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Abstract: In this article, we establish the existence of positive periodic solutions for second-order dynamic
equations on time scales. The main method used here is the Schauder fixed point theorem. The exponential
stability of positive periodic solutions is also studied. The results obtained here extend some results in the
literature. An example is also given to illustrate this work.
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1. Introduction

Time scales theory was initiated by Stefan Hilger in 1988 as a means of unifying theories from
discrete analysis and continuous analysis. Difference equations are defined on discrete sets while
differential equations are defined on an interval of the set of real numbers. However, dynamic
equations on time scales are very important in the physical applications because they are either
difference equations, differential equations or a combination of both. This means that dynamic
equations are defined on discrete, connected or combination of both types of sets. Hence, the theory
of time scales provides an extension of difference analysis and differential analysis, see [6, 7, 15, 17]
and the references therein.

Delay dynamic equations arise in many applications of different fields of science and engineering.
For example, these equations appear in applied sciences, physics, chemistry, biology, medicine, etc.
In particular, qualitative analysis such as positivity, periodicity and stability of solutions of dynamic
equations on time scales has received the attention of many authors, see [1-17] and the references
therein.

Let T be a periodic time scale such that ¢ty € T. In this paper, we are interested in the positivity,
periodicity and exponential stability of solutions of second-order dynamic equations. Inspired and
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motivated by the references in this paper, we consider the following second-order dynamic equation
222 () +a @) ) +q @) 2 (£) —r ()2 (1) =0, > to, (1.1)

with 22(ty) + az®(tg) = 0 and x(tg) = 1. Throughout this paper we assume that a > 0,
q,7 € Crq([to,00) NT,R), v, B € (0,00). To prove the positivity and periodicity of solutions of (1.1),
we convert (1.1) into an equivalent integral equation and then employ the Schauder fixed point the-
orem. The sufficient conditions for the exponential stability of positive solutions are also considered.
In the special case T = R, Dorociakova, Michalkova, Olach and Saga in [13] show the existence and
the exponential stability of positive solutions of (1.1). Then, the results presented in this paper
extend the main results in [13].

The rest of this work is organized as follows. In Section 2, we present some basic concepts
concerning the calculus on time scales that will be used to show our main results. We give some
properties of the exponential function on a time scale as well as the Schauder fixed point theorem.
We refer the reader to the monograph [18] for more details on the Schauder theorem. In Section 3,
we prove our main results for the existence of positive periodic solutions by using the Schauder
theorem, and we give an example to illustrate our existence results. In Section 4, we study the
exponential stability of a positive periodic solution of (1.1). In Section 5, we establish new sufficient
conditions for the existence and the exponential stability for a pipe-tank flow configuration.

2. Preliminaries

The theory of dynamic equations is a fairly new branch in mathematics (see [1-10, 14-17]).
Dynamic equations extend and unify the difference and differential equations. We assume that
most readers are familiar with the basic concepts of the dynamic equations on time scales and for
more details we refer to the books [6, 7, 17].

Definition 1 [6]. A time scale T is an arbitrary nonempty closed subset of R.

The definition of periodic time scales was introduced by Kaufmann and Raffoul [16]. The
following two definitions are found in [16].

Definition 2. A time scale T is said to be periodic provided there exists a T > 0 such that if
teT thent+T €T. ForT # R, the period of the time scale is the smallest positive T'.

Ezample 1 [16]. The following time scales are periodic.
1. T =2 . [2(¢ — 1)h,2ih], h > 0 has period T' = 2h.
2. T = hZ has period T = h.

3. T=R.

4. T={t=k—q™:k €Z, m € Ng} where 0 < ¢ < 1 and Ny is the natural numbers with zero,
has period T = 1.

Remark 1 [16]. All periodic time scales are unbounded above and below.

Definition 3. Let T # R be a periodic time scale with period T. The function f : T — R
1s said to be periodic with period w provided there exists a natural number n such that w = nT,
flt£w) = f(t) for all t € T and w is the smallest number such that f(t £w) = f(t). If T =R,

f is said to be periodic with period w > 0 provided w is the smallest positive number such that
fttw) = f(t) for allt € T.
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Definition 4 [6]. Let T be a time scale. The forward jump operator o : T — T is defined by
o()=inf{seT:s>t} forall teT,
while the graininess function p: T — [0,00) is defined by
u(t) =o()—t forall teT.

Remark 2 [16]. Let T be a periodic time scale with period T'. Then, the forward jump operator
o satisfies o(t £nT) = o(t) £ nT. Hence, pu(t £nT) = o(t £nT) — (t £ nT) = o(t) —t = pu(t). So,
u is a periodic function with period T

Definition 5 [6]. We say that the function f: T — R is requlated if its right-sided limits exist
at all right-dense points in T and its left-sided limits exist at all left-dense points in T.

Definition 6 [6]. We say that the function f : T — R is rd-continuous if it is continuous at
every right-dense point t € T and its left-sided limits exist, and is finite at every left-dense point
t € T. We denote the set of rd-continuous functions f: T — R by

Crd = Crd(T) = Crd(T’R)'
We denote the set of differentiable functions f : T — R and whose derivative is rd-continuous by
Crq = Cry(T) = C1y(T,R).

Definition 7 [6]. The delta derivative f>(t) of a function f : T — R at a point
t € TF = T\ {sup T} exists provided that for any given ¢ > 0, there exists a neighborhood U of t
such that

(F(0(t) = () = FAW) (o) — )] < 2lo(t) — 5| for all s €U.
We say that the function f» :TF — R is the delta derivative of f on T*.

Definition 8 [6]. A functionp: T — R is said to be regressive if 1+ u(t)p(t) # 0 for allt € T.
We denote the set of all rd-continuous and regressive functions p: T — R by R = R(T,R). We
define the set R* of all rd-continuous and positively regressive functions by

RT=RYT,R)={peR:1+pult)pt) >0, vVt € T}

Theorem 1 [6]. Suppose f : T — R is a regulated function. Then there exists a function F
which is pre-differentiable with region of differentiation D such that

FA(t)=f(t) foral teD.

Definition 9 [6]. Suppose f : T — R is a regulated function. We say that the function F as in
Theorem 1 is a pre-antiderivative of f. The indefinite integral of a requlated function f is defined

by
/f(t)At:F(t)—er,

where I is a pre-antiderivative of f and C is an arbitrary constant. The Cauchy integral is defined
by

t
/ f)At=F(t)—F(s) forall t,seT.
We say that a function F: T — R is an antiderivative of f : T — R if

FA()=f(t) forall teT"
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Theorem 2 [6]. Every rd-continuous function has an antiderivative.

Definition 10 [6]. For p € R, we define the generalized exponential function e, as the unique
solution of the initial value problem

22t) =p)xt), x(s)=1, where seT.

We give an explicit formula for ey(t,s) by

ep(t,s) = exp </st 0 (p(v))Av> Vs, t €T,

where

log(1 + pup) .
£u(p) = R

p if p=0,
with log is the principal logarithm function.

Lemma 1 [6]. For p,q € R, we define the functions p ® q and Sp by

poq)(t)=pt)+qt)+ut)p(t)q(t) VteT",

and
p(t)

T e

vt € TF,
which are elements of R.
Lemma 2 [6]. Let p,q € R. Then
(i) eo(t,s) =1 and ey(t,t) =1,

(i) ep(o(t),s) = (14 pu(t)p(t))ep(t, s),

1
(i) 7 = corlt:s).
(iv) ep(t,s) = m = ecp(s,t),

(v) ep(tss)ep(s,r) = ep(t,r),

o (o s>>A - _e;?((f)s)'

Lemma 3 [1]. Ifp e R", then

t
0 < ep(t,s) <exp (/ p(v)Av) vt e T.

The following Schauder fixed point theorem plays important role to prove the existence results
in the next section.

Theorem 3 [18, Schauder’s fixed point theorem|. Suppose that ) is a bounded closed convex

nonempty subset of a Banach space X. Let S : Q0 — Q be a completely continuous mapping. Then S
has a fixed point in §2.
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3. Positive periodic solutions

Next theorem guarantee the existence of positive w-periodic solutions of (1.1).

Theorem 4. Assume that there exist positive constants m and M, and a rd-continuous func-
tion k € Crq([to,00) NT,R) such that

and

a—keR",
0<m< €o(a—k) (t,to) <M, t>tg, (3.1)
t+w
/ Euis) [© (@ —k(s))]As =0, t>to, (3.2)
t

S

0o no® ) = [ [ (o [ 60 ta— ke av)

to to

s (3.3)
—q(s) exp (5 /to Euw)[©(a — k(v))]Av)} As, t>t.

Then (1.1) has a positive w-periodic solution.

Proof. Let X = BC.4([to,o0) N T,R) be the Banach space of all bounded rd-continuous
functions endowed with the supremum norm ||z|| = sup;s, [(t)|. Consider the bounded closed
convex nonempty subset 2 of X as follows

Q:{xGX:x(t+w):x(t), t>to, m<a(t) <M, t>t,

m%(t) /tt {r (s)z*(s) —q(s) 2P (s)] As=k(t), t > to},

and define the operator S : Q — X as follows

(Sa)(t) = exp (/t: buw | © (a- x%(s) /t: [ (v)2® (v) — q (v) @ﬂm)]m),

for t > to. We will prove that SQ C Q. By using (3.1), for every x € Q and t > ty we obtain

(Sz)(t) = exp ( /t : £uis) [@ <a - xol(s) / ) [r (v) 2° (v) — g (v) 2° (v) ] Av)} As>

to

= eo(a—k) (t, o) < M.

Also for x € Q and t > ty we have

t 1

(Sx)(t) = exp ( ; u(s) [@ <a — x(’—(s) /t: [7“ (v) 2% (v) — q (v) 2° (v)]Av)}As)

= €o(a—k) (t’ tO) > m.
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From (3.3), for every x € 2 and t > t; we obtain

105270 = ke ([ 6un[e (0 s [ @2 @) - a2 0] a0) s

to to

o(t)
— ke ([ €uo (0@ b)) As) = Kt)eoia s (0 (1) 1)

to

- /tt [7“ (s)exp <a t: Euw) [© (a — k(v))] Av) —q(s)exp <ﬁ /t: Eu) [© (a — E(v))] Avﬂ As

= / t [7(5) (52)° () = g (5) (S2)” (5)] As.

Finally we will prove that for z € Q, t > ¢y the function Sz is w-periodic. By using (3.2), for z € Q
and t > ty we get

(S2)(t +w) = exp ( /t :W bun] © (a- xal(s) / () 2® () — q (v) 2 (v)]a0)] As)

to

—o0 ([ 6ol (0= o [ P01 0) -2 )]a0)]as)

X exp </tt+w u(s) {@ (a — x%(s) /ts [ (v) 2 (v) — ¢ (v) 28 (@]Av)]As)
t+w ’
= so)0exn ([ Gl @ k) ]As) = (S0

So Sz is w-periodic on [tg,00) NT. Hence, SO C Q.
Now, we need to prove that the mapping S is completely continuous. So we will show that the
mapping S is continuous. Let z; € € be such that x; — x € Q as i — oo. For t > tg, we have

oo ([ G[o (0 ot [ @ 0) -0 0)]a0)]55)

(2

t@t(s) {@ (a— x%(s)/t: [r (v) 2 (v) — ¢ (v) zP (v)]Av)]As) i

to

|(Szi)(t) — (Sz)(t)] =

o

By applying the Lebesgue dominated convergence theorem we obtain that
lim || Sz; — Sz|| = 0.
1—> 00

Therefore S is continuous.

Next, we are going to prove that S is relatively compact by applying the Arzela—Ascoli the-
orem. The uniform boundedness of S follows from the definition of Q2. For ¢t > ¢ty and z € Q we
have

(s )] = | = (a- : /t [ (v) 2 (v) = g (v) 2 (v) ] Aw)

xo(t) to
o(t)
X exp ( / § (s)[
to

(_ 1 /S[T(v)xo‘(v)_Q(v)xﬁ(v)]Av)]As>

x"s

O)

—q(v) zP (v) ] Av) ‘

to

cexp ( tgw[ ( x(}()/s[ (o) a(v)—q(v)x%)}m)}m)
— 16 (@ — k(0] copop () < My, My >0,
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which implies that the family S is equicontinuous. By using the Arzela—Ascoli theorem S is
relatively compact. Therefore, S is completely continuous. By Theorem 3 there is an xy € §2 such
that Szg = z9. We see that x( is a positive w-periodic solution of (1.1). The proof is complete. [

To illustrate the applications of Theorem 4 we give the following example.

Ezample 2. Consider the dynamic equation on T = 7Z then u(t) =,
228 (1) +a @) (1) +q (D)’ () —r ()2 () =0, >t (3.4)

We take ty € T which

costy __ 1 cost __ 1
a=S"">0, k()=a- """ w=dm, a,f¢€(0,00).
s s

Then for the conditions (3.1), (3.2) and w = 47 we obtain

L+ut)(a—k(t) =e"">0, t>ty, then a—kecRT,

t+w t+4m 1
/t Eu [0 (a — k(s))] As = / 10w [14 1(5) (& (a— k() s

B t+4m 1 _ (a _ k‘(S)) o t+4m 1 B
—/t ;log [14',“(5)( _k(s))u(s)—i—l}AS— /t 7Tlog [1+ p(t) (a— k(s)) |As

t+4m 1 1
= —/ —cos (s) As = — cos(s)
¢ s 2

t+4m
= 0’ t> tO’

t

and

eota_iy(t,to) = exp / Euio [ © (a— k()] A

1(s)

We take m = e tand M = e, then

t
= exp/t 1 log [1+ u(s) (© (a — k(s))) ] As = eleostmeosto)2 ¢ > ¢,
0

0<m < eaparyltito) <M, t>t

Also, we put
o) = e% cost _Treé COStg*%(COSt*COStO) <a + %)efé costo’
and ) )
(6 = o3 COS tﬂ; o3 cost e_g(cos t—cos to)e—% cos to7
then

e

cost __ o(t)
kt)ectaon (7 (0. 10) = (0= S Jexp [ € [0 (0= K(s)) As

™

_ <a + l)efé(cos(t)qtcosto) . le%(cos(t)fcosm% t > to,
e ™
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and

/tt r(s)exp <a ts ) [© (a = k(v))] Av) —q(s)exp <ﬁ ts Euw) [© (a = Ek(v))] Av) As

0

tr,2Lcoss —Lcoss —Lcoss Lecoss
e2 —e 2 1\ _1 e 2 —e2 _1
— (a—i——)e 5 costo __ - e 5 costo As
t T 7T m
Iy 1 (cos t+costp) 11 (cost—cos tg)
:(a—l——e2 — —e2 , t>tg.
™ ™

All conditions of Theorem 4 are satisfied. Thus (3.4) has a positive w = 47-periodic solution
CE(t) = €5(a—k) (t,to) — e%(costfcosto)’ t > to,

with z(t9) = 1 and

22 (to) + az” (tg) = e~ 2 50

67% costy __ 6% cos tg
< ™

) + ae” st =,

4. Exponential stability of positive periodic solutions

In this section, we will prove the exponential stability of a positive w-periodic solution of (1.1).
Let x; be the positive w-periodic solution of (1.1) with the initial condition z (t9) = 1 and
22 (to) + ax§ (tg) = 0. Let = be the another positive w-periodic solution of (1.1) with the initial

condition x (tg) = ¢; >0, ¢; # 1 and 22 (tg) + ax® (tg) = 0. Let
y(t) =z (t) —x1 (t), t > to.

After integration of (1.1), we obtain

/ 258 (s) As+a/ (%) (s) As+/ [q(s)a” (s) — 7 (s)a™ (s) ] As =0,

to to to

SO
t

22 (t) — 22 (to) + az® (t) — az® (to) = / [ (s)2* (s) — q(s) P (s)]As.

to
Then

a2 (t) + ax® (t) = / [ (s) 2 (s) — q(s) P (s)]As.

to

In a similar way one can easily show that

D () + axd (t) = /t [ (s)z$ (s) — q(s) xf (s)]As.

Therefore

This implies
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By using the mean value theorem, we get

y2 (0 = ~ar )+ [ [r(aat )ols) = 21(s)) — a(o)a] 7 (5)w(o) — ()] As
o (4.1)

— a0+ [ [r(s) 0t (9~ a(s) 52 (9)] 9)ds, 1210

to

for x., o € [z, 1] or T4, o € 21, 7).
For m <z (t) < M, we suppose that the function

f(t,x(t) =—ax? (t) + /t [7" (s) 2% (s) — q(s)a” (s)} As, t>to,

to

is Lipschitzian in second argument.

Definition 11. Assume that x1 is the positive w-periodic solution of (1.1). If there exist
positive constants K, and X\ for every positive w-periodic solution x of (1.1) such that

0<me<z(t) <M, my<m, M >DM, z°(t)+ax’ (to) — x> (to) — az{ (tg) = 0

and
|z (t) — x1 (1)] < Ky eon (t,0) Vit > to,

then x1 is said to be exponentially stable.

In the next theorem, we prove the exponential stability of the positive periodic solution x
of (1.1).

Theorem 5. Assume that g, € Crq([to,00) N'T, (tg,00)) and there exist positive constants m
and M, and a function k € Crq([to,00)NT,R) such that (3.1)—(3.3) hold. Leta > 0,0 < a < <1
and there exist constants m., M, € (0,00) such that m, < m, M, > M and

am?~tr () = BMI g (t) <0 for t>to.
Then (1.1) has a positive w-periodic solution which is exponentially stable.

Proof Conditions (3.1)-(3.3) imply that (1.1) has a positive w-periodic solution x;. Let z
be a positive w-periodic solution of (1.1) such that m, < z(t) < M,,

2 (to) + az? (to) — = (to) — ax (to) = 0.
We prove that there exists A € (0,00) such that
[z (t) — 21 (8)] < Keyeon (£,0), T = to,

where K, = ey (to,0) |y(to)| + 1.
We define the Lyapunov function

L(t) = |y(t)|ex (t,0), t>ty, A€ (0,a).

For t > ty, we assume that L(t) < K,,. On the other hand there exists t, > ty such that
L(t.) = K5, and L(t) < K, for t € [to, ). By calculation of the upper left delta derivative of L(t)
along the solution of (4.1), we get

< —aly(Olen (1,0) + e (40) [ [r(s)az™ (5) = () B (5)] (o) As

to
+A |y0(t)| SHY (ta 0) , t=>1tp.

(L(1)*
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For ¢t = t, we have

tx

0 (L) £ O )y ()] er (t,0) +er (0) [ [r(s) ™ () ~a (5) B~ (5)] ()] As

to

<= @ () e (e 0) e (£,0) [ Jamd ™I (s) = BME 1 (5)] ()] As

<A =a) [y (t)lex (t,0) -

If y(t) > 0, t > to, then from (4.1) it follows that, for ¢ > to, the function y is decreasing.
If y(t) < 0, t > to, then y is increasing for ¢t > ty. We conclude that |y(¢)|, ¢ > to has decreasing
character. Then we obtain

0 < (L(t)® < (A —a)ly(t.)|ex (., 0) < (A —a) Ky <0,
which is a contradiction. Hence, we get
ly(t)| ex (t,0) < K, for t>ty andsome € (0,a).

The proof is complete. O

5. Application in a pipe-tank configuration

In [11], Cid et al. reformulated the problem of fluid motion in the pipe into the following
periodic boundary value problem

- _ 1 e _ u/ 2 —c w
WO a0 = g e — D e e D, 65.1)

u(0) = u(w), w(0) =u'(w),

where a > 0, b > 1, ¢ > 0 and e is w-periodic continuous on R. By using the change of variables
u = 2+ the singular problem (5.1) can be transformed to the following regular problem

{ 2" (t) +ax’ () +q )2 (t) —r(t)z*(t) =0, te0,u],
2(0) = x(w), 2'(0) =a'(w),
where

r(t)=(b+1e(t), qt)=0B+1e, a=——, =

with0 <a< g <1.
We will give new sufficient conditions ensuring the existence and the exponential stability of
positive w-periodic solutions of the following dynamic equation

B2 (W) +a @) )+ b+ 1) [l () —e(t)z*(t)] =0, >t (5.2)
With respect to Theorems 4 and 5, we obtain the following theorem.

Theorem 6. Assume thata >0, 0 < a < <1 and there exist positive constants m and M,
and a function k € Crq([to,00) N T,R) such that (3.1) and (3.2) hold and

E(t)enaiy (@ (£) o) = (b+ 1) / Sewp (a [ o= )] av)

s (53)
—cexp <5 t Euw) [© (a = k(v))] Av> As, t>ty.

Then (5.2) has a positive w-periodic solution.
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Theorem 7. Assume that e € Cpq([tg,00) NT, (tg,0)), a > 0,0 < a < <1, ¢> 0 and there
exist positive constants m and M, and a function k € Cpq([to, 00) NT,R) such that (3.1), (3.2) and
(5.3) hold. Let, in addition, there exist constants my, M, € (0,00) such that m, < m, M, > M and

am® e (t) — BMPle <0 for t >t

Then (5.2) has a positive w-periodic solution which is exponentially stable.

6. Conclusion

In this paper, we provided the existence and exponential stability of positive periodic solutions
with sufficient conditions for second-order dynamic equations on time scales. The main tools
of this paper are the fixed point method and the Lyapunov method. However, by introducing
new fixed mappings and suitable Lyapunov functionals, we get new existence and exponential
stability conditions. An example illustrating our results is presented. The obtained results have
a contribution to the related literature, and they improve and extend the results in [13] from the
case of second-order differential equations to that case with second-order dynamic equations on
time scales. It seems that the results of this paper can be extended to cover the case of delay
second-order dynamic equations.
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