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Abstract: The space of ultrafilters of a m-system endowed with the topology of Wallman type is considered.
The question on the supercompactness of this space is investigated. For this, the enveloping space of maximal
linked systems with the corresponding topology of Wallman type is used. Necessary and sufficient conditions
for the coincidence of the set of all ultrafilters of the initial 7m-system and the set of all maximal linked systems
for this m-system are obtained. Specific variants of wide sense measurable spaces with this coincidence property
are given.
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Introduction

In the present paper, we study ultrafilters of wide sense measurable spaces. Every such mea-
surable space is defined by introducing a w-system of subsets of a nonempty set. More precisely, a
m-system is a family of sets closed with respect to finite intersections; see [1, p. 14]. We consider
only 7m-systems with “zero” and “unit,” i.e., the empty set and the enveloping set are elements
of our m-systems. This approach enables the precise description of the ultrafilter set for a given
measurable space (in this connection, see [2, 3]). The ultrafilter set can be equipped with a Wall-
man type topology. We consider the equipping of this type as a basic thing. In addition, we use
a Stone type topology. As a result, a bitopological space is realized. This bitopological space can
be considered as a kind of a subspace of the bitopological space of maximal linked systems with
Wallman and Stone equippings.

Note that Wallman and Stone type topologies are used in the theory of extension of topological
spaces (see [4; 5, Sect. 3.6] and others). Ultrafilters play an important role in general topology.
Constructions involving maximal linked systems are used in connection with the notions of topo-
logical space; in addition, usually, maximal linked systems of the family of closed sets in a Tj-space
are considered (see [4, Sect. 5.11], [6-8], and [9, Ch. VII, Sect. 4]). We emphasize the important
result of [8] on the supercompactness of metrizable compact sets.

In [10], for superextension constructions, a natural bitopological equipping was realized. In
the author’s consequent papers [11-14], this approach of [10] was extended to the case when a
m-system is used as an anticipating measurable structure (the approach of [6—8] corresponds to the
case when this 7-system is the lattice of closed sets in a Tj-space). Thus, in the above-mentioned
general case of an arbitrary m-system, bitopological spaces of ultrafilters and maximal linked systems
were constructed (see [11-14]). In addition, in the case of maximal linked systems, a topology of
Wallman type generates a supercompact space.
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Recall that ultrafilters are maximal linked systems. But often there are maximal linked systems
that are not ultrafilters. The simplest example of such maximal linked system was given in [9, 4.18].
This example plays an important role in questions of representation of maximal linked systems.

At the same time, for some (widely understood) measurable space, all maximal linked systems
are ultrafilters; in this connection, see [15, 16]. In the present paper, we investigate this case in more
details. It can be interesting because the question on the supercompactness of the ultrafilter space
with a Wallman type topology arises. In addition, the supercompactness property is not, generally
speaking, hereditary (see [4, Sect. 5.11]). However, in the case when all maximal linked systems
are ultrafilters, the required supercompactness property of the ultrafilter space can be obtained
from the similar property of the space of maximal linked systems. This approach reduces to an
interesting representation, but requires finding conditions for the above-mentioned coincidence of
the ultrafilter set and the set of maximal linked systems. The present paper is devoted to this issue.

1. General notions and notation

We use the standard set-theoretic symbolism (quantifiers and connectives); 2 stands for the
equality by definition and @ for the empty set. In what follows, a family is a set whose elements
are also sets. We accept the axiom of choice. For any objects x and y, we denote by {z;y} the
set containing = and y (as proper elements) and not containing other elements; thus, {z;y} is an

unordered pair of the objects z and y. If z is an object, then {z} 2 {z; 2} is a singleton containing
z as a proper element. For any three objects u, v, and w, we set {u;v;w} 2 {u;v} U {w}. For
any objects p and ¢, (p,q) 2 {{p};{p; ¢}} is the ordered pair [17, Ch. II, Sect. 3] with the first
element p and the second element ¢. If z is an ordered pair, then pr;(z) and pry(z) are the first
and the second elements of z, respectively.

If X is a set, then P(X) is, by definition, the family of all subsets of X, P'(X ) =PX)\{o},
and Fin(X) is the family of all finite sets of P’(X); thus, Fin(X) is the family of all nonempty finite

subsets of X. Certainly, a family can be used as X. In this connection, we introduce the following
notation [12, Sect. 2| for a fixed nonempty family X:

{UMx —{UX X ePX)}, {n}x _{ﬂX X e P(%)},

Xex XeXx
{Uh(X) 2 U X:KeFin(x)}, {nhx )2 (] X :K € Fin(X)}.
XeK XeK

If M is a set and M € P'(P(M)), then
Cu[M] 2 M\ M : M e M} € P'(P(M))
is the family dual to M. For any set H and a family # € P'(P(H)), we have
H = Cpu[Cul[H]].
For any nonempty family S and a set L, define
(SlL2{SNL: SeS}eP (PL))&(SIL) 2 {S € S|L c S} € P(S)). (1.1)

If X is a nonempty set and X € P/(P(X)), then

(COV)[X|X] 2 {x € P(X)|X = | J X} € P(P'(x))

Xex
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is the family of all coverings of the set X by sets of X'; a covering k € (COV)[X]|X] is called binary
if Kk = {X1; X2}, where X; € X and X, € X.

Let R be the real line and N 2 {1;2;...}; N € P'(R). For n € N, we use the notation 1,n 2
{k € N|k < n}. For a set H, denote by H" the set of all mappings from 1,n into H; thus, elements
of H™ are n-tuples (h;) where h; € H for j € 1,n.

i€l,n’
Some special families. In this subsection, we fix a nonempty set I and consider families of
P'(P(I)), i.e., nonempty families of subsets of I, especially, m-systems. More precisely, let

E{TeP(PW)| (2 eD&IcD&(ANBET VAT YBeT)) (1.2)

be the family of all 7-systems of subsets of I with “zero” and “unit.” If Z € 7[I], then the pair
(I,Z) is considered as a measurable space in the wide sense. Denote by

M2 {Terl]|[VLeT VacI\L AT (v N&(ANL=2)}

the family of all separable m-systems of (1.2). Finally, we introduce the family

‘ME{Ten]] V51 €T Vel VseT (13)
((21 P> 75 @)&(22 N X3 75 @)&(21 N X3 75 @)) — (21 N N X3 75 @)} .

In (1.3), we have a special variant of 7-systems connected with the linkedness property that plays
a basic role in this paper. We introduce the family of lattices by using only subsets of I. More
precisely, let

(LAT)| {2671' |]AUBe £ VAe £ VBe £}

be the family of all lattices of subsets of I. In addition, the following two particular cases are
realized:

(alg)[[] 2 {Aen[l]| I\Ac A VAe A} = {Ae (LAT)[I]| I\ Ac A VA e A},

(top)[I] £ {7 e «[T]| |J Ger VGeP(r)}={re@LAT) | |JGer vGeP(r).
Geg Geg

Certainly, (I,.4) with A € (alg)[I] is a usual measurable space with algebra of sets. Moreover, (I, 7)
with 7 € (top)[I] is a topological space. Finally,

(clos)[T] 2 {F € (LAT)o[1]] () FeF VF eP(F)}={Cilr]: 7€ (top)[I]}.  (14)
FeF’
Elements of (1.4) are closed topologies in the sense of P.S. Aleksandrov [18, Ch. 4, Sect. 1]. We
introduce the family of all nonempty centered subfamilies of a m-system:
(Cen)[Z) £{£ € P/(T)| (| Z # @ VK € Fin(2)} VI e nlll.
Zek

Now, we recall notions connected with bases and subbases of topological spaces. In addition,

(BAS)[I £ {BeP/(P() | (1= U B)& (¥B, €8 VB, € Yz e BN B, L)
Bep :
dB3 € 8 :(x € B3) & (Bs C By ﬂB2))}a
(cl—BAS)[I £ {5 € P'(P)) | (T € B) & (N EB=2) (1.6)

&(VBleﬁ VBy € 3 VwGI\(BlUBQ) 3B3€ﬂ:(B1UB2CB3)&($¢B;3))}.
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In (1.5), bases of sets open in some topology of I are introduced. Similarly, in (1.6), bases of sets
closed in some topology of I are introduced. For brevity, we call bases from (1.5) and (1.6) open and
closed, respectively. Certainely, the property {U}(5) € (top)[I] (the property {N}(8) € (clos)[I]) is
realized for § € (BAS)[I] (for 8 € (cl — BAS)[I]). Moreover, we consider open and closed bases of
a specific topological space. More precisely, for any topology 7 € (top)[I], let

((r = BAS)Y £ (B e BAS)I] | 7 = {U}B)})
&((cl — BAS)[I;7] £ {8 € (cl — BAS)[I] | Ci[r] = {n}(8)})

(thus, open and closed bases of the topological space (I,7) are introduced). We introduce subbases
of open and closed sets in some topology on the set I:

((p~BAS)I) £ {x € P/(P(D)) | {N}:(x) € (BAS)[I} = {x € P/(P(D) | 1= U X})

Xex
&((p = BAS)a[l] £ {x € P'(P(1)) | {U}s(x) € (cl — BAS)I}).

Now, we introduce open and closed subbases of a specific topological space. More precisely, for
T € (top)[I], let

(0~ BAS)[L; 7] = {x € (0~ BAS)I] | {n};(x) € (7 — BAS)o[1]})

1.7
&((p— BAS)Y[I; 7] 2 {x € (p — BAS)a[I] | {U}s(x) € (cl — BAS)o[L; 7]}). .

In (1.7), the families of open and closed subbases of the topological space (I, 7) are introduced. For
7 € (top)[I] and = € I, we set N2(z) 2 {G € 7|z € G} and
N.(z) 2 {H e PO)]3G € N°(z) : G C H}

obtaining the family of all neighborhoods of x in the topological space (I,7). In addition, for
7 € (top)[I] and A € P(I), we define the closure of A in the topological space (I, 7):

A
c(A,7)={x €l ANH # @ VH € N.(x)}.
In what follows, the supercompactness property plays an important role. In this connection, we set

(50) —top){1] £ {7 € (1op) 1] 35 € (p— BAS)[L7] YO € (COVIS] (1
dG1 € G IG5 € G : I:G1UG2}.

Then, (1.8) is the family of all topologies converting I to a supercompact topological space. A su-
percompact Th-space is called [4] a supercompact set. Certainly, (1.8) can be defined in terms of
closed subbases (see [4-9]).

2. The family of ultrafilters and its Stone equipping

In what follows, we fix a nonempty set ¥ and consider its w-systems. Moreover, in this section,
we also fix Z € w[E]. Then

F*(Z) £ {FeP(@\{2})| (ANBe FYA€ FYBe F)&(NF € FVYI €I (FcCl)= (I € F))}

is the set of all filters of the (widely understood) measurable space (E,Z). The simplest variant of
a filter is given by the following obvious definition: for z € F,

(T — triv)[z] 2 {I € I| x € T} € F*(2). (2.1)
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In (2.1), we obtain the trivial filter corresponding to the point z. Maximal filters are called ultra-
filters. Then

Fi(T) 2 {U € F*(Z) |VF € F*(I) U C F) = U =F)}
—{UeF (T)|VIeT INU+#2 YU elU)= (I cl)} (22)
={U € (Cen)[Z] | YV € (Cen)[Z] U CV)= U=V)}

is the set of all ultrafilters of the measurable space (E,Z). It is known (see [19, (5.9)]) that
(T — triv)[z] € F§(Z) Va € E) <> (T € #°[E)).

In the general case of Z, VF € F*(Z) 3U € F{(Z): F C U (this property is established by the Zorn
lemma). Thus, by (2.1), we obtain F{j(Z) # @. Let

Or(L) 2 {U e FL(T)| Leu} VLeT. (2.3)
In addition, (2.2) and (2.3) imply the following property:
(L) E{UEFYD)|UNL+4o YU eU} VLeT. (2.4)
Representation (2.4) plays an important role in the theory of ultrafilters. Note that
(UF)[B5Z] = {@z(D) : 1 € T} € nlFE(D).

In addition, (UF)[E;Z] € #[F5(Z)] and, in particular, (UF)[E;Z] € (BAS)[F§(Z)]. Thus, we obtain
the topology of Stone type:

T5(E] £ {U}((UF)[E:T)) € (top)[F5(Z))-
Thus, (UF)[E;Z] € (T%[E] — BAS)o[F3(Z)]. In addition, by (2.4), we have the following inclusion:
(UF)[E; ) C T5[E] N Cry ) [T5E]] (2.5)
(for T € (alg)[E], (2.5) becomes an equality, see [20, Remark 3.3]). Note that
(F§(Z), T5(E]) (2.6)

is a zero-dimensional Th-space (if Z € (alg)[E], then (2.6) is a zero-dimensional compact set, see [20,
Sect. 3]).
For H € P(E), we set

FL[TZ|H] £ {U e FY(I)3U e U : U C H}.

By (2.4), we have
FLIZ|E\I) = F4(T)\ ®z(I) VIeT. (2.7)

Using (2.7), we obtain the following representation:
A % *
FET) = {FLIZIA): A € CplT]} = Cry(p)[(UF)[E; Z]] € (cl — BAS)o[F3(Z); TX[E]]. (2.8)

Thus, by (2.8), we obtain a closed base of the topological space (2.6). In this connection, it is useful
to note one representation of ultrafilters connected with (2.7) and (2.8). More precisely, from (2.6)
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and (2.8), we conclude that, for every L € Z, the set ®7(L) is the intersection of all sets of the
family [Shc [Z])(®z(L)). In addition, by [12, Proposition 3.1], for L € Z and A € Cg[Z], we have

(L C A) <= (@7(L) C Fg[Z|A]).
As a corollary, we obtain the following property:
[F&T)(@2(L)) = {FL[Z|A] : A € [CRT]|(L)} VLeL (2.9)
From (2.9), we extract the useful equality
F5(Z) = {U e F*(Z)| VI € Z (I eU)V (3N € [CE[T)]|(I): E\ A elU)}. (2.10)

In connection with (2.10), we emphasize the constructions from [16, Sect. 2].

3. Ultrafilters and maximal linked systems; topologies of Wallman type

In what follows, unless otherwise stated, we fix a m-system & € =[E]. Since 3%[5] €
(p — BAS)[F§(&)], we introduce the topology of Wallman type

T(E) = {U}({N}:(SL1€D) € (top) [F5()): (3.1)
In addition, we obtain the topological space
(F5(8), Te(E)). (3.2)

Using (3.1), we also call (3.2) a topological space of Wallman type. To investigate the properties
of this topological space, we consider maximal linked systems of the m-system £. More precisely,

for X € P'(P(E)), we set

(X LK) [E] 2 {X e P'(X)| X1NXa £ 0 VX € X VX, € XY, (3.3)

Thus, (3.3) is the family of all linked subfamilies of X. Moreover, for ) € P/(P(E)), we consider
the family of all maximal linked systems of the family 9):

(Y — link)o[E] 2 {Y e —-link)[E]| VZ € (Y —-link)[E] (Y C2Z)= (VY =2)}. (3.4)
By (3.4), the family

(€ —link)o[E] = {S € (£ —link)[E]| VS € (£ —~link)[E] (SCS)= (S=3S)}
={Sc(E-1link)[E]|VLeE (LNS#@ VSeS)= (LeS)}

is defined (see [12, Sect. 4]). Note that VS € (€ —link)[E] 3S € (£ —link)o[E]: S C S; see [12, (4.5)].
Moreover (see [12, (4.5)]),

VS € (€ —link)o[E] VSeS VR e& (SCX) = (Zed)
Note the following property [12, Sect. 4]:
F5(E) = {U € (€ —1ink)o[E]| ANB €U YA €U VB €U} € P'((E — link)o[E]). (3.5)
For L € &, we set (€ — link)°[E|L] £ {S € (£ — link)o[E]| L € S}. Moreover, for H € P(E), let

(€ —1ink)% [E|H] £ {S € (€ —link)o[E]| 3 € S : ¥ C H}.
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Now, we introduce the following families:
0 [B; €] 2 {(€ —1ink)Q [E[A] : A € Cyl€]} € P (P((€ —link)o[E])), (3.6)

- A . A
CGE; €] = {(€ — k) [E|X] : X € €} = Ceinkyo(s1[Cop E; €]]-

In connection with (3.6), we note that éﬁgp[E; &] € (p — BAS)[(€ — link)o[E]]. As a corollary, the
following topology of Wallman type is defined (see [12, Sect. 5]):

To(EI€) = {UM{N}4(ES,[E; £))) € ((ST) — top) [(€ — link)o[E]].

In addition,

((€ — link)o[E], To(EIE)) (3.7)
is a supercompact Ti-space for which (see (3.5))
T2(E) = To(E|E)|ps (e)- (3.8)
Thus, (3.2) is a subspace of the topological space (3.7) and
¢, [E; €] € (p — BAS)o[(€ — link)o[E]; To(E|E)]. (3.9)

Now, we recall the useful corollary of the supercompactness of the topological space (3.7) connected
with (3.9); more precisely, VG € P'(Cgl€])
((€ —link)o[E] = U (€ —link)S [E|G])) = (3G1 € G IG2€G:
Geg

(€ = 1ink)o[E] = (£ —1ink)2 [E|G1] U (€ — link)?, [E|Gy]).

pl

More detailed information on the topological spaces (3.2) and (3.7) can be found in [12, 15, 16].

4. Ultrafilters and maximal linked systems; topologies of Stone type

We recall that, as a variant of (2.6), the zero-dimensional Ts-space
(F5(8), Te[E]) (4.1)

is defined. We consider (4.1) as a topological space of Stone type. Now, let us recall an analog
of (4.1) for the space of maximal linked systems. To this end, note that

CHLE; €] € (p — BAS) (€ — link)o[E]].
Therefore, the following topology is defined:
TL(ElE) 2 (U}({N}a(EE: £]) € (t0p) (€ — link)o[E]]. (42)
In addition, topology (4.2) converts (£ — link)o[E] to the zero-dimensional Th-space
((€ —link)o[E], T.(E|E)). (4.3)
Note that, by [12, Proposition 6.5], we have

Tz[E] = T (EIE) |ry e)- (4.4)
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Thus, in view of (4.4), we conclude that the topological space
(F4(&), TEE))
is a subspace of the topological space (4.3). Moreover, by [12, Proposition 7.1], we have the inclusion
To(E|E) C T (E|E).

If X is a nonempty set, 71 € (top)[X], 72 € (top)[X], and 71 C 72, then we call the triplet (X, 11, 72)
a bitopological space. Then ((€ — link)o[E], To(E|E), T+ (E|E)) and (F§(E), TL(E), TE[E]) are two
bitopological spaces. General properties of these two bitopological spaces are given in [12, 13, 16].

Now, let us recall some statements from [16, Sect. 7]. More precisely, to the end of this section,
we suppose that & € 7°[E]. Therefore (see Sect. 2), (€ — triv)[z] € F§(£) Vo € E. As a result, we
obtain the mapping

(€ — triv)[] £ ((€ — triv)[a]),

acting from E to F5(£) and the corresponding sets-images
(& — triv)[]1(A) = {(€ — triv)[z]: x € A} € P(F}(E))

for A € P(E). We can consider the closure of every such set both in the topology T2(E) and in
the topology T[E]. In addition (see [16, (7.2)]),

cl((& — triv)[]H(A), TE[E)) = {U € F5(E)| ANU # 2 YU €U} VAe P(E).
Moreover, by [16, Proposition 7.1], we obtain
D (8) = cl((€ — triv)[]H(E), TE(E)) = cl((€ — triv)[]'(2), TE[E]) VE € €. (4.5)
From (4.5), we obtain the corresponding density property:
F5(&) = cl((€ — triv)[]1(E), T¢(E)) = cl((€ — triv)[]'(E), TE[E]). (4.6)

Relations (4.5) and (4.6) imply the following fact: in the general case & € 7°[E], the properties
of the topologies T2(E) and T%[E] are similar. In [16, Sects. 5, 6], sufficient conditions for the
coincidence of these topologies and conditions under which T2(E) # T%[E] are given as well as
similar conditions for the topologies To(E|E) and T, (E|E).

5. Proper maximal linked systems

Let us emphasize some properties of the set (€ —link)o[E] \ F§(E). We call elements of this set
proper maximal linked systems. Let us observe some properties of such maximal linked systems
(more details can be found in [15, 16]). We first note the following statement from [16]:

(€ —link)o[E] \F5(E) = {S € (€ —link)o[E]| 351 € SIS € S3S3€ S: S1NSNS3=a}. (
Hence, VM € (€ — link)O[E],
(ANBNC#@ VAe M VBeM VYC e M) = (M € Fj(&)). (5.2)
Moreover, (4.2) and (5.1) imply the following property:
(€ —link)o[E] \ F{(E) € TL(E|E).
Finally, using (5.1), we obtain the following equivalence:

((€ = link)o[E] \F§(&) £ @) < (I8, €& L, €€ INz€ &
(21 N g # @)&(22 N g # @)&(21 NXs # Q)&(El Ny N3 = Q))
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Theorem 1. The following equivalence holds:

(€ € nt[E)) <= ((£ - link)o[E] = F§(£)). (5.4)

Proof Let&e€ WE[E] Consider an arbitrary M € (€ — link)o[E]. Let
(M; € M)&(My € M)&(Ms € M). (5.5)
Then, by (1.3), we obtain the following implication:
(My N My # 2)&(Ma N Ms # @)&(M; N M3 # @) = (M1 N My N M3 # @). (5.6)
Now, we use (5.2). More precisely, by the choice of M, we have the following property (see (3.3)):
(M1 N My # @)&(Ma N Mz # )& (M1 N Ms # @).

From (5.6), we conclude that M; N My N M3 # &. Since the choice of (5.5) was arbitrary, we have
the property
ANBNC#@ YAeM VBeM VCe M.

From (5.2), the inclusion M € Fj(€) follows. Thus,
(€ —link)o[E] C F5(E). (5.7)
Using (3.5) and (5.7), we obtain the equality (£ — link)o[E] = F;(€). Thus, we have the implication
(€ € ni[E)) = ((€ - link)o[E] = F§(£)). (5.8)

Let (€ —link)o[E] = F§(E). Let us prove that £ € WE[E] On the contrary, let £ ¢ WE[E] From (1.3),
we obtain for some X1 € £, Y5 € £, and X3 € £

(21 AP 75 @)&(22 N3 # @)&(21 N33 # @)&(21 NN = @)

Then, by (5.3), (€ —link)o[E] \ F§(€) # @, a contradiction. Thus, the required inclusion & € 7B
holds. Therefore, we have the implication

(€ — link)o[E) = F§(€)) => (€ € nt[E).
Using (5.8), we obtain (5.4). O
Remark 1. Theorem 1 implies the following equality:
T [E] = {L € ©[E]|(L — link)o[E] = F§(L)}.
6. Supercompact spaces of ultrafilters

Consider some corollaries of Theorem 1. The m-systems from (1.3) play an important role in
these constructions. The following statement is an obvious corollary of (3.8) and Theorem 1.

Proposition 1. If € € 7X[E], then T2(E) € ((SC) — top)[F5(£)].



40 A.G. Chentsov

i

Proposition 1 motivates special investigation of specific variants of m-systems from 73 [E]. Note
first the important property connected with the Cartesian product. Let us start with the simplest
case. We need new notation. For nonempty families X and ), we set

X{x}Y 2 {pry(2) x pry(z) : z € X x V). (6.1)

Family (6.1) is nonempty. We can use m-systems of nonempty sets as X and Y. In addition, for all
nonempty sets X and Y such that X € n[X]| and Y € n[Y], we have

X{x}Y en[X xY]. (6.2)

Proposition 2. If X and Y are nonempty sets, X € WE[X] and Y € ¢ [Y], then
X{x}Y ent[X xY]. (6.3)
Proof Fix X, Y, &, and Y satisfying our conditions. We have (6.2). Consider arbitrary sets
(A € X{xID)&(Ay € X{x}V)& (A5 € X{x} V). (6.4)

Then, for some sets Uy € X, Vi € Y, Uy € X, Vo € Y, Us € X, and V53 € Y, the following
representation is valid:

(Ar = Uy x V)& (As = Us x Va)&(As = Us x V3). (6.5)
Let relations (6.4) satisfy the conditions
(AN Ay # 2)&(A2 N Az # @)&(A1 N Az # D). (6.6)
From (6.5) and (6.6), we obtain the following obvious properties:
(U1NU2 # 2)&(VinVa # 2)&(U2NUs # 2)&(VaNVs # 2)&(U1NUs # 2)&(ViNVs # ). (6.7)
From (1.3) and (6.7), we obtain
(U1NUaNUs # 2)&(ViNVan Vs # 2). (6.8)
From (6.5) and (6.8), we obtain A; N Ay N Ag # @. Thus (see (6.6)), the following implication hols:
(A1 N Ay # 2)&(Ay N A3 # 2)&(A1 N A3 # @) = (AN AN A3 # 2).
Since the choice of (6.4) was arbitrary, we have proved (6.3) (see (1.3) and (6.2)). O

We now return to the fixed nonempty set E and suppose, unless otherwise stated, that £ € 773 [E]

(see Proposition 1). In view of Proposition 1, we conclude that
(F5(€), T2(E)) (6.9)
is a supercompact Ti-space (see [12, Sect. 5]). Recall Remark 1: in our case,
(€ — link)o[E] = Fj(E). (6.10)
From (3.8) and (6.10), we obtain the following equality for the topologies:
TY(E) = To(EIE) (6.11)
(we recall that, in our constructions, € € 7% [E]). Moreover, from (6.10), we obtain
(€ —link)3, [E|H] = FL[E|H] VH € P(E).
As a corollary, we obtain the equality

&, 1B €] = FE[E]. (6.12)
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Proposition 3. If G € P'(Cg[€]), then

(F5(8) = | FLIEIG]) = (3G1 € G IG2 € G+ FH(L) = FH[€|G1] UFH[E|Ga)). (6.13)
Geg

The corresponding proof follows from (6.10), (6.12), and the properties of the family égp [E; &)
mentioned in [12, Sect. 5]. In (6.13), we obtained a natural sharpening of Proposition 1.

Remark 2. Note that, by duality, the family (UF)[E;€&] in the considered case is a closed
binary subbase (see [12, (5.1)]) of the topological space (6.9). This property follows from [12,
Proposition 5.1] and (6.12).

In the next section, we consider specific examples, for which (6.10) and (6.11) are realized.

7. Examples of supercompact ultrafilter spaces

We first consider the cases when £ C R, where R is the real line (Proposition 2 enables extending
our constructions to a vector case). Consider the case when this set F is bounded. More precisely,
suppose that E is an interval of R. In addition, we will consider specific sets E.

Let us agree to use only square brackets in the notation of all intervals in R: |z, y[, [z,y[, |z,y],
and [z, y] for z € R and y € R. In addition, relations between z and y can be arbitrary: = < y, z =y,

and y < x. Thus, for example, [1,0] 2 {£ e R|(1 < &&(€ <0)} = @. In other words, we consider
the empty set as an interval. Moreover, for ¢ € R, we set (as usually) | — oo, c[é {€ e RI¢ < ¢} and

Je.00= {6 € Rle < ).
For a € R and b €]a, oo[, define

Ji(a,b) £ {Jpry(2), pra(2)[: 2 € [a,b] x [a, 8]},

To(a,b) £ {[pr(2),pro(2)] : 2 € [a,8] % [a,b]},
Fs(a,b) 2 {[pr1(2), pro(2)[: = € [a,0] x [a,0]},
Ji(a,b) £ {Ipry(2), pra(2)] : 2 € [a,b] x [a,b]}.
We obtain four nonempty families of subsets of R.
Proposition 4. Ifa € R and b €]a, 00|, then
(Fi(a,b) € 7[Ja, b)) &(Ta(a,b) € 7[[a, b]]) & (T(a,b) € mé([a, b)) & (Ta(a, ) € wflab])).  (7.1)

P r oo f. The proofs of all four statements in (7.1) are similar. Therefore, let us consider only
one of them and establish the property [Ji(a,b) € WE[]a, b[], where a € R, b € R, and a < b. Note
the obvious property:

Ji(a,b) € ml]a, b[]. (7.2)

Let Ay € Ji(a,b), A2 € J1(a,b), and As € J1(a,b). Then, for some numbers u; € [a,b], ug € [a, b,
v1 € [a,b], v2 € [a,b], w; € [a,b], and wg € [a,b], we have

(A1 :]ul, u9 D&(AQ Z]Ul, V2 D&(Ag :]wl, w9 D . (7.3)

Let (A1 NAg # @)&(AaNAs # )& (A1 N A3 # @). We introduce p 2 sup({u1;vi;w1}) € [a,b] and
= inf({ug; v2;we}) € [a,b]. Then, by (7.3), |u, v[C A1 N Ay N Az and p < v (the latter inequality
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follows from the linkedness of the family {A1; Ag; As}). As a result, A; N Ay N Az # &. Thus, we
obtain the implication

((A1 NAy # Q)&(AQ NAs # Q)&(Al NAs# @)) - (A1 NAyNAg # Q). (7.4)

Since A1, Ag, and A3 were chosen arbitrary, the required property of the family Ji(a,b) follows
from (1.3), (7.2), and (7.4). O

Thus, by Propositions 2 and 4, we obtain many examples of realization of (6.10) and (6.11).
In these examples, (6.9) is a supercompact Tj-space (see Proposition 1). Later, we will provide
analogs of (7.1) for the case E = R. Now we first observe a very simple general construction.

Unless otherwise stated, we suppose that E is an arbitrary nonempty set. Suppose that

"2 {LeP (PE) (@cL)&(ANBEeL YAcL VBe L)), (7.5)

Certainly, 7[E] = {£ € n%|E € L}. Tt is obvious that LU {E} € n[E] VL € ©%. Moreover, let

b2 {Leny VI €L VIae L VIse L

(7.6)
((Ll N Lo 75 @)&(LQ N L3 # @)&(Ll N Ls 75 @)) — (L1 N LoN Ly # @)}
Then, we obtain the following obvious property:
LU{E} eni[E] VLex. (7.7)

In (7.5)—(7.7), we have simple modifications of definitions of Section 1 (see (1.2) and (1.3)). Consider
now the case when E = R. In addition,
A
(7Y 2 {Jpry (=), pra(2): = € R x R} € 7h)
A
&(jﬂg) = {[pri(2),pra(2)] : 2 € R x R} € )
A
&(TE & {Ipri(2), pra(2)[: z € R x R} € 7h)

&(j[[§4) 2 {lpri(2),pra(2)] : z€e R xR} € 77%).

(7.8)

The corresponding proof is an obvious analog of constructions used in the proof of Proposition 4.
By (7.8), we obtain new variants of (6.10), (6.11), and Proposition 1 for the case when F = R and

E=H VBN VE=FURYV(E =T VRNV (E =R UR)).
The direct combination of Propositions 2 and 4 and similar combination of Proposition 2 and (7.8)

enable obtaining variants of (6.10), (6.11), and Proposition 1 for subsets of R x R.

8. The case of generalized Cartesian product

In this section, we consider a natural generalization of Proposition 2. More precisely, we fix
nonempty sets X and E. In what follows, for every nonempty set S, we denote by S¥X (as in
[17, Ch. II, Sect. 6]) the set of all mappings from X to S; we can use a nonempty family as S.
In addition, we fix a (set-valued) mapping (E,).cx € P'(E)¥; thus, we have a mapping

r— E,: X — P'(E). (8.1)
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Using (8.1) (and the axiom of choice), we obtain the (nonempty) set
EZ [[ E. = {f € E¥|f(2) € E, Vx € X} e P(EY). (8.2)
zeX
In connection with (8.1) and (8.2), note that
1 #[B.) = {(£e)eex € P(P(E)*|L, € 7[E,] Vye X} (8.3)
zeX
Similarly, we define the set
[1 7B = {(Le)eex € P'(P(E)¥IL, € ri[E)) vy e X} e P(]] 7[Ed]).
reX zeX
From (8.3), we obtain the following obvious representation:
II 2o = {La)sex € P(E)X| Ly € L, ¥y € X} € P/(P(E)Y) VY(Lo)aex € [] 7lE:].  (8.4)
zeX rxeX
As a corollary, by (8.4), the following product of sets is defined:
[[ L ={f € E¥|f(2) € La Vo € X} V(Lo)aex € [] 7lE:] V(La)sex € [ £Lor (85)
zeX reX zeX

Now, we introduce two variants of the m-system product: usual (similar to the variant applied
in the general topology in the Tychonoff product construction) and “box” variants. The latter
variant corresponds to the way used in the construction of the box topology.

More precisely (see (8.4) and (8.5)), we introduce the wusual m-system product

for (ﬁl‘)$EX € H W[EJ:]:
reX

® Lo £ {H e P(EX) I La)sex € 1 Lo: (H= [ L:)&(3K € Fin(X) :
reX reX reX

Li=E; Vs€ X\ K)} ={H € P(E)|3(Ly)zex € HXE"” : (8.6)
(H =[] L)&(3K € Fin(X): L, =E, Vs¢ XJC\EK)}.
zeX

The “box” variant is defined easier. For (L;).ex € [][ 7[E.], we set
zeX

O L 2 {[] Lo: Tadoex € [ £:}- (8.7)

zeX zeX zeX

We note two obvious (but useful) properties. More precisely, for ( Hg(gl))xex c P(E) X and
(H:EQ))meX € P(E)X, we have

(T @) n ([T #2) = [ @D 0 H2P). (88)

zeX zeX reX

Similarly, for (Hzgl))xex € P(E)X, (Hf));vex € P(E)X, and (H§:3))16X € P(E)X, we have

(I @) ([T #EO)n (I #2) = [] (Y n BP0 H). (8.9)

zeX zeX zeX reX



44 A.G. Chentsov

From (8.6) and (8.8), we obtain

Q) Ls € 7[E] V(La)wex € ] 7B

reX zeX

Moreover, (1.2), (8.7), and (8.8) imply
(D Ls €n[E] V(La)sex € ] 7B (8.10)
rzeX zeX

In addition, we obtain the following obvious inclusion for (L;)zex € [[ 7[Es]:
rzeX

R L. c () L. (8.11)

rzeX zeX

Theorem 2. If (Lp)zex € [] 7 [E:], then

zeX
(X Lo € mEN&( () Le € 7L[E]). (8.12)

P roof. We restrict ourselves to the verification of the latter inclusion in (8.12) (the corre-
sponding verification of the former inclusion is an obvious corollary; see (8.11)). In this proof, we

fix
(La)aex € [] #LIE:) (8.13)

reX
and use (8.10). From (8.10) and (8.13), we obtain

(Lo)sex € [ 7lE: £2 () L. € n[EL (8.14)
zeX zeX
Thus, by (8.7) and (8.14), we have the following equality:
S={J] Le: (Lo)aex € ] Lo} (8.15)
zeX zeX

Consider arbitrary sets A; € £, Ay € £, and A3 € £. Taking into account (8.15), we choose

((Um)xEX S H »c:v)&((vx)meX € H Em)&((Wm)xEX S H »c:v)
zeX reX reX
with the following properties:
(A = J] Ua)&(ho = J] Va)&e(As = [ Wa)- (8.16)
reX zeX zeX
Then, by (8.8) and (8.16), we conclude that A; N Aa, As N Az, and A; N Ag are realized as follows:
(A nAy = [0 nVa)&(AanAs = [ (Ve nW2))&(AnAs = [[(UNWL)).  (8.17)
reX zeX zeX
Similarly, from (8.9) and (8.16), we obtain

Ay NAyN Ay = H(Uxmvxmwx). (8.18)
reX



On the Supercompactness of Ultrafilter Spaces 45

Suppose now that
(AlﬂAQ#Q)&(AgﬂAg%@)&(AlﬂAg%@). (8.19)

Then, from (8.17) and (8.19), we obtain, for x € X,
(Ua NV # 2)&(Vo N W, # 2)&(Upy "W, # ), (8.20)

where U, € L,, V., € L,, and W, € L,. However, for x € X, the inclusion £, € WE[EI] holds;
therefore, by (1.3) and (8.20), we have U, NV, N W, # @. Using (8.18) (and the axiom of choice),
we obtain A; N As N Ag # @. Thus, we have proved the implication

((Al N As # @)&(AQ N As # @)&(Al N As 75 @)) — (Al NAs N A3 # @) (821)
Since A1, Ag, and Az were chosen arbitrary, by (8.21), we obtain (see (1.3)) £ € WE[E] By (8.14),
we have
(O L. e wi[E].
rzeX
Thus, the theorem is proved (see (1.3) and (8.11)). O

Now, we observe some cases connected with the realization of our measurable space equipped
with the semi-algebra of sets. These measurable spaces are widely used in the probability theory
(see [1]). Let us first give a general definition in terms of m-systems. For this, we fix a nonempty

set X. If £ € 71]X], A € P(X), and n € N, then

An(A, L) 2 {(Li)iers € L7 (A = Lnj L)&(LyNLy =@ YpeTn YgeT,n\{p})}.

i=1
We set A
NX]={LenX]|VLe L IneN: A,(X\L,L) # &};

thus, the family of all semi-algebras of subsets of X is introduced. Certainly, (alg)[X] C II[X].
Moreover,

TE[X] £ {£ € T[X]| VL) € £ VLy € L VL3 € L
(L1 Ly # 2)&(La N Ly £ @)&(Ia N Ly # 2)) = (I N LN Ls £ 2)}  (8.22)
= TI[X] N7t [X].

Elements of family (8.22) are special semi-algebras of subsets of X. Note that, for « € R and
b €]a, oo[, by Proposition 4, J3(a, b) € 11 [[a, b]] and

(la,b[, T3(a, b)) (8.23)

is the usual space-pointer. Of course, (8.23) is a specific measurable space with a semi-algebra of
sets. In addition, by Proposition 4, J3(a,b) € WE[[(Z,Z)H. Thus, for £ = [a,b] and € = J3(a,b), we
obtain (6.10) and (6.11).

Consider a more complicated case. We return to (8.1) and (8.2). For a nonempty set X and
(Ey)zex € P'(E)X, we introduce

[ TE:] £ {(Lo)eex € P(P(E)X|L, € TNE,] Vy € X} € P[] #lE.)). (8.24)
rzeX zeX
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By (8.14) and (8.24), we define

X L. € 7[E] YLy)aex € [] HIE]

rzeX zeX

Moreover, the following property holds:

Q) £, € T[E] VLy)aex € [ TIE] (8.25)
zeX reX

From Theorem 2 and (8.25), we obtain for (Lz)eex € [] Hi[E.]
zeX

) £. € TE[E]. (8.26)

zeX

Note an obvious corollary concerning the case E = R.

Proposition 5. Let (a;).cx € RY and (by)zex € [] Jaz,oo[. Then
zeX

Q) Js(az,by) € ME[{f € RY| Vo € X (ax < f(2))&(f(z) < ba)}].

zeX

The corresponding proof is obtained by the direct combination of (8.26) and the above-
mentioned properties of the measurable space (8.23). Thus, by (8.22) and (8.25), we obtain one
more variant of realization of (6.10) and (6.11) in the class of measurable spaces with a semi-algebra
of sets (see Proposition 1).

9. Conclusion

In this paper, relations between ultrafilters and maximal linked systems on a m-system were
considered. The emphasis was on the conditions under which all maximal linked systems are
ultrafilters on the m-system. The investigation of the ultrafilter space is important, since in the
class of ultrafilters the density properties (see (4.5) and (4.6)) are realized. Therefore, this space
can be considered as a kind of extension of the initial set E whose elements play the role of usual
solutions. Such interpretation is very natural for extension procedures of extremal problems and
attainability problems (see [2, 3, 19, 20]). More precisely, the ultrafilters can be used as generalized
elements. Therefore, it is useful to know as much as possible properties of topological nature.
The supercompactness is a very interesting property of such type. We investigate this property
identifying ultrafilters and maximal linked systems for a m-system. Of course, this approach is
not universal. However, we obtain a positive result for many interesting variants of m-systems.
In addition, we use the supercompactness property of the space of maximal linked systems with
Wallman equipping.
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