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1. Introduction

The paper aims to study asymptotic almost automorphy in the context of functions and
Sobolev—Schwartz distributions, it is well known that the concept of almost automorphy is strictly
more general than the almost periodicity studied in a full generality by H. Bohr, see [4] and [8].
The concept of asymptotic almost periodicity as a perturbation of almost periodic functions by
functions that vanish at infinity belongs to M. Fréchet in [9], one of the main motives of which is
the introduction of this concept in obtaining the existence of an almost periodic solution to differ-
ential equations if they admit an asymptotic almost periodic solution. In the same vein as Fréchet
motivation, we study the existence of solutions of linear neutral difference differential equations
with variable coefficients in the framework of asymptotically almost automorphic distributions.
Almost periodicity in the framework of distributions extending the classical Bohr and Stepanov
almost periodicity [16] is considered by L. Schwartz [13]. The paper [7] deals with asymptotic
almost periodicity of distributions.

In [1] and [3], S. Bochner defined explicitly almost automorphic functions, where some basic
properties have been established. He studied linear difference differential equations in the framework
of almost automorphic functions in [2]. Almost automorphy of primitives and asymptotically almost
automorphic functions are also considered, see [12, 18].

We first investigated the almost automorphy in the settings of distributions and generalized
functions respectively in [6] and [5], then we addressed the issue of asymptotic almost automorphy
in these contexts, see the communication [17].

The paper is organized as follows: the second section studies asymptotically almost automorphic
functions following an appropriate definition, essential properties of these functions are proved;
the third section deals with smooth asymptotically almost automorphic functions. The fourth
section is dedicated to asymptotically almost automorphic distributions; we give their definition,
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characterizations and some of their properties. The last section is an application to linear neutral
difference differential equations of asymptotically almost automorphic distributions.

2. Asymptotically almost automorphic functions

It is worth noting that the definition of an asymptotically almost automorphic function depends
on the choice of authors, but in general the essential idea of the decomposition in the definition
of an asymptotically almost automorphic function is preserved. The differences in their definitions
lie in the domain of definition of the considered functions, their regularity and finally in the choice
of the interval of decomposition. We consider functions defined, continuous and bounded on the
whole space of real numbers R and the decomposition on the closed interval [0, 4o00[. So, we have
to precise some results on asymptotically almost automorphic functions. Let C, denotes the space
of bounded and continuous complex-valued functions defined on R, endowed with the norm |||
of uniform convergence on R, it is well-known that (Cp,||||,,) is a Banach algebra. Let w € R and
f,p functions, we recall that the translation operator 7, is defined by 7,f(-) = f(-+w), and ¢
by ¢(x) = ¢(—z). Denote J := [0, +00].

Definition 1. The space C4 o is the set of all bounded and continuous complez-valued functions
defined on R and vanishing at +oo.

We give some properties of the space Cy g which are proved in a straight way.

Proposition 1. The following is true:

1) The space C4 o is a Banach subalgebra of Cy.

2 TwC+,o C C+70, Yw e R.

4

(1)

(2)

(3) Cy0xCpCCyp.
(4) Ciox L' CCyp.
(5)

5

Let h € Cyy, if B exists and is uniformly continuous on J, then there exists a function
H € Cyp such that H=h' on J.

+oo T
(6) There exists H € C4 o a primitive of h on J if and only if [ h(t)dt < co and [ h(t)dt is
0 0
bounded on J.

Remark 1. In (5) if A’ exists and is uniformly continuous on R, then H = A’ on R.

+oo
Remark 2. If h is a locally integrable function, we denote by [ h(t)dt the improper integral,
0
+oo +00
and [ h(t)dt < oo means [ h(t)dt is finite.
0 0

Recall some properties of almost automorphic functions, see [1, 3, 12, 18].

Definition 2. A complex-valued function g defined and continuous on R is called almost au-
tomorphic if for any sequence (Sm)men C R, one can extract a subsequence (S, )i such that

g(z):= lm g(x+spy,) exists for every x € R,
k—4-o00
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and

lim §(x — sm,) =g(x) for every zeR.

k——~4o00

The space of almost automorphic functions on R is denoted by Cqgq.

Remark 3. The function ¢ is not necessary continuous but g € L*°(R).

Proposition 2. The following is true:
(1) The space Cqq is a Banach subalgebra of Cp.
(2) 7wCaa C Caq, Yw € R.
(3) Caq * L' C Cagq.
(4) Caa NCyp = {0}

(5) A primitive of an almost automorphic function is almost automorphic if and only if it is
bounded.

We give now the definition of an asymptotically almost automorphic function.

Definition 3. We say that a function f € Cy s asymptotically almost automorphic, if there
exist g € Coq and h € C4 o such that f = g+h on J. The space of asymptotically almost automorphic
functions is denoted by Cuaq.

Ezample 1. Cqq C Caaq and C4 o C Caaq-

It can be seen easly that the decomposition of an asymptotically almost automorphic function
is unique on J, so if f € Cyqq and f = g+ h on J, where g € Cy, and h € C4 o, the function g is said
the principal term of f and the function A is the corrective term of f, we denote them respectively
by faa and fcor- Then the notation f = (faa + fcor) € Caaa means that faa € Caa7 fcor € C—i—,O and
= faa+ feor on J.

Proposition 3. The following is true:
(1) 7wCaga C Cagas Yw € Ry
(2) Caaa X Caa C Caga-
(3) Caaa * L' C Caaa-
(4) Let f € Caaa and ¢ is a continuous function on C, then ¢ o f € Caaq-

(B) If f = (faa + feor) € Cagas then | faalloo < supgey|f(x)|. In particular, for f € Coq and
w € R? HfHOO = Suprw ’f(x)’

(6) Let (fm)meNn = (fm,aa + frm.cor)m C Caaa converges uniformly on J to a function f, then
there exists ¢ = (g + h) € Caaa, Such that ¢ = f on J, g € Cuq is the uniform limit on R of
(fm,aa)m and h € Cy g is the uniform limit on J of (fm.cor)m-
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P roof. The proofs of (1) and (2) are easy.

(3) Let ¢ € L' and = (faa + fcor) € Caaa- Since f = foq + (f - faa)a where (f - faa) € C+,0a
it follows from Proposition 2—(3) and Proposition 1-(4) that f % ¢ € Caaq. Now we show explicitly
the principal part and the corrective part of f x . For = € J, we have

0 +o00

(f*w)(x)=/f(y)w(w—y)dy= /f(y)w(w—y)der/(faa(y)+fcor(y))w(x—y)dy7
R —o0 . 0
:(faa*w)(x)+(fcor*¢)(x)+/(f_faa_fcor)(y)¢($_y)dy'

By Proposition 2-(3), (faa * ) € Caq and by Proposition 1-(4), (feor * ¢) € C4 . On the other
hand, for z € R,

0
/ (f — faa — fcor) (y)l/J (.%' - y) dy = / (f — faa — fcor) (1' - y) X]x,+oo| (y)¢ (y) dy.
e R

It is easy to see that the latter function is continuous and bounded on R and by the dominated
convergence theorem it vanishes at infinity. Then fx1) = (Vyq + Veor) € Coaa, Where Wy i= foax 1

0
and Uiy = feor * 1 +_f (f — faa — fcor) (’y)T/)( - y) dy.

(4) Let f = (faa + feor) € Caaa and ¢ be a continuous function on C, then it is well-known that
¢ (f) € Cp and also @ (faq) € Caq- On the other hand, it is easy to see that the function ¢ (f)—¢ (faq)
defined on R belongs to C4 . Consequently we have ¢ (f) = (¢ (f)ya + @ (/)eor) € Caaa, Where

¢(f)aa = ¢(faa) and ¢(f)co7~ = ¢(f) - ¢(faa) .
(5) Let f = (faa + feor) € Caaa and (sp,, ), a subsequence of (sp),,cy C J which tends to

infinity. Let € R and ko € Z, such that the sequence (z + s, ) p>k, C J tends to infinity, then
for k > ko, we have a

faa (2 + smy))| < |F (@ + smp) |+ | feor (€ + 5m,)] < Stg?lf(fﬂ)l + [ feor (4 s, )|

so Vx € R,

o)l = |+ s, )| < sup £ (2)]

It follows then

[faa(@)| = lm|foa(z = sm,)| < sup|f(x)], VzeR.

Consequently, we obtain the results.

(6) Let (fm)m = (fm.aa + fm,cor)m C Caaa converges uniformly to f on J, by (5) we have

an,aa - fm,aaHoo S sup ‘fn(x) - fm(x)‘7
zel]

hence (fim,aa),ey 18 @ Cauchy sequence in the Banach space Caa, i-€. (fin,aa) converges uniformly
on R to a function g € Cyy. Let’s define the function h by

_ (f_g)(x)’ xz Z 0,
W)‘{ (f - 9)(0), z<o.
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Then h € Cp and (fin,cor),, converges uniformly on J to h, i.e. lim h(z) = 0 hence h € Cy .

T—>+00

Define ¢ = g+ h on R, then ¢ € Cyqq and ¢ = f on J. O

The space (Caaa, ||||o) s complete and it is a consequence of point (6) .
Corollary 1. The space (Coqa, ||| o) % @ Banach subalgebra of Cy.
We have the following results on the derivative and the primitive.

Proposition 4. The following is true:

(1) Let f = (faa + feor) € Caaa be such that f' exists and is uniformly continuous on J, then
there exists ¢ = (g + h) € Caaa, such that ¢ = " on J, (fua) =g on R and (feor) = h on J.

(2) Let f = (faa+ feor) € Caaa be such that f is um’formly continuous on J, then there exists F' €
Caaa being a primitive of f on J if and only if ffaa t)dt is bounded on R, ffwr t)dt is

bounded on J, and f Jeor (1) dt < 0.
0

Proof (1) Let (om),,eny C J converging to zero and define the sequence (¢r,),,cn C Caaa by

bm (z) = f(erUm)_f(m), rE€R

Om

1
/f/x—l—Ham x € J.
0

then the sequence (¢y,),, converges uniformly to f’ on J and for x € J,

¢m (1’) = ¢m,aa (1') + ¢m,cor (1') 5

where
¢m,aa (1_) — faa (1' + O'm) - faa (1')7 (bm’wr (1‘) — fCOr (.%' + O’m) — fcor (x) .

Om Om
By (1), there exists ¢ = (g + h) € Caqq, such that ¢ = f" on J, g € Cyuq is the uniform limit of
(¢m,aa),, on R and h € Cy ¢ is the uniform limit of (¢ cor),, on J. Hence (foa) :== Um  ¢pmaa =g

m—>+0o0
on R and (feor) := lim @y cor = h on J.
m——+0oo

(2) If F = (Fyuq + Feor) € Caaq is a primitive of f on J, then F’ = f is uniformly continuous on J.
By (2), (Faa)" € Caq, there exists h € Cy ¢ such that (Fror)' = hon Jand F' = (Fyq) + (Feor)' on J.
Consequently, by Proposition 1-(6) and Proposition 2—(5), we obtain the result. Conversely, as

+oo
[ feor (t) dt < 0o and ffcor t) dt is bounded on J, by Proposition 1-(6) , there exits H € Cy
0
xX
which is a primitive on J of feor and as [ f4q (t) dt is bounded on R, by Proposition 2—(5), there

0
exits G € Cyq which is a primitive on R of f,,, so F':= G+ H is a primitive on J of f. O

Corollary 2. Let f = (faa + feor) € Caaa such that f' exists and is uniformly continuous on R,
then f" = (g4 h) € Caaa, where (faa) =g on R and (feor) = h on J.
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3. Smooth asymptotically almost automorphic functions

Let £ (I) be the space of infinitely derivable functions on I = R or J , and p € [1,+oc], the

space A
Do () :i={pe&():Vj€Zy, o9V e LP(I)}

endowed with the topology defined by the family of seminorms
|[lkpr = Z H‘P(i)HLP(Hy keZy,
J<k

is a Fréchet subalgebra of £ (I). The spaces Dr» (I) studied in [13] are connected with the classical
Sobolev spaces WP (I) , see [15]. We denote B (I) := Dre (I). Let B be the closure in B := B (R) of
the space D of smooth functions with compact support.

Remark 4. By the definition ¢ € B (J) requires that lir% o) () exists Vj € Z,.
T—r
>

Let B4 o be the space of smooth functions vanishing at infinity, i.e.
Bio={p€&R): VjeZy, o) €Cip}.
We endow B, ¢ with the topology induced by B.

Proposition 5. The following is true:

1) The space By o is a Fréchet subalgebra of B.

2 TwB+,O C B+70, Yw e R.

4

(1)

(2)

(3) ByoxBCByp.
(4) Byox* L' C By
(5)

) B+,O - CJD(] N B

(6) There exists H € By which is a primitive on J of h € By if and only if [ h(t)dt is
0

+o00o
bounded on J and [ h(t)dt < oco.
0
Proof (1)Itis easy to see that By o is an algebra and since B is complete, it suffices to show
that By ¢ is closed. Let (hy,)men be a sequence of B o that converges to h € B, i.e. Vi € Z, (h%))m
converges uniformly on R to h(Y). By Proposition 1-(1), h(¥) € Cio, Vi€ Zy,ie. he Bip.

(2) This inclusion is obvious.

(3) If ¢ € B and h € By, then by Leibniz’s formula and Proposition 1-(3), Vi € Z,,
(he)®) € Cy .
(4) Let ¢ € L' and h € By, then by Proposition 1-(4), Vi € Z, (h * w)(i) =h s € Cio0-

(5) It is clear that By g C C4 N B. Conversely, if h € C4 o N B, then A’ is uniformly continuous
on R, so by Remark 2, b’ € C4 o. By repeating this to all derivatives, we obtain that h € By .

(6) The necessity is a consequence of Proposition 1—-(6). To prove the sufficiency we need
the following preliminary result on extension operators, it can be obtained from [14]: there exist



60 Chikh Bouzar and Fatima Zahra Tchouar

two sequences of real numbers (al)lEZ+ and (bl)leZ+ such that b < 0,Vl € Z,, and the operator
E :B(J) — B(R) defined by

fx) if x>0,
Ef(z) = {
Saif(bx) if <0
=0
T +o0
is linear and continuous. Suppose that [h(t)dt is bounded on J and [ h(t)dt < oco. By
0 0

Proposition 1-(6), there exits E € Cy ¢ such that E/ = h on J, so E is a smooth function on J
such that Vi € Z,, E® is bounded on J, i.e. E € B(J). Due to the extension result there ex-
ists a function H € Bsuch that H = Fon J. So H € BNC g = B4 and it is a primitive of h on J. [J

Recall the definition and some properties of the space of smooth almost automorphic functions,
see [6] for details.
Buo = {Lp €e&:Vjely, <p(]) € Caa}.
Proposition 6. The following is true:
1) Baa is a Fréchet subalgebra of B.

2) T7,Bua C Bua, Yw € R.

4

(1)

(2)

(3) Baa* L' C Bug.
(4) Bag = Caa N B.
(5)

5) Let f € Bao and F' is its primitive on R, then F € By, if and only if F' is bounded.

We now introduce smooth asymptotically almost automorphic functions.

Definition 4. The space of smooth asymptotically almost automorphic functions is denoted
and defined by
Baaa = {go e&: Vjely, go(J) S Caaa}.

Ezample 2. By C Buaa and B4 g C Bgaa-

We endow B,,, with the topology induced by B. The following proposition is proved in the
same way as Proposition 5 by using results of Propositions 3 and 4.

Proposition 7. The following is true:

1) The space Baaq is a Fréchet subalgebra of B.

2) TwBaaa C Baga, Yw € R.

4 aaa * L C Baaa

(1)
(2)
(3) Baaa % Baa C Baga-
(4) B
(5) B

aaa — Caaa m B
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(6) There exists F € Bgqq being a primitive on J of f € Baaa if and only if [ faq (t) dt is bounded
0

T —+00
on R, [ feor (t)dt is bounded on J, [ feor (t)dt < oo.
0 0

Remark 5. Byag C Caaa NE.

We have the following result needed in the sequel.

Proposition 8. Let f € Buaa, i-6. [ = faa+ feor and forie N, fO) = Faai+ feors on J. Then
faa,i = (faa)(i) on R and fcor,i = (fcor)(i) on J.

Proof. If f € B, then f' is uniformly continuous on R and by Proposition 4-(2), we
have f' = (fua) + h on J, where (fu) € Caa, b € Cypo and (feor) = h on J. By hypothesis,
" = faa1 + feorn1 on J and since the decomposition of an asymptotically almost automorphic
function is unique, then (fu,)" = faa,1 on R and ( feor) = feorn on J. By repeating this to all
derivative, we obtain the desired result. ]

In order to prove the main result on linear neutral difference differential equations in the frame-
work of asymptotically almost automorphic distributions, we need the following characterization
of the space Byg,.

Proposition 9. Let g € &, the following statements are equivalent:

(1) g € Baa-
(2) For every sequence (pm),,eny C R there exist a subsequence (pm,), and g € B such that for
allz € R and i € Z4, we have

79 (z) = D (24 ppm,) and lim GO (x — pp,) = g9 (2). (3.1)

lim g¢
k—+o00 k—+o00
Proof (1) = (2) Let g€ Bam so Vi € Z+7 v(pm)mEN - R7 a(pmi,k)k - (pm)nu 3(.&2)@ C L™
such that Vx € R,

lim g(i) (T + pm,,) =: gi(x) and klim Gi(x = pmy,,) = g(i) ().
—+00

k—+o00

There exist subsequences (pm,, ,, )k, € Z4, of the sequence (py,)m such that

Vi<n, lim ¢9(z+pn ) =3ax), VreR (3.2)
k—+o00 ’
Indeed, the proof is done by induction, if g € Cg it is clear that (3.2) holds for n = 0. Now, let
n € N such that (3.2) holds. As g™*1) € C,,, there exists a subsequence (Pmnsry )k OF (P, )k
and gp41 € L* such that Vz € R,

(n—l—l)(

gn+1(z) == lim g Zz +pm(n+l),k)'

k—+o00

Furthermore, as Vi < n, Yz € R, the subsequence (g (x + Prmgnsny )k 18 extracted from

(g(i) (z + pm,, 1,))k then
lim g(l) (z + pm(n+1),k) = gi(z), VzeR

k——+o00
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By construction, Vk,i,€ Zy, mir < m(y1), and since k — m; 1y is strictly increasing
from N to N, then in particular we have m;; < m(1); < M(it1),i41), Vi € Z. This gives that
the map k —— my, is strictly increasing from N to N. The sequence (pp,, , )&, Which we denote by
(Pmy, )k, s extracted from the subsequences (p, , )k, @ € Z4, which is in fact extracted from the
sequence (pm,)m. Consequently,

lim ¢ (x + pm,) = Gi(x) exists Ve eR, VieZ,.

k—+o00

With the same steps we have that

lim Gi(x — pm,) = ¢ (x), VzeR, Viel,.

k——4o00

Let (07 )nen C J converging to zero and consider the sequence of functions (¢, )n ken defined
on R by the equality

. — . 1
(bn,k() = g( t Py F Un) g( +pmk) = A g,(' + Pmy T GO'n)dH

On

Since g € By, C B, then ¢’ is bounded and uniformly continuous on R, so

1 1
lim  lim d(+ pm, +00,)dd = lim lim g (- + pm, + 00,)db.

k—+oon—+0o0 [q n—+00 k—+oo J

Consequently, Va € R, klim lim ¢, k(z)= lim lim ¢, x(x) which gives that Vz € R,

— 400 n—400 n—+00 k—+o00

gi(z) = lim lim ¢pi(z)= lm lLm ¢, () := go(x).

k—+o00 n—+00 n——+0o0 k—4o00

By iterating to all derivatives, we obtain that gg € £ and g((f) =g; € L®°,VieZ,,ie. gy € B such
that relations (3.1) hold.
(2) = (1) is obvious. O

4. Asymptotically almost automorphic distributions

The space of LP—distributions, denoted by Dj,, is the topological dual of Drs, where
1/p+1/qg =1. The topological dual of B is denoted by D/Ll' The space of bounded distribu-
tions D). is denoted by B’. The translate 7,7, w € R, of a distribution T € D’ is defined by
(1T, @) = (T, 7—up) , Y € D.

Definition 5. By Bjﬁo we denote the space of distributions Q € B’ vanishing at infinity, i.e.
satisfying
lim (7,Q,¢) =0, VYepeD.

w—+—+00

We have the following characterizations of B, , , see [7].

Theorem 1. Let Q € B', the following assertions are equivalent:
(1) Qe Bﬁr,o-
(2) Qx¢ € Cyo, Vo eD.
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k .
(3) 3k € Zy and hj € Cy o, 0 < j <k, such that Q = Zo ny.
]:

We study some properties of the space B:L’O

Proposition 10. The following is true:

1) If Q € B, o, then QW) € B/, Vi € Zy.

w8 o C By, Yw €R.

By g xBcCB,

Bl o* D C B

Let Q € B, then Q € B;,O if and only if there exists a sequence (Ym),cn C Byo converging
to Q in B'.

Proof. (1) and (2) are obvious.

(3) Let p € B and Q € B, (, then by Theorem 1-(3), there exist (h;);<; C Ci 0, such that

k )
Q=3 n" So
1=0

w@:fjw ZZ () ) ) i),

=0 =0 j=0
By Proposition 1—-(3), ©Wh; e C+,0, hence pQ € B

(4) Let Q € B, then there exists (h;),o;, C Ci o such that Q = Z h( , and let S € D},
=0

by [13, Theorem X XV Section 8, Chapter VI], there exist (T,Z)j)j<m C L' such that S = Z Q,Z)j .
< =
Thus

kK m
Z Z (hi * ;) (Z+J
i—0 j=0
By Proposition 1-(4), h; * ¢; € C1 o, hence Q * S € B, ,
(5) Let ¢pm)men C B4 g such that lim ¢, = @Q in B'. For a fixed ¢ € D, the set

m—+0o0
U:={r_,0: 2 €R}
is bounded in D;1, so

sup [(m * @) (2) = (@ * ¢) (z)] = sup|(pm — Q, 7=P)|,

z€R rz€eR

= sup [(¢m — Q%) — 0,
el

m—-+00

ie. (dm * ©)men C  Cipo is uniformly convergent to (Q=*¢). By Proposition 1-(1),
Q* ¢ € Cyp, Yo €D, and by Theorem 1, we obtain () € B’+70
Conversely, let Q) € Bjﬁo and take a sequence of positive test functions (6,,),,cy such that

1
supp 0, C [O, E} and /Hm (x)dx = 1.
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Define ¢y, := 0,, * Q € By o , we have

and there exist | € Z4, C' > 0 such that
‘<Q,ém*¢—@>|§0‘ém*ap—¢| , Yo eDri.
1,1

By Minkowski’s inequality and the mean value theorem we obtain for ¢ € |0, 1],

1/m

| (B %)@ — O, < / 9m(y)</ !y\\w(””(wty)!dm)dy
0 R

< . 1 . .
< [ Wont) ([ 1650 )y < o a1l
R

0
SO
|6 x 0 —l,; < % [@liy11: Ve €Dpa.
Let U be a bounded set of D;1 and ¢ € U, then dM > 0 such that

- M
sup {Hm *p— @‘171 < E m~>—+>oo 07
pelU

which gives 6,, — Q in B'. O

We recall the definition, characterizations and some properties of almost automorphic distribu-
tions, see [6].

Definition 6. A distribution T € B’ is said almost automorphic if it satisfies one of the

following equivalent conditions:

(1) T+ ¢ € Caq, Yo €D.
k .
(2) Ik €Zy and gj € Caq, 0 < j <k, such that T = ) giZ).
=0

(3) For every sequence (Sm),en C R, there is a subsequence (S, ), such that

S:= lim 7, T existsin D,

k—+00 S
and
lim 75, S=T in D.
k—+o0 k

(4) There exists a sequence (Vm),eny C Baa converging to T in B'.

We denote by B.,, the space of almost automorphic distributions defined on R.

Proposition 11. The following is true:

(1) If T € B, then T® € B, Vi€ Z,.

aa’
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(2) 7B, C B,

aa’

Yw € R.

(3) B, x Buy C BL,.

) B,
(4) B/a * D/Ll - B;a'

a

(5) Buu NB o ={0}.
We now give the definition of asymptotically almost automorphic distributions.

Definition 7. A distribution T € B’ is said asymptotically almost automorphic if there exist
P € By, and Q € B!y 3 such that T = P+ Q on J. We denote by By, the space of asymptotically
almost automorphic distributions.

Remark 6. The equality T'= P + Q on J means that Vo € Dy, (T, ) = (P, ) +(Q, ¢) , where
Dy :={peD:suppp CJ}.

Proposition 12. The decomposition of an asymptotically almost automorphic distribution is
unique on J.

Proof. Let P,P, e B, and Q1,Qs € Bjﬁo such that T = P; + Q1 = P> + Q2 on J, then we
obtain that P — P, € B;,O’ by Proposition 11-(5), P, — P» = 0. Hence Q1 = Q2 on J. O

Notation 1. IfT € B,,, and T = P+Q on J, we call P the principal term and R the corrective

aaa
term of T and we denote them respectively by Ty, and T, This is summarized by the notation

T = (Taa + Tcor) € B,

aaa*

Example 3.
1. Caga C By

2. B, CB

aaa*
/ /
3. B+,0CB

aaa*

4. Blap & Blaa, where B, is the space of asymptotically almost periodic distributions of [7].

aaa’ aap

The following results characterize asymptotically almost automorphic distributions.

Theorem 2. Let T € B, the following assertions are equivalent:

(1) T eB,

aaa*

(2) 3(Om)men C Baaa such that lim 6, =T in B'.

n—-+o00

(3) T * ¢ € Caqa, Vo € D.

k .
(4) 3k € Zy and f; € Coga, 0 < j < k, such that T = Zo .
]:
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Proof (1)=(2) Let T € B,

aaa’

by definition T' = T, + T, on J. By the characterization

of B, there exists (¢m),,en C Baa such that lirerl ©m = Ty, in B'. It is easy to prove that
m——+00
T — Tua € B, , so by Proposition 10-(5) there exists (¢m),,eny C B0 such that mligtloo Yy =

T —Toq in B'. Set O, := @ + U, m € N, then (0,,),,cy € Baaa and we have T'— 0, = (T —Tq) —
U + (Tag — ¢m). Hence we obtain  lim 6, =T in B'.

n—-+4o0o

(2) = (3) As in the proof of Proposition 10-(5), if (¢m),,ery C Baaa is such that lim ¢, =T

m——+00

in B, then for V¢ € D we have

sup [(¢m * @) (z) — (T x ) ()| = sup [(pm — T, 7—2p)| —> 0.
z€R z€R m—+00

That is (¢m * ©)en C Caaa converges uniformly on R to (T ¢), it follows that T * ¢ € Caga,
Yo € D.

(3) = (4) For n € Z,, consider the function

wnfl

E, (37) = (n— 1)"
0, x < 0.

xz > 0.

Then E, € C" 2, suppE, C J and Ey(Ln) = ). Take a function v € D such that v = 1 in the
neighborhood of 0, a direct calculus gives (yEn)(n) =0 + (,, where

n—1
n _
Cn = Z <k>7(" B EF e D,

k=0

As T € B/, we have
T = (vE, * T)(") — T %y,

where T * (;, € Cgaq- It remains to show that vE, T € Cyqq for a suitable n. There exist m € Z
and C > 0 such that

|<T’71Z)>| §C|w|m,1? vaDLl-
Take n = m + 2, then vE, 2 € D}y, where

DY}y = {<p eC™: Vj<m, oU) e Ll} endowed with the norm | - |, 1.

We have D — Dy1 — D7, and there exists a sequence (), cy C D such that (), converges to
vEn+2 with respect to the norm |- |, 1, so

(T % 0r) (x) — (T * yEmy2) (2)] ‘<T7 Toobp — T ('VYEVm+2)>| )
C ‘Tf:vék — Tz ('?Em+2)|

C |9k - 7Em+2|

IN

m,1’

IN

m,1

consequently,

sup [(T * O) (x) — (T % vEp2) (x)] < Cl0k — vEmy2l,,; — 0.
z€R " k=400

i.e. the sequence of functions (T * 0y),cn C Caaq converges uniformly on R to T * vE}, 2, hence
T * ’YEm-l—Q € Caaa-
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k .
(4)=1Q)Let T = > f](]), where f; € Coaar j =0,...,k, so
7=0

Z ]aa+zfjcor on J.

Then by Theorem 1 and Definition 6, P = Z fj(Jaa € B, and Q = Z f] € By 5. Therefore

cor

T=P+Qonl, ie T € B, O

Remark 7. Connected with this theorem, let us quote the preprint [10]. The authors thank the
referee for pointing out the recent work [11].

We have the following properties of B/,

Proposition 13. The following is true:

(1) IfT € By, then Vi € Zy, T® = (TS + TS)) € Bl
(2) TwBiag C Bhaq: Yw € Ry

(3) Baaa X Baa C Biga-

(4) Biaa * Diy C Biga-

P r oo f The proof of the assertions (1)—(3) follows from the definition, the uniqueness of the
decomposition and the same properties satisfied by the space B/,

(4) Let T € B!

aaa’

koo
by the previous Theorem, there exist (f;);<; C Caaa such that T'= 3 fl-(z).
- i=0
Let S € D}, by [13, Theorem XXV, Section 8, Chapter VI], there exists (T/’j)jgm C L' such that

S = z 1/1;-]). Thus
7=0

kK m
(T+8) =D (fixu))H
1=0 7=0
By Proposition 7-(4), fi *x ¥; € Cyaq- By [13, Theorem XXVI, Section 8, Chapter VI] we have
B« D}, C B, hence S+ T € By,,. O

5. Linear neutral difference differential equations

A linear neutral difference differential equation is an equation

P q i

d
Lou:= ZZaij@iju—i— Kxu=f,

i=0 j=0

where (a55);<), j<q C Baa, K € L' and w = (w;);, C RY.
By the properties of the space B, it is clear that LB,

aaaq C BI
this section we need the following result.

taa- Lo prove the main result of
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Lemma 1. Let T € B',g,5 € B and ($;)men a sequence of real numbers such that

T:= lim 7, T in D, (5.1)
m—+0o0
and ‘ ‘
g9 (z) = lim 76,99 (z), VzeR, VjeZy, (5.2)
then

lim 7, (gT)=gT in D.

n—-+o0o

Proof. Let (sy),en,T € B and g,§ € B such that (5.1) and (5.2) hold. As T € B/, 3C > 0,
dJl € Z4, such that

|<T’71Z)>| < C |71Z)|l,1, \V/TIZ) € DLl'
So Vp € D,

|<Tsm(gT) - §T7 <P>‘ =

|
= | (Tsn T, 075 g) — (T.30)|,
< |<TSmT - T’ LE]SDM + |<7—smTa (Tsmg — g)@ﬂ,
< [T = T,0) | + C|(To9 = D)1
l
< (mnT = T.30)| + C Y | (a9 = 0 [ 1

1=0

The lemma is proved due to (5.1) and the following estimate

m—r 00

[CWENDRIFESS (]) / |99 (@ + 5m) = §9@)| | (@)|dw — 0,
Jj=0 R
which is due to the dominated convergence theorem. O

The main result of this section is the following.

Theorem 3. Let S € B),,, the equation L,T = S has a solution T € Bl,, on J if and only if
there exist V € By, and W € B!, ,, such that

L,V=5, on R (5.3)

and

LW =S8.,, on . (5.4)
P roof. Suppose that equations (5.3) and (5.4) are satisfied, then
L,(V+W)=L,V+L,W=_S44+Scor =5 on .

SoT =V +W eB,, is a solution on J of L,T = S.

Conversely, let T € B;,, be a solution on J of the equation L,T = S and let (s,,),,cy be a
sequence of real numbers which converges to +00. As Sy, Tha € B, and Scor, Teor € B;,o, and by
Proposition 9, there is a subsequence (s, ), of (s,,) converging to +oo and functions a;; € B such

that Vo € R, Vi < p, Vj < g, we have

kEI-lI—loo Tom, Qij (¥) = a5 (z) exists and kgr—ir—loo Tsm, Gij (2) = a5 (), (5.5)
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and the following limits exist in D’,

lim 7, Ty, =)V and lim T_SmkV:Taa,

k—+o00 Smp k—+o00
lim 75, S, =P and lim 75, P =S4,
k—+o0 k k—+o00 i
lim 7, Teor =0 and lim 75, Scor =0.
k—+o0 k k—+o00 4§

Let ¢ € D, we have

<7—smk (LOJT)7 Qp> = (_1)Z<Ta T—w;j (al’jT*Smk QD) (Z)> + <K * Tsimy, T, 90>a

(—1)i<7'sm]€ T, 7, (gm'sm,c al-j)(i)> + <K * o, T go>,

where

p q dl’
Lng = E E Tsmkaij%ij + K *.
=0 j=0

On [—$m,, +oo[ we have 7,,, S =17, LT, ie.
Tsmk Saa + Tsmk Scor = Tsmk (LwTaa) + Tsmk (Lchor) = (Lw,kTsmk Taa) + (Lw,kTsmk Tcor)a
By (5.5), (5.6), (5.7) and Lemma 1, the limits

lim (Tsw Saa + T, Seor) = lim (LL,JJ@TSWc Taa) + lim (LL,JJ@TSWc Teor),

k—+oo k—+o0 k—r+o00

give

where

Consequently by (5.6) we obtain

lim 75, P= lim (Ew,kasmkV) on R,

k—+o0 k k—+o0

where

which gives
Sea = LyTye on R

Finally, the equation Suq + Scor = LiTaq + LwTeor on J implies

Scor:Lchor on v]]7
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hence the conclusion is true. O

Remark 8. The proof of the theorem appeals to Lemma 1 and particulary to Proposition 9

characterisating the introduced space of smooth asymptotically almost automorphic functions.

Remark 9. The result of the theorem remains valid if we consider systems. Other problems

can be tackled within the space of asymptotically almost automorphic distributions.

(1) T e B,

The following result concerns primitives.

Corollary 3. Let S € B, the following propositions are equivalent:

aaa’

haa 'S a primitive of S on J .

(2) There exist V € B, a primitive on R of Saq and W € B:L’O a primitive of Seor on J such

10.

11.

12.

13.
14.

15.

16.

17.

18.

that
T=V+W on .
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