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oo
Abstract: We study operators given by series, in particular, operators of the form eZ = S B™/n!, where B
n=0
is an operator acting in a Banach space X. A corresponding example is provided. In our future research, we
will use these operators for introducing and studying functions of operators constructed (with the use of the
Cauchy integral formula) on the basis of scalar functions and admitting a faster than power growth at infinity.
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The theory of functions of normal operators has been developed in Hilbert spaces 8, Ch. 12,13].
However, functions of an operator in Banach spaces are introduced under quite serious restrictions
on the operator and the corresponding scalar functions (see e.g. [2, Ch. VIL.3|). For a considerable
class of operators, these scalar functions are assumed to be analytical with polynomial growth at
infinity (see e.g. [1] and [6, Ch. 1, § 5]). The authors’ papers [3-5] are in the same vein. In these
papers, based on the Cauchy integral formula, functions of an operator were constructed in terms of
natural powers of the operator. To introduce and study functions of an operator built constructed
on the basis of scalar functions and admitting the growth at infinity faster than the power function
but not faster than the exponential function have, we will need operators of the form

©_ pn
eP = Z T’ (1)
n=0
where B is an operator on a Banach space X. In this paper, we study the properties of such
operators.

We will use series of elements of a Banach space X and operator series. The principal notions
of numerical series (double series and repeated series) are naturally extended to series of elements
of the space X [7, Ch. 2, § 2|. In this paper, the convergence of partial sums of series from X is

o
interpreted as the convergence in the norm of this space. For a series »_ A, of operators A,, acting
n=0

o0
in X, its sum is the operator A with the domain D(A) = {x €eX: > Auxx converges} and such
n=0

o0
that Az = > Apx for x € D(A). The expression A C B (B D A) for operators A and B means

n=0
that B is the extension of A |7, Ch. 7, Sect. 6].
Let us proceed to the results.
In what follows, we will need the following auxiliary assertion.

Assertion 1. The following statements hold:

o0
(1) (An analog of Abel’s test for numerical series). Suppose that a series Y, a, converges in X

n=0
o)

and a sequence {on }22 o C R is monotonic and bounded. Then, the series ) ana, converges.
n=0
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oo
(73) Suppose that {amm}%nzo C X and the series Y, amn converges absolutely. Then, every
m,n=0
rearrangement of this series converges absolutely to the same sum.
oo

(1i3) Suppose that the terms of a series Y Gmp (amn € X) are reindexed (with a single
m,n=0

o
index) and the series Y by is composed of them. If one of these two series or the repeated series

k=0
oo 00

Y Y amp converges absolutely, then the other two series converge absolutely to the same sum.
m=0n=0

o0 o0 o0
() If a series Y amp (amn € X) converges absolutely, then the series > > amp also
m,n=0 k=0 (77’L+n>:(§c)

converges absolutely to the same sum.

The proof of statement (i) is almost the same as the proof of Abel’s test for numerical series.
The proofs of statements (ii)—(iv) reduce to the use of the corresponding statements for numerical
series after the application a continuous linear functional to the series under consideration. Here,
we take into account the fact that if values of all such functionals coincide at two elements from X,
then these elements are equal |2, Ch. I1.3.15].

Assertion 2. Suppose that A is an operator acting in X, x € X, k € N, a sequence {on }22y C R
e o0

18 such that the sequence {H—M} is monotonic and bounded, and the series an A" R converges.
On n=0

o0
Then, the series > an A"z converges. If the operator A* is linear and closed, then the following
n=0

equality holds:

[o¢] o
Z AV R = AR Z anA'x, (2)
n=0 n=0
which is equivalent to the expression
o o
D anAmtE C ARY " a, AT (3)
n=0 n=0

P r o of. The following relations are valid:

0o k—1 0o k—1
Z oanAr = Z an A"z + Z ozn+kA"+kx = Z an A"z +
n=0 n=0 n=0 n=0

The latter series converges by the analog of Abel’s test. Moreover, under the assumption that the
operator A¥ is linear and closed, equality (2) holds. O

oo
Aptk n+k
—(a, A .

3 ko,

n=0

Remark 1. The operator AF is linear and closed if the operator A is linear and its resolvent

set p(A) # @ |2, VILI.7].

@
Remark 2. The boundedness and monotonicity of the sequence { n+k} starting from a certain
On

An+1

index follow from the fact that the sequence { } is monotonic and bounded.

This remark follows from the relation "

Ontk  Onptl % Q42 NI On4k

(077} (679 Ap41 Aptfe—1
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and the fact that terms of a monotonic sequence of reals are of the same sign starting from a certain

index.

On+k
(79

and bounded if the operator A* is linear and closed and both the series in (2) converge.

Remark 3. Equality (2) holds without the assumption that the sequence { } is monotonic

Corollary 1. Suppose that k € N and the operator A is linear and closed. Then,
et AF ¢ AFed,

To prove this fact, it is sufficient to take vy, = 1/n! in (3).

Aptk }OO

(675 n=0
consider the conditions related to these properties.

In Assertion 1, the sequence { is required to be monotonic and bounded. Let us

Qp 41

Lemma 1. If a € R and a sequence {ay,} C (0,400) is such that < a for all n, then

n
«@
an, < Ca" for all n, where C = «y/a. Conversely, if the sequence {n—ﬂ} is monotonic and

n

an < Ca™ for some Cya € (0,+00) and all n, then the sequence {anH} s bounded.

79
i Q@
P roof. Suppose that a € R is such that ntl < a for all n. Then,
Qn
Q@ e Q Q@
aq o1 a9 Ap—1

ie, ap <Ca" for C = ay/a.

Conversely, suppose that «,, < Ca™ for some C, a € (0,+00), and all n and the sequence {

On+1 }

n

is monotonic. Denote by d the limit of this sequence, d € [0,+00]. Assume that d = +oco0. Then
lim @/, = +oo. This contradicts the inequality /a, < V/Ca. Therefore, d € R; i. e., the sequence

n—oo

{M} is bounded. The lemma is proved. O

Qn

Note that the requirement of monotonicity in the second part of the lemma is essential.

Ezample 1. Suppose that a sequence {n,,} C N is such that n,,+1 > n, + 1, 2" > m! and

an, = (m —1)! for ny,1 < n < ny (ng = 0) for all m € N. In this case, the sequence {Oén+1} is
n

unbounded, although «,, < 2". (Indeed, if n,,—1 < n < Ny, then a,, = (m — 1)1 < 2"m-1 < 27),

Assertion 3. Suppose that k € N and {0, }22 o C (0,+00). If the sequence {anJrk} is bounded,

mn

then a, < Cb™ for some b, C € (0, +00) and all n. Conversely, if the sequence {an+k
an

C,b € (0,4+00), and a,, < CH™ for all n, then the sequence {Oén+k} s bounded.

Qo

} 18 monotonic,

Ontk
Qn
{57(7:) }o_ of {ay,} with ﬁr(;) = Qmk+r (r=0,1,...,k —1). For all m, we have

(r)
/Bm-i-l _ Ym4Dk+r  Ymktr)+k
57(7:) Cmk+r Omk+r

P r o of. Suppose that a € R is such that

< a for all n. Let us consider the subsequences

<a
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Then, according to Lemma 1, there is a number C,. € (0, +00) such that

89 < Cram = Cr(ayier
m ar/k

for all m. Setting C' = max and b = {/a, we obtain «, < Cb" for all n.

0<r<k—1 av/k

!
Conversely, suppose that the sequence {H—M} is monotonic, C,b € (0,400), and a,, < CbH"
an

« @
for all n. If lim —% is finite, then there is nothing to prove. Assume that lim nth
n—oo (O, n—oo

= +o0.

o0

Again, introducing ﬁ,(f;) = amk+r (r=0,1,...,k — 1), we conclude that the sequence {ﬁ,(f;) o_g 1s

monotonic because

57(7:11 _ Qmktr)+k

57(7:) AUmk+r

Moreover,
BT = e < CHMFHT = OB (CL = CV, by = bF).
Hence, according to Lemma 1,
Q /8(7’)
(mk+r)+k  Pm41
Omk+r B 57(7:)

— Hr

for some C),a, € (0,400) and arbitrary m. Therefore,

Antk
7%

< max{ag,a1,...,ap_1} = a
for all n. The assertion is proved. ]

Assertion 4. Suppose that operators By,...,B, act in X, By,...,B,_1 are linear operators
with nonempty resolvent sets, x € X, the series

[e.9]

B"...B™
Z mql...my! v )

mi,...,mnp=0
converges absolutely, and the following condition holds:

(v) forallk € N and a set of natural indices iy, . . ., i, not exceeding n, the expression B;, ... Bj,
1s valid and, if a set ji,...,Jr is obtained from the set i1,...,1 by a rearrangement of its elements,
then

B;, ...B;

K

x:le B]kx (5)

In this case,

eBr . eBrng = BrttBny

(both parts of the relation are valid).
P roof. Let us first establish the equality

o0 m1 © msa o0 m m1 pMm2 m
s b ZB2 _..ZBn"m: 3 B\"By*... B (©)
mq! ) mo! my,! milme! ... m,)

m1=0 mo= :

mp=0 m1,ma,...,mp=0



Some properties of operator exponent 37

by induction on n. For n = 1, (6) holds. Assume that, under the conditions of the assertion,
equality (6) holds for n = k — 1 (k > 2). Now, let n = k. Note that the absolute convergence of
series (4) implies the absolute convergence of the series

i By ... Bmn
—— .
mo!...my!
m2,...,mp=0
Taking into account the fact that the operators By"* (m; € N) are closed, condition (v), and the
induction hypothesis, we obtain

Z Z i B = B X By*...BM™
R ELSH S b,
mq! mo! mp! maq! mo!...my!
m1=0 mo=0 mp=0 m1=0 ma,...,mp=>0
> > B™By*...B"™ > BBy ...BM™
=2 X =) ,
mylms! ... m,) mylma!...my!
m1=0 ma2,....,my=0 m1,ma,...,mp=0
i.e., equality (6) is proved. Using this equality, we obtain
o
Bm1 B™ ... BMn
My =0 1! s=0 mit-tmp=s 1 n
o (o]
1 s! Bi+---+ By)*
Sy o e fBeer e,
- e 1. Myt “—o !
(mq,...y mn >0)
The assertion is proved. ]
p

Remark 4. Equality (5) holds if the operators By, ..., B, pairwise commute and the left-hand
side of (5) is valid.

Corollary 2. Suppose that aq,...,a, € C,z € X, A is a linear operator acting in X, p(A) # &,
and a series -
m n
Z (Xl . (XZL Am1+"'+m"(p
mq!...my!

converges absolutely. Then,
(a1+---an)Ax (7)

(both sides of the equality are valid).

To formulate the next assertion, let us introduce some definitions and make a number of
assumptions.
Suppose that .Z = Z(p,q) (p > 0,q > 0) is a curve given in the complex plane (A) by the
equation
52:2paln% (¢ =Re), f=ImA, a>q); (8)

Let G = G(p, q) be a domain containing the origin with the boundary .Z; let the direction of .Z be
chosen so that the domain G is on the right; and let A be an injective linear operator with domain
D(A) dense in X and range Im(A) C X. The following estimate for the norm of the resolvent
operator R(A\) = R4(\) = (A — AE)~! of the operator A in G is known:

Co

RN < N+ 17

(9)
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for some Cy > 0 and v < 1 and all A € G.
For ¢ € (0,7), we denote by A(p) the domain in C that contains the negative real semiaxis and
its boundary is L(y) = Li(p) U La(p), where

Li(p) ={A€C: A=te¥,t >0}, Lo(p) ={A€C: A=te ¥ t >0}

Suppose that Q(a,p) = A(p) UB(0,a) (a >0, ¢ € (0,7), and B(0,a) is the open disk of radius a
centered at the origin), and the direction of I'(a, ¢) = 092(a, ) is chosen so that Q(a, ) is on the
right. Given p and ¢, we chose a and ¢ so that Q(a, ) C G(p,q).

Under these assumptions, the authors studied [5] the operator functions

£(4) = —ﬁA" /F . %R(A)d)\, (10)
Fa) = —zim, /F . %R()\)cﬂ An (11)

constructed on the basis of corresponding scalar functions f(A) continuous in C\(a, ¢) and analytic

in C\ Q(a, ¢); in addition, for every such function f there exist C' € (0, +00) and o € R such that
fF < CIAF (12)

for all A € C\ Q(a, ¢). The number n € NU{0} in (10) and (11) is chosen so that 0 —n —y < —1.
It was proved that the right-hand sides of these representations are independent of such n, the
operator functions f(A) and f(A) are densely defined, f(A) C f(A), and the functions coincide if
one of them is continuous.
We can take the function e~ (¢ > 0) as the function f and consider two operator functions, one
of which is given by series according to formula (1) and the other is given by relations (10) and (11)
for n = 0 (these relations yield the same result because their right-hand sides are continuous).

Denoted by (e7*4); the function given by formulas (10) and (11).

Lemma 2. Let 0 € R, 0 — v < —1, and let a function f be continuous in C\Q(a, ), analytic

in C\Q(a, ¢) and such that (12) holds for some C € (0,400) and all X\ € C\Q(a, p).
Then

/ FOVRO)AA = / FOVROAA.
T'(a,p) Z(p.q)
The proof of this lemma is similar to the proof of [3, Lemma 1].

Assertion 5. Let a curve %4 (t > 0) be given by the equation % = 2tpa ln% (o = Re),
q
B =ImA\, and o > qt), and let n(t) € N satisfy the inequality

tp —n(t) —vy < —1. (13)

Then

Aq —tA
e N panwy = Bl piany; (14)

(e_tA)IetA = E{D(em). (15)
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P roof. Let us first consider the case t = 1. Note that .#; = .Z. Denote by n! the value n(1).
The following equalities hold for z € D (e (e=4);):

1 A 1 .. = AF _
“r = —— e *R(\)dA z = ——— lim »_ T /ge AR(N)dA .

2m nl 271 n—o00
—0 Z k=0

For every n € N, consider ny € N satisfying the inequality n — n; — v < —1. Then, according

to [4, Theorem 9|,
Ak; Anl )\k n1
prt T omi / Z A

i.e., according to [5, Theorem 3|,

)\k ni
/ e AR(A)A = A™ / AR\, (16)
Z k=0

k
For the functions f,(\) = y

k=0
Thus, the right-hand side of (16) is independent of n; € N U {0}. Therefore, for z € D(A™), we
have

n (10) and (11), we can take an arbitrary o from (12).

k—nq k—n0 k—n0
/ A e R(N\)dN z = A™ / A Le RO 7 = / AT AR A,
<z

l
k=0 < k=0 z M
i.e.,
Aea lim § jAk Y AR)ax A
et e Nz = —z—mngw (N x

whenever this limit exists. Let us establish the existence of this limit and find its value using the
Lebesgue (dominated convergence) theorem on passing to the limit under the integral sign. Let us
check the conditions of this theorem.

Let

and let A = a + i € Z be arbitrary. Then

% y\n—ng
lim H,(A) =Y Z——eR(\) = A" R(\)

n=0

(the limit and the convergence of the series are considered with respect to the operator norm). Let
us show that the sequence {||H, ()|} is dominated by a Lebesgue integrable function in .Z:

n kfno 7n0 ‘)\|70{
1) < S R e royy < QAT o a el

k! (|A]+ 1)
gl gl
where (1 = sup < i ) (the function < i > is continuous in ., has a finite limit at
nez \|pl+1 |l 41
infinity and, therefore, is bounded in .£). Using (8), we obtain that
2 2paln &
AN—a=+vVa?+ 2 —a= o < 2 —pn >,

a?+ B2+« 20 q
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ie.,
P P
M-a < (2) < <m>
q q
Hence, o .
[Hn (M) < CIAPT
—  CoCh . 0
where C' = ot By (13) for t = 1, the integral |A[P7"177|dA| converges. By the Lebesgue
Z
theorem,
1
—— i H,(\d n d A
97mi nsoo % (WA = 2772/ ATHR(NA =

(the limit is considered with respect to the operator norm). Therefore,
eMNe Mz = A Ay = o,
and (14) is proved.
Let us show that (15) holds. For 2 € D(e?) C A D(A"), in view of continuity of the opera-
n=0

tor (e=4)7, we have

n )\kfnl

—A - —A n
(e et = (e I,LII_EI;OZ = 27”(6 )I/gz i R(N)d\ A"z,

k=0

where nq, as before, satisfies inequality (13) for ¢ = 1. Arguing similarly to the proof of formula (14),
we obtain (15). Thus, the assertion holds for ¢ = 1.

Let us now consider an arbitrary ¢ > 0. The mapping p = t takes the curve £ to the curve .%;
and the domain G = G to the domain Gy 3 0 such that 0G; = .%;. In addition, p(tA) = tp(A)
(p(A) and p(tA) are the regular sets of the operators A and tA, respectively) and the estimate for
||Rea(N)]| in Gy coincides with the estimate (9) for ||[R4(A)|| in G with certain constant C} instead
of Cy. The analysis of the proof for ¢ = 1 shows that formulas (14) and (15) remain valid for ¢ > 0
under condition (13). The assertion is proved. O

Corollary 3. Ift > 0 and the operator ' is closed, then it is invertible and (e!) ™! = (e~*4);.

The corollary follows from (14), (15), and the fact that if a closed operator coincides with a
continuous operator on a dense set, then they coincide in the entire space.

Ezample 2. Let X = L,[1,+00) and Az(t) = tz(t) (r € X). Let us show that D(e?) = {z €
X: etz € X} and the equality ez = etz holds for z € D(e).
Let € X ande’z € X. Let us establish that 2 € D(e) and ez = e'x. To this end, we have

[e.e] n

to prove that the series Z — & converges in X to e'z, i.e., that
n!

n=0
¢ " Akg
elx =) TR
k=0

n oLk
thx
etl'—ZF

k=0

k—o0
+oo
Since / eP!|x(t)|P dt < +o0, there exists a function a(t) defined on [1,+0c0) such that a(t) > ag
1
for some ag > 0, a(t) t—) +oo (in particular, we can take a continuous positive function a with
—00
+o0o
infinite limit at +o00), and / |a(t)ez(t)|P dt < +oo. Then
1

1—e 57 th/K!
< sup € Zkfo /

t t
ae r|| = ae I||.
o1 a(t) H H 771“ H

aex

1—e ' 3k otF/k!
(%
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Let us show that

L—e S0 th/k!

= su
o tzll) a(t)

0.

n—o0

Take an arbitrary € > 0. Since «a(t) o Too, there is a number A > 1 such that 1/a(t) < ¢ for
allt > A i e,
1—e t> 0 o th/k!
a(t)
o0

for all t > A and n € N. Since the power series Y-~ ;" /n! uniformly converges to e’ on [1, A], the

€ [0,¢)

sequence of functions

{1 - eti:gzo tk /K }

uniformly tends to zero on [1, A]. Hence, there exists a number N such that

1—e >0 o t*/k! —.
a(t)

for all t € [1,A] and n > N. Thus, v, < ¢ for all n > N, i.e., v, — 0 and, consequently,
n o

o0 tn
~r=¢z in X.

n!
n=0

Conversely, suppose that € D(e?) and etz =y € X, i.e.,

Then, there exists a subsequence {S,, } of {S,} such that

S (1) 2255 y(2).

But
Sp(t)z(t) — ela(t)

n—oo

at every point t > 1; i.e., y = e’z in X. Since e’z € X, we have ez = e'x.

Note that equality (7) holds for the operator A if

t

x, elan—1tan)t, ,e(a1+"'+o‘")tx c X.

P

Conclusion

We have considered some natural properties of exponential operator defined by power series
(Corollary 1 and Assertion 4). The main result of the paper is the connection (under certain
conditions) of the exponential operator e” in the form of power series with the exponential function
e~ defined on the basis of the Cauchy integral formula (Assertion 5). These facts may give an
impulse to obtaining further results on functional calculus of operators.
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