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Abstract: In this paper, we investigate the problem of optimal control for an ill-posed wave equation
without using the extra hypothesis of Slater i.e. the set of admissible controls has a non-empty interior. Firstly,
by a controllability approach, we make the ill-posed wave equation a well-posed equation with some incomplete
data initial condition. The missing data requires us to use the no-regret control notion introduced by Lions to
control distributed systems with incomplete data. After approximating the no-regret control by a low-regret
control sequence, we characterize the optimal control by a singular optimality system.

Keywords: Ill-posed wave equation, No-regret control, Incomplete data, Carleman estimates, Null-
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1. Introduction

The first systematic study of optimal control of ill-posed problems was by J.L. Lions in his
book “Control of distributed singular systems” [11], exactly when he focused on an ill-posed heat
equation (backward heat equation). In his study, he required the set of admissible controls U,
to have a non-empty interior. This condition is the so-called Slater hypothesis. Regrettably, a
difficulty starts when we need to use some sets like the positive cone (L2)+7 which has an empty
interior, as a set of admissible controls, where the hypothesis of Slater doesn’t hold. To avoid such
kind of obstacle, we propose to take a different approach to the regularization approach proposed in
[3] and [5], to get an optimality system characterizing the optimal control without requiring Slater
extra-hypothesis, it’s the controllability approach.

The aim of our work is to generalize existing results [3, 5] where we seek to get an optimality
system characterizing the optimal control for an ill-posed wave equation [4, 5], to reach our goal, we
start by assuming that when taking the control in some dense space of L? (Q), the problem becomes
well-posed. Then, by null-controllability of the well-posed wave equation, we seek to retrieve the
second order time condition in the ill-posed equation. Hence, we get an optimal control problem
for a controlled wave equation with incomplete data where we apply the no-regret control method
introduced by Lions [12] (the original idea was introduced by Savage in [15]) for optimal control
problems with incomplete data.

On the contrary of [5], this work leads us to characterize the optimal control by an optimality
system which has a simpler form than the one given in [5], this will be very beneficial in a numerical
analysis viewpoint.
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A few studies have been published in the context of optimal control of PDEs with missing data
after that by Lions himself [13].

Later, many papers are published such as [14] and [9] where authors studied an age-structured
population dynamics of incomplete data. In [1], authors applied the notion of no-regret control on
a fractional wave equation with incomplete data. Afterward, a control coupled systems and a wave
equation both with incomplete data were treated in [6] and [7] respectively, extended recently to
more general and abstract systems in [8] .

Actually, the method of no-regret control consists of taking only controls v such that

J(v,9) <J(0,9),

(J is the cost function) for every missing data g, where we guarantee the belonging of the optimal
control to this set of controls. To avoid the difficulty of characterizing the no-regret control, we
should relax the definition by making a quadratic perturbation in no-regret control definition, i.e.

J(v,9) < J(0,9) +7gl*, ~>0.

In this way, we define a sequence of low-regret controls expected to be converging to the no-
regret control.

The recent paper is organized as follows: in the next section we present some preliminaries for
the main problem, in the third section we prove existence and uniqueness for the controllability
problem, in the fourth we introduce the optimal control problem with missing data, in the fifth,
we give an optimality system for the optimal control problem, and we finish with a conclusion.

2. Preliminaries

Let © ¢ RY be an open bounded domain with smooth boundary T, T is a non-empty subset
of I, denote @ = Qx (0,7), ¥ =Tx (0,7), X9 =Ty x (0,7) and T > 0. Consider the following
wave equation given by:

y' =Dy =v in Q,
y(2,00=0, y(@T)=0 inQ, (2.1)
y(z,t) =0 on X,

where v is a distributed control in
Ul ={ve Li (Q) : v > 0 almost everywhere in Q},
it’s the closed convex cone (L% (Q))Jr, where

Lz (Q) = {w € L? (Q) such that pw € L* (Q)}

and p is a positive function defined on @ such that 1/p is bounded in Q. It’s well known that (2.1)
is ill-posed [5].
On the other hand, let’s consider a null controllability problem for the following wave equation:

y' —Ay=v in Q,
_ / _ :
Yy (1’, 0) - 07 Yy (.%', O) =g m Qa (22)
(2,1) = 0 on X,
yiE 0 on ¥\,

where g € L? () is a missing initial condition.
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The following geometric and time conditions hold:

Jwg ¢ Q such that {z € 90 : (x — x¢) .v (z) > 0} C I, (2.3)
T > 2 sup |z — xg],
e

and v (z) denotes the external unit normal vector at .

Note that for every (v,g;0) € U, x L? () x L* (%), the system (2.2)—(2.4) has a unique
solution y (v, g;0) = y (v, g;0) (x,t) in some sense (see [10, Ch. 4, p. 325]).

Actually, we want to find a function § € L? (I'g x (0,7T')) such that for every v € U?, and every
missing initial condition g € L? (Q2) the solution of (2.2) verifies the following null controllability
property

y(z,T) =y (2, T) = 0. (2.5)

In this way, by the controllability of (2.2) we retrieve the initial condition 3’ (x,0) in (2.1) but
with an unknown value and (2.1) becomes a well-posed equation with missing data.

After this, we want to find a control function v in U”; solution to the following optimal control
problem

int J, (v,9) such that Jy (v.9) = Iy (v,9) ~ wall + N [, (2.6)
v ad
where y, is a target function in L? (Q), N > 0 all are given.

Now, let’s prove the existence of a solution for the null-controllability problem (2.2)—(2.5).

3. Existence for the null-controllability problem (2.2)—(2.5)

Before treating the controllability problem (2.2)—(2.5) we announce the following theorem giv-
ing a so-called Carleman inequality type, which will be the main tool to solve the controllability
problem.

Theorem 1. Denote the operator L = 9%/0t*> — A in distribution sense, under the geometric
and time conditions (2.3)-(2.4) there exists a C? weighted positive function p defined on Q such
that 1/p is bounded in @ and C = C (2, T,Tg, p) > 0 such that:

/ / laf” dwdt<C[/ /Qp | Lq/? dxdt+/ /FO—‘aq‘ det} (3.1)

Oy
_ 2 pes) . 2 Oyp
qev_{@eL (0,75 Hy () : Lo € L2(Q), 52|

for every

e L2 (3o) }

0

where
2 1 1 g 2
L?(0,T;Hy () = {gp :[0,T] — Hy (2) measurable such that /0 |l (t)HH%(Q) dt < oo}

P roof It leads from a Carleman inequality, it can be found in [2, Theorem 1.1].
The inequality (3.1) allows us to introduce the following real inner product:

1 Or 0s
—L L ——dlI’ 2
(r,s) / T sdxdt—i—/ /Fo 20y0yd dt (3.2)

on V the Hilbert space completion of V, with its associated norm || - ||, = \/a (-, ). O
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Remark 1. We can characterize the structure of V as a subspace of a weighted Sobolev space.
Indeed, let H,(Q) be the weighted Hilbert space defined by

T
H,(Q) = {v € L*(Q) such that: /0 /Q% |v)? dadt < oo}7

endowed with the natural norm

1/2
I a0 = (/ / |- \dmdt) .

This shows that V' is embedded continuously in H,(Q) as
3C > 0: |[vllg, @) < Clvll, forevery veV.

By the boundedness of 1/p? on @, we also see that L? (Q) is continuously embedded in H,(Q).

Proposition 1. Fiz (v,g) € U2, x L?(Q). Define on V the linear form

l(v,g) (8 / /vsdwdt—i—/gs( ) dx,

then there exists a unique solution p (v,g) € V to the following variational equation:
a(r,s) =lwg (), VseV. (3.3)
Also, we have
30> 0: [F(0.9)lla < C (vl 2oy + 9l ) (3.4)
Moreover, if we choose

1 0p(v,9)
p?  Ov

(3.5)

1
= —L~ =
y(v,g) PR (v,9), 6(v,g9) 5’

the pair {y (v,g),0 (v,g)} is a solution of the null controllability problem (2.2)—(2.5).

P r o o f. The result is obtained by application of the Lax—Milgram theorem with using Carle-
man inequality (3.1) to prove that the inner product (3.2) is coercive. Using (3.3) and integration
by parts we get the null controllability property (2.5). O

4. Optimal control of the controlled wave equation with incomplete data

In this principal section, we focus on the following controlled wave equation missing initial

condition

y'— Ay =v in Q,

_ ' _ :
y(m,O) _0 ) y (CC,O) _g m Q’ (41)
_ 0 (Ua g) on 207

Y710 on I\,

with
y(z,T)=0, o (2,T)=0, (4.2)

where 0 (v, g) is given by (3.5).
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We solve the optimal control problem (4.1), (4.2), (2.6) regardless of the values of the missing
initial condition g, where L2 (Q) endowed with the inner product (-,-) p = (P p)2() and the
associated norm || - ||, = 1/(:,")p-

In order to ensure the existence of the optimal control for (4.1), (4.2), (2.6) we need an extra
hypothesis of Slater (see [11, Ch. 4, Remark 1.4]) which requires that

U?, has a non-empty interior. (4.3)

Unfortunately, the extra hypothesis (4.3) is not fulfilled by Ugd because it’s well known
that (L? (Q))Jr has an empty interior.

However, we propose an approach where there is no need to (4.3), it’s the method of no-regret
control which was introduced by J.L. Lions in [12], to solve optimal control problems with some
incomplete data.

First of all, let’s give a definition of the no-regret control for the controlled system with missing
data (4.1), (4.2), (2.6).

Definition 1 [12]. We say that u € U?, is a no-regret control for (4.1), (4.2), (2.6) if u is the
solution of:

nf ) J (v,g) —J. (0, ) 4.4
vérllfgd(g;lgl()ﬂ) ( p (’U g) P ( g)) ) ( )

In the following lemma, we try to rewrite the main quantity in the last definition to isolate the
missing data in some way.

Lemma 1. Let M be an operator defined from L*(Q) to L? (Xq) by Mg = g_p (0,9), where
v

p(v,g) is the unique solution to (3.3). Then, M is a linear bounded operator on L* (), and we
have

Jy(v,9) —J,(0,9) = J, (v,0) — J, (0,0) +2(S (v) ,g)LQ(Q) ) (4.5)

where S is also a linear bounded operator from U?, to L?(Q) given by
S (v) =p(v,0)(0) = M* (0 (v,0)).

P r oo f. It’sclear that M is linear, also M is bounded. In fact, we know that p (v, 0) solves (3.3)
for every s € V', we choose an s such that

Ls=0 in Q,
s(z,0) =g, §(x,00=0 1in Q,

ds M on X,
w g on ¥\ %o

to get

1 (T
Yo P Jo Jry

From linearity in (3.3), we get y (v,g9) = y (v,0) +y (0,9) + v (0,0), and by a simple calculation
we get

aﬁ(oag) 2 /T/ 1 8ﬁ(07g) 2 2
7 < e e — = .
£y ‘ dldt < o e pz‘ EY ‘ dr'dt H9HL2(Q)

Jo(v,9) = Jp(0,9) = J, (v,0) = J, (0,0) + 2 (y (v,0),y(0,9)), .
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Use Green formula to prove
(y (U7 O) Y (079))p = (Lﬁ(’l), 0) Y (07 g))LQ(Q)

= (5(0.0). Ly (0.9)) 20y~ (22D

D) pasyy T @00 020

~ 300 090 — (T S 0.9)
= (50,0 (0).9) ooy — (V" (61(0.0)) ) 0

We know that 6 (v,0) : U?, — L* (5) solves (3.4), choose s = p(v,0) and use (4.2) to find
mf—/ / ap (drdt</ / —‘819 ‘dl“dt</ /vvadxdt
Yo p To FO aV

< Jloll, 17 (v, 0)ll 51,y < Cllll3 4
which proves that 6 (v,0) is bounded. Moreover, the map p(v,0) (0) : U?, — L? () is contin-
uous. In fact, by a Carleman estimate given in [2, Corollary 2.8]|, under the same condition of
Theorem 1 there exists a C? weighted positive function p on @ such that 1/p is bounded in @ and
C=C(QT,Ty,p) >0 such that:

/ ) (]dxdt<0[/ /Qp]Lq\ dxdt—i—/ /I‘o

for every ¢ € V. Choose ¢ = p (v,0) to find

_q

det}

e 2 [/T/1 P, 0F : ] 2
/U’O 0 dmdt S C - Lp ’U,O dxdt + 9 ’U,O S C v .
/Q,,W (v,0) (0)] ] 1m0 16 (v, 0)1Z2(s,) | < C Il

Finally, S is also a linear bounded operator. ]

Unfortunately, we encounter a big difficulty when characterizing the no-regret control where we
need to know the structure of the set

{veU?f :(S(v) 19) 12y = 0 for every g in L*(Q) },

which is difficult to do, this requires on us to relax no-regret control definition by making some
quadratic perturbation, then, we announce:

Definition 2 [12]. We say that uy, € U?, is a low-regret control for (4.1), (4.2), (2.6) if u, is
the solution of the problem:

inf (sup € L*(Q) (J,(v,9) = J,(0,9) = lglay) ) 7> 0.

vGUgd g

From (4.5), we get for all v € U?,

sup (I, (v,9) = J, (0,9) = 7 913200 )
geL?(Q)

= Jp (0,0) =, (0,0)+ sup (2(5(0),9)12) — 7 l9ll3e))
geL?(Q)

1
= Jp (U,O) - Jp (070) + ; HS(U)H%Q(Q)
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Thus, our optimal control problem is transformed into a standard optimal control problem
(i.e. a problem with complete data) given by

inf 7 (v), (4.6)
vEU(fd
where )
T3 () =y (0.0) = 1, 0.0) + ~ S @)} (4.7)

Lemma 2. The problem (4.1), (4.2), (2.6), (4.6), (4.7) has a unique solution u, € U",.
Proof. We have for every v € U?, . J,) (v) > —J,(0,0) = — Hyd”i then d, = inf 7, (v)
veld?,

exists. Let (v,)) be a minimizing sequence such that d, = lim J,' (v1). We know that
n—oo

1
Ty (W) = Jp (v3,0) = J, (0,0) + 5 15 W l72() < dy + 1.

This implies the following bounds

1
V7
where C., is a positive constant independent of n. Then, there exists u, such that v, — u, weakly

in U?; (closed), also y (v3,0) = y (uy,0) weakly in L2 (Q) because of continuity w.r.t. the data.
Since S is bounded, then

loall, < Gy ly (03, 0)l, < &, 15 (i)l 20y < G

S (v])) — S (uy) weakly in L*(Q),
with
J; (uy) < liminf 77 (v])
and we conclude that
J,) (uy) = Uielllff:fdjl;y (v).

Since 7, (v) is strictly convex, u. is unique. O

It still remains to obtain an optimality system giving a characterization for low-regret control
u~ as follows

Theorem 2. The low-regret control u, € U?, which is a solution to (4.1), (4.2), (2.6), (4.6),
(4.7) is characterized by the following optimality system

Ly’y = U~; Lp'y =Yy —Yd mn Q,
Yy (2,0) =0, ¢ (2,0)=0, py(2,0)=0, p(z,0)=0,
Yy (2, 7) =0, v, (z,T)=0; py(z,T)=0, pi(z,7)=0 1nQ, (4.8)
| 0(uy,0) A, on X,
7Y 0 7 Pyr=1 o, on ¥\ o,
where v > 0, Y, =y (uy,0) and py = p (uy), with the following variational inequality
1
<T* (Lpy) + Nuy + ;S*S (uy),v — UV)p >0 VYoeelU’, (4.9)

where T : v — y (v,0) from UY, to L2 (Q) is a linear bounded operator.
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Proof. A first order necessary condition of Euler-Lagrange [10] for (4.6), (4.7) gives for
every v € U?,

(¥ (uy,0) = Ya, y (v — uy,0)) , + N (uy, v —uy) , + % (S(uy),S(v— uw))Lg(Q) > 0. (4.10)

Denote y, = y (u,0) and let 0, = o (uy) be the unique solution of the following variational
equation

a(oy,q) = /Q (yy — ya) gdzdt Yqe V. (4.11)
Consider the pair (p,, A\y) given by

1 1 0o
py=—=Loy,, M= —5—2| |,
7T 2 " 2 0w .

then (p,, Ay) is the solution of the following backward wave equation

Lpy =yy — Ya in Q,

Py (z,T) =0, pfy (z,T7)=0 in Q, (4.12)
o )"Y on 20, ’

Pr=9 0 on Y\,

with the null controllability propriety

py (2,0) = pl, (,0) = 0.

Rewrite the optimality condition (4.10) to be in the following form

1
(Lpy, y (v — uy,0) )p + (Nu7 + =5%S (uy) ,v — uy> >0 YoeU’,

Y p

where

(Loysy (v = 4,0)), = (" (Lpy) v =), Ve UL,
which gives optimality condition (4.9).

The boundedness of T' follows from the continuity of the solution to (2.2), (2.5) w.r.t. data. [

5. No-regret control optimality system (Optimal control for the ill-posed wave
equation)

In this section, we will give an optimality system characterizing the optimal control (or the
no-regret control) solution to (4.1), (4.2), (2.6), (4.4) by taking the limits of wu, y, py,6 (u,,0)
and Ay when v — 0.

Theorem 3. There exists a positive constant C' independent of v such that

lasll, <€ gy —wall, <€, llwnll, <€ 1S (w))ll 2y < CVA, (5.1a)
loll, < o 18 (s 0)ll oy < G 1M lli2gsyy < - (5.1b)

Il s o2 m300) < €5 IPA e 0,122 < ©
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Proof. Letuyis the unique solution for (4.1), (4.2), (2.6), (4.6), (4.7), then
. 1
7 (1) < 37 (0) = 0 . Jy 1, 0) + 8 () ey < 75 0.0

which give (5.1a).
Choose ¢ = 0, in (4.11) with Lax-Milgram theorem stability estimates to prove that

3C>0: oy, < C,

where C is independent of 7. From continuity and (5.1a), we deduce the boundedness of 6 (u.,0)
and Ay in L? ().
Multiply (4.12) by pl,, integrate by parts, and use (5.1a) with (5.1b) to find

2 2 2 2
pryHLoo(07T;L2(Q)) + Hp'y”L“’(O,T;H(}(Q)) S C (Hy’Y - deLQ(Q) + H)"YHLQ(EO)) S C.
]

Lemma 3. The low-regret control u~ solution to (4.1), (4.2), (2.6), (4.6), (4.7) converges in
U?, to the no-regret control u solution to (4.1), (4.2), (2.6), (4.4).

Proof. By (5.1a), we have
1Ly, < €
and
u, — u weakly in U(fd,
yy —y weakly in L?) Q).
And by (5.1b) we have
0 (u,,0) = 6 (u,0) weakly in L? (Zp).

We conclude that y solves

Ly=u in @,
y(0)=0, y(©0)=0 nQ,
y(T)=0, ¥ (T)=0 0,

[ 6(u,0) on X,
y= { 0 on Y\ 3.

Again, from (5.1a)
S (uy) — 0 strongly in L? (%),

then (S (u),9)12(q) = 0 for every g in L? (), which means that u is a no-regret control solution
to (4.1), (4.2), (2.6), (4.4). O

Finally, we can announce the following our main theorem characterizing the optimal control for
the ill-posed wave equation (4.2).

Theorem 4. The no-regret control u € UL, solution to (4.1), (4.2), (2.6), (4.5) is characterized
by the following optimality system

Ly = u; Lp=y—yq in Q,
y(z,0) =0, ¢ (2,00=0, p(z,00=0, p'(x,0)=0,
y(x,T)=0, ¢ (z,7)=0; p(z,T)=0, p (x,T)=0 in Q, (5.2)

— 0 (u’ 0) . _ A on EO;
Y=193 o ) P=19 9 on X\ Xo,
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where A = lir%)w, y =1y (u,0) and p = p(u), with the following variational inequality
Y

(T*(Lp)+Np2u+S*S(u),v—u) >0 YoeU.

L2(Q)
Proof. We have already proved the convergence of y, to y, and u, to u in the proof of
Lemma 3. For the rest, use (5.1a) to get

I1Lp4ll, < C,

and (5.1b), to find
A, — A weakly in L? (%),

Passing to the limit when v — 0 in (4.8) we obtain the optimality system (5.2). O

6. Conclusion

To sum up, our work leads to solving the optimal control problem for an ill-posed wave equation
without requiring the extra hypothesis of Slater. The main idea was to make a null controllability
approach to deal with a well-posed equation with a missing initial condition. Then, we have applied
the no-regret control method to solve the optimal control with incomplete data. The optimality
system describing the optimal control is built by an overdetermined optimal state and adjoint state.
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