3.16)

Now we formulate the conclusion.

Theorem 2. Choose a small β > 0 such that inequality (3.12) is valid for v(·) = v0(·) and
solve the problem for the observer with this constraint. Then the controller can use the function
u(·) from (3.13) in order to solve his problem (3.14) via (3.15) and (3.16). The optimal controller’s
function is

vl(·) = U·(Y·U·ul +G(·)X(·, T )xT )),

where ul(·) = u0,l(·) for k = 0 provided that

‖u0,l(·)‖
2
C + 2s′(T )x1,Tu0,l − |s(T )|2P−1(T ) + h(T ) ≤ 1.

Otherwise, ul(·) = uk,l(·), where k > 0 can be found from the nonlinear equation

‖uk,l(·)‖
2
C + 2s′(T )x1,Tuk,l − |s(T )|2P−1(T ) + h(T ) = 1.

The parameters of the linear algebraic equation for z(k) can be calculated in advance. Besides, the
equality

min
v(·)

Iα = min
|l|≤1

Iα,l(vl(·))

must be satisfied.

4. Numerical algorithm for the controller

Despite the fact that coefficients of the algebraic equations in the previous section can be
calculated in advance, we may sometimes give a simpler solution for the controller. Here we obtain
a piecewise-constant optimal control. For simplicity, let s(·) = 0, r(·) = 0 in (1.2)–(1.4). Choose a
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grid 0 = t0 < t1 < · · · < tN = T , tk − tk−1 = δ, and suppose v(t) ≡ vk on [tk−1, tk]. Then we arrive
at the following discrete-time equations as in [2]:

xk = Akxk−1 + bkvk, yk = Gkxk−1 + ckvk, k ∈ 1 : N, where

Ak = X(tk, tk−1), bk = 〈X(·, tk−1)b(·)〉
tk
tk−1

, Gk = 〈G(·)X(·, tk−1)〉
tk
tk−1

,

yk = 〈y(·)〉tktk−1
, ck = ch+

〈
G(•) 〈X(·, tk−1)b(·)〉

•
tk−1

〉tk
tk−1

.

(4.1)

In this section, we introduce the notation x = [x0; . . . ;xN−1] ∈ R
nN , v = [v1; . . . ; vN ] ∈ R

lN ,
y = [y1; . . . ; yN ] ∈ R

mN , and others below. Then

x = AxT −Bv, y = Gx+ cv

for appropriate matrices. We set

C = (cc′)−1, C1 = IlN − c′Cc.

Therefore,

v = c′C(y −Gx) +D1w, where C1 = D1D
′
1, D′

1D1 = ImN , w = D′
1v.

After substitution, we have

x = −bB(c′Cy+D1w) + bAxT , b = (InN −Bc′CG)−1.

Finally, we come to the inequality

|v|2 = |y −Gx|2C + |w|2 = |Yy −TxT +Ww|2C + |w|2 ≤ 1/δ, where

Y = ImN +GbBc′C, T = GbA, W = GbBD1.
(4.2)

The minimum in (4.2) with respect to w equals

|Yy −TxT |
2
κ
, where κ = C−CWK−1W′C,

K = ImN +W′CW, w0 = −K−1W′C (Yy −TxT ) .

Thus, we obtain the discrete-time IS in the form

XT (y) =
{
x ∈ R

n : |x− x̂|2P + h ≤ 1/δ
}
, P = T′

κT, x̂ = P−1d,

d = T′
κYy, h = y′Y′

κYy− d′P−1d.

The transition from x0 to xT is performed by equation

xT = Āx0 +Dv,

where Ā and D are appropriate matrices composed from (4.1). For fixed x0 and xT , we define

v0 = D−(xT − Āx0)

and try to find v such that

x = −Bv, y = Gx+ cv, Dv = 0, |v|2 + |v0|2 ≤ 1/δ,

Iα,l = α(y + y0)′Y′LY((y + y0)− (1− α)l(xT − P−1T′
κY(y+ y0)) → min

y
,

where L = κ − κTP−1T′
κ.
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Here y0 is generated by xT and v0. Using

w0 = −K−1W′C(Yy −TxT ),

we can get

v = V(Yy −TxT ), V = c′C− (c′CW+D1)K
−1W′C, V′V = κ.

Denote Yy by g and Yy0 by g0. Now, let g be equal to an expansion f +Tp, where

f ∈ F = {f : T′
κf = 0}, p ∈ R

n.

Then

Iα,l = α(g′
κg− p′Pp+ 2(g −Tp)′κg0) + (1− α)l′p+ J̄α,l,

J̄α,l = αg0′Lg0 − (1− α)l′(xT − P−1T′
κg0).

(4.3)

As usual, we compose the Lagrange function and obtain algebraic equations after differentiation:

(α+ k)g = κ
−1V′D′z +Tj − αg0,

−αPp+ l(1− α)/2− αT′
κg0 + Pj = 0,

(α+ k)Pp = T′V′D′z + Pj − αT′
κg0,

DV(κ−1V′D′z +Tj − αg0) = 0.

Here k, z, j are Lagrange multipliers. The selection of z and j is as follows:

z = (T′V′D′)−1(l(1− α)/2 + kPp),

j = αP + P−1(l(α − 1)/2 + αT′
κg0),

and substituting them into the equations above gives us the equation for p:

DVκ
−1V′D′(T′V′D′)−1((1− α)/2 + kPp)

+DVT(αp + P−1(l(α− 1)/2 + αT′
κg0))− αDVg0 = 0.

For a fixed α, the solution vector p depends on k and l. After substitution we have z(k, l), j(l),
and g(k, l). Finally, we have to minimize the expression with respect to l.

5. Test numerical example

Consider the movement of a material particle along the straight line subjected to perturbations
v1(t) and v2(t):

ẋ1 = x2, ẋ2 = v1(t) + v2(t), t ∈ [0, T ].

Let the perturbation v2 influence the observation equation as well:

y(t) = x1(t) + v2(t).

These equations lead to a system of the form (1.6):

ẋ1 = x2, ẋ2 = −x1 + y(t) + v1(t).
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The vector function v(t) is constrained here by the integrated restriction (1.2) with r = 0 and
s = 0. Constant matrices have the form

G = [1 0], c = [0 1], C = 1, A =

[
0 1
0 0

]
,

A =

[
0 1
−1 0

]
, b =

[
0
1

]
, C1 =

[
1 0
0 0

]
, b =

[
0 0
1 1

]
, D1 =

[
1
0

]
.

Besides, we have

w(t) = D′
1v(t) = v1(t), X(t, T ) =

[
cos(t) sin(t)
− sin(t) cos(t)

]
.

Equations (2.2) and (2.11) have the form

Ṗ (t) = −P (t)A−A′P (t) +G′CG− P (t)bC1b
′P (t),

ḋ(t) = P (t)by(t)−A′d(t) +G′Cy(t)− P (t)bC1b
′d(t),

ė(t) = 2y′(t)b′d(t) + |y(t)|2C − |b′(t)d(t)|2C1
,

P (0) = 0, d(0) = 0, e(0) = 0, x̂(t) = P−1(t)d(t),

˙̂x(t) = Ax̂(t) +
(
bc′ + P−1(t)G′

)
C(y(t)−Gx̂(t)),

ḣ(t) = |y(t)−G(t)x̂(t)|2C , h(t) = e(t) − d′(t)P−1(t)d(t).

In (3.1) and (3.2), we have

|x0,T |
2
P−1(0) ≤ 1, P(0) =

[
T 3/3 −T 2/2
−T 2/2 T

]
, v0(·) = b′X ′(0, ·)P−1(0)x0,T .

Now, we turn to system (4.1) with parameters δ = 0.1, T = 6, and N = 60 and obtain (in the
notation of Section 4)

G = [δ δ2/2], b =

[
δ2 δ2

δ δ

]
, A =

[
0 δ
0 0

]
, c = [δ3/3 δ + δ3/3], C = (cc′)−1IN .

The constraints on v have the form

|v|2 ≤ 1/δ.

Suppose that x0 = [1; 0], xT = [8; 2]. Then the control action

v0 = D−(xT − Āx0)

with minimal squared norm |v0|2 = 3.6112 gives the trajectory in Fig. 1.

In this figure, the large ellipse is the reachable set from x0, and the small ellipse is the IS.
We see that the final point xT is too close to the center of the IS. This is bad for the observer.
Consider the parametric functional Iα = α(1/δ − h) + (1− α)|xT − x̂| and solve a problem of the
form (3.6) with Iα,l from (4.3). The Pareto-optimal set is shown in Fig. 2. The controller may
choose α0, for example, by maximization of (1/δ−h)(α)+ |xT − x̂|(α) → maxα, where (1/δ−h)(α)
and |xT − x̂|(α) are optimal values from the scalar problem. If we do so, α0 = 0.47. For this α0,
we have the trajectory in Fig. 3. Here, the large ellipse is the reachable set from x0, and the small
ellipse is the IS. The trajectory differs from that in Fig. 1, and xT lies practically on the border of
the IS.
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Figure 1. Trajectory with minimal square norm.
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Figure 2. Pareto-optimal set.
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Figure 3. Optimal trajectory for controller.

Conclusion

• In this paper, the controller’s task is to select a control that maximizes the information set
(IS)’s volume while maximizing the IS center’s distance from the final point xT . This is necessary
because the IS center can be chosen as a target point for the observer. The problem is solved by
scalarization of the criteria and then by application of the Kuhn–Tucker theorem, which leads to
the construction of constitutive relations for optimal control.

• In this work and in [2], we consider more general linear systems and more general constraints
than in [1, 4].

• Here, we simplify constraints by a replacement of variables. This operation revealed the
important fact that the IS may not be an ellipsoid at all under the given restrictions. That is why
we must require complete observability (2.10) of the system.

• In previous papers, only scalar functionals were considered for the controller. In this work, a
two-criterion control observation problem was investigated. As an example, the Pareto-optimal set
was constructed and an optimal point on it was selected.

• In previous papers, the problems are solved by reduction to discrete models. Here, we consider
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the functional approach to the solution in detail. Lemmas 1 and 2 describe properties of the main
operators that are used in the solution of the controller’s problem.

• The solution to the controller’s problem is reduced to solving a set of linear algebraic equations
and to solving one nonlinear scalar equation, as was pointed out in Theorem 1.

• Since the inequality in (3.1) is strict, we can use the solution for controller via differential
equations as described in Theorem 2.

• Finally, we consider a simplified solution via reduction to discrete models. Unlike in the
previous paper, we describe a detailed algorithm for the solution.

• We consider the same example as in [2]. Here, however, we provide three figures that illustrate
the solution. Besides, we determine the Pareto-optimal set and an optimal point on it.

• The problem can be generalized further by considering the signal as part of the state vector.
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