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Abstract: Let G be a graph with the vertex set V(G). A subset S of V(G) is an open packing set of G
if every pair of vertices in S has no common neighbor in G. The maximum cardinality of an open packing set
of G is the open packing number of G and it is denoted by p°(G). In this paper, the exact values of the open
packing numbers for some classes of perfect graphs, such as split graphs, { P4, C4}-free graphs, the complement
of a bipartite graph, the trestled graph of a perfect graph are obtained.
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1. Introduction

By a graph G = (V, E), we mean a finite, undirected graph with neither loops nor multiple
edges. For graph theoretic terminology, we refer to the book by Chartrand and Lesniak [4]. For
a vertex v in V(G), the open neighborhood of v and the closed neighborhood of v are defined
by N(v) = {u € V(G) : wv € E(G)} and N[v] = N(v) U {v}, respectively. Similarly for a
subset S of V(G), the open and closed neighborhoods of S are defined by N(S) = U,esN(v) and
N[S] = UyesN[v]. For any two sets A and B, define A\ B={x:x € A and = ¢ B}. In a graph
G, a vertex of degree 1 is a leaf and the vertex adjacent to a leaf is a support vertex of G. For a
set S of vertices of G, the induced subgraph is the maximal subgraph of G with vertex set S and is
denoted by (S). Thus two vertices of S are adjacent in (S) if and only if they are adjacent in G.

A subset S of V(G) is independent if no two vertices in S are adjacent in G. The independence
number Bo(G) is the maximum cardinality of an independent set in G. A subset M of E(G) is
independent if no two edges in M are adjacent in GG. A set of independent edges in G is a matching
of G. The edge independence number $1(G) is the maximum cardinality of a matching in G.

A proper coloring of a graph G is an assignment of colors to the vertices of G in such a way
that no two adjacent vertices receive the same color. The chromatic number x(G) is the minimum
number of colors required for a proper coloring of G. A clique in G is a complete subgraph of G.
The maximum order of a clique in G is the cligue number of G and is denoted by w(G). A graph G
is perfect it x(H) = w(H) for every induced subgraph H of G.

Perfect graphs were introduced by Berge [2], who conjectured that a graph G is perfect if and
only if G is perfect. This Perfect Graph Conjecture was verified by Lovasz [10]. Since the chromatic
number and clique number of an odd cycle of length at least 5 are not equal, it follows that if an
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induced subgraph of a graph G is an odd cycle of length at least 5, then the graphs G and G are not
perfect. Berge [3] conjectured that every graph that is not perfect contains either an induced odd
cycle of length at least 5 or its complement graph G contains such a cycle. This famous conjecture
(sometimes referred to as the Strong Perfect Graph Conjecture) was verified by Chudnovsky et
al. [5]. It is well known that x(G) > w(G), for every graph G. Hence if G contains a triangle, then
X(G) > 3. It may be surprising that Mycielski [13] has proved that there exist triangle free graphs
with large chromatic number. Several classes of perfect graphs and their properties are given in [9].

A subset S of V(G) is an open packing set of G if every pair of vertices in S has no common
neighbor in G. The maximum cardinality of an open packing set of G is the open packing number
of G and is denoted by p°(G). An open packing set of cardinality p°(G) is a p°-set of G. Clearly
every open packing set contains at most one vertex in every open neighborhood N(v) of a vertex
vin G. A subset S’ of V(G) is a 2-packing set of G if every pair of vertices in S’ is of distance at
least 3 in G. The maximum cardinality of a 2-packing set is the 2-packing number and is denoted
by p(G). We observe that for any connected graph G, every 2-packing set of G is an open packing
set of G and hence p(G) < p°(G).

The concepts of 2-packing and open packing sets in graphs were introduced respectively by
Meir and Moon [11] and Henning et.al [8]. Fisher et al. [7] proved that for any connected graph G,
p(G) = p(u(G)), where u(G) is the Mycielskian of the graph G. Henning and Slater [8] proved that
for any graph G of order n p°(G) < 2n/3. They also obtained the characterization of all graphs
G for which p°(G) = 2n/3. In [14], the authors have proved that p°(G) < n/d(G). Moreover, the
characterization of all connected graphs for which the equality holds was settled in [12].

In this paper, we obtain the exact values of the open packing number for some families of perfect
graphs, such as, split graphs, {Py, Cy}-free graphs, the complement of a bipartite graph and the
trestled graph of a perfect graph.

2. Split graphs and {P4, C,}-free graphs

Definition 1. A graph G is a { Py, Cy}-free graph if neither Py nor Cy is an induced subgraph
of G.

We know that every { Py, Cy}-free graph is a perfect graph, see [15]. We now determine the
exact value of the open packing number for { Py, Cy}-free graphs. The following assertion is used
to prove the theorem.

Assertion 1. Let S be an open packing set of G. Then every component of the induced sub-
graph (S) is isomorphic to either K1 or Ko.

Theorem 1. Let G be a {Py,Cy}-free graph of order n > 2. Then p°(G) is either 1 or 2.
Further, p°(G) = 2 if and only if A(G) =n —1 and 6(G) = 1.

Proof Ifdiam(G) > 3, then G contains a Py as an induced subgraph, which is a contradic-
tion. Hence diam (G) is either 1 or 2. If diam (G) = 1, then G is a complete graph K, and hence
p°(@G) is either 1 or 2 depending on whether n > 3 or n = 2.

Suppose diam (G) = 2. Let S be a p®set of G. If |S| > 3, then by Assertion 1 there exist
two vertices u and v in G such that u,v € S and uv ¢ E((S)). Consequently uv ¢ E(G). Since
diam (G) = 2, there exists a vertex x in V(G) such that x is adjacent to u and v in G, which is a
contradiction to u and v are in a p®-set S of G. Hence p°(G) is either 1 or 2.

We claim that p°(G) = 2 if and only if A(G) =n—1 and §(G) = 1. Suppose p°(G) = 2 and let
S" ={u,v} be a p°-set of G. It follows from the above argument that uv € E(G).
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Let D; = Ng(u) \ {v} and Dy = Ng(v) \ {u}. Since u and v have no common neighbor in G,
it follows that Dy N Dy = 0.

If D1 = Dy = (), then G = K>, and we are done. Hence Dy # () or Dy # (). Suppose D1 # ()
and Dy # () and let z € Dy and y € Dy. Then uy ¢ F(G) and vz ¢ E(G) and hence the induced
subgraph ({u,v,z,y}) is isomorphic to either Py or Cy depending on zy ¢ E(G) or xy € E(G),
which is a contradiction to G is a {Py, C4}-free graph. Hence we may assume without loss of
generality that Dy # () and Dy = (). Then deg (v) = 1 and w is the support vertex adjacent to v
in G.

Now we claim that V(G) = NJu|. If z € V(G) \ N[u], then d(z,v) > 3, which is a contradiction
to diam (G) < 2. Hence V(G) = Nu]. It follows that deg(u) = n — 1 and deg(v) = 1. Thus
A(G)=n—1and §(G) = 1.

Conversely, suppose A(G) =n—1 and §(G) = 1. Let 2,y € V(G) be such that deg (z) =n—1
and deg (y) = 1. Clearly S = {z,y} is an open packing set of G and hence p°(G) > |S| = 2.
Moreover, any open packing set of G contains at most one vertex in N(x) = V(G) \ {z}, it follows
that p°(G) = 2. O

Definition 2. A split graph G is a graph whose vertezx set can be partitioned into two sets K
and I, where the vertices in K form a complete graph and the vertices in I are independent. The
partition (K, I) is a split partition of the split graph G.

Clearly every split graph is a perfect graph, see [9]. We now determine the open packing number
of a split graph G in terms of the 2-packing number p(G).

Theorem 2. Let G be a connected split graph of order m with split partition (K,I) and
A(G) <n—1. Then p°(GQ) = p(G).

Proof. Let S bea p°set of the split graph G. Since no two vertices in S have a common
neighbor in G and the induced subgraph (K) is complete, it follows that |S N K| < 2. We consider
the following three cases depending on |S N K| is 0, 1, or 2.

Casei. |SNK|=0.

Then S C I and hence the distance between any pair of vertices in S is exactly 3. Consequently
S is a 2-packing set of G and hence p°(G) = [SNI| < p(G). Thus p°(G) = p(G) as p(G) < p°(G).

Caseii. |[SNK|=1.

Let SN K={u}. Now we claim that |S| is either 2 or 1 depending on whether u is a support
vertex of G or not. Let v/ € I be such that v'u € E(G), the existence of v' is guaranteed by the
assumption that A(G) < n—1. Let v be a neighbor of v' in K. Then v' € S, otherwise u and v’ in
S have a common neighbor, namely v, in G, which is a contradiction. Further, N(u) N I contains
at most one vertex of S, it follows that |S N I| is either 0 or 1. If [SNI| = 0, then |S| = 1 and
hence S is a 2-packing set of G. Consequently p°(G) = p(G) = 1.

Suppose |[SNI|=1andlet SNT = {u'}. Then v/ must be a leaf neighbor of u in G, otherwise
uw and «' will have a common neighbor in G, which is a contradiction. Hence S = {u,u’}, where
deg (u') =1 and wu’ € E(G). Now consider the set S" = (S\ {u}) U{v'}, where v' ¢ N(u). Clearly
S’ is a 2-packing set of G and hence |S'| = 2 = p°(G) < p(G). Thus p(G) = p°(G).

Case iii. |[SNK|=2.

Let SN K={u,v}. We claim that |[SNI| = 0. Suppose 2/ € SN I and let z be a neighbor
of 2/ in K. If z = u, then 2’ and v in S have a common neighbor, namely u, in G, which is a
contradiction. Similarly, if 2 = v, then 2z’ and u in S have a common neighbor in G, which is a
contradiction. Finally, suppose z ¢ {u,v}. Then 2’ and u have a common neighbor, namely z,
in G, which is again a contradiction. Thus |SNI| = 0. Since G is a connected split graph and
A(G) < n —1, it follows that diam (G) = 3. Let «’,v' € V(G) be such that d(u/,v") = 3. Then
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{v/,v'} C I and the set S' = {/,v'} is a 2-packing set of G. Hence 2 = p°(G) < p(G). Thus
p°(G) = p(G). O

Remark 1. If G is a split graph of order n with A(G) =n — 1, then p(G) =1 and

2(6) :{ 2 if (@) =1,

1 otherwise.

3. Complement of a bipartite graph and the trestled graph of a graph

In this section, we determine the exact values of the open packing number of the complement
of a bipartite graph and the trestled graph of a graph.

Theorem 3. Let G be a connected bipartz'te_gmph which is not a complete b@artite graph with
bipartition (X,Y) and 2 < |X| < |Y|. Then p°(G) is either 1 or 2. Further, p°(G) = 2 if and only
if either | X| = 2 or, there ezist two vertices x € X and y € Y such that Ng(z) 2 Y \ {y} and

Ng(y) 2 X\ {z}.

P roof We first claim that p°(G) is either 1 or 2. Since G is not a complete bipartite graph,
let € X and y € Y be such that zy ¢ F(G). Then zy € E(G).

Let N; = (X \ {z}) U{y} and N, = (Y \ {y}) U {z}. Clearly N, C Ng(z), Ny € Nz(y)
and N, UN, = V(G) as 2y € E(G) and, (X) and (Y) are complete subgraphs in G. Let S be a
p°-set in G. Then |S N Ng(z)| <1 and |SN Ng(y)| < 1. Hence [SNN,| <1 and [SNNy| <1 as

N, € Ng(z) and Ny € Ng(y). Consequently
SO N UN,)| = |SOV(@)| = 18] = (@) <2

Thus p°(G) is either 1 or 2.

Suppose p°(G) = 2. Let S; = {u/,v'} be a p°-set of G. Now we consider the following three
cases depending on v’ and v’ are in X or, Y or, X and Y, respectively, in G.

Case i. u/,v € X.

If | X| > 3, then there exists a vertex, say w’, in X such that w’ is adjacent to u’ and v’ in G,
which is a contradiction. Suppose |X| = 2. Then X = {u/,v'}. If there exists a vertex, say 2/, in
Y such that 2/ is adjacent to v/ and v’ in G, then 2’ is an isolated vertex, a vertex of degree 0, in
G and hence G is disconnected, which is a contradiction. Thus every vertex of Y is adjacent to at
most one vertex in X. Consequently X is an open packing set in G and hence p°(G) = | X| = 2.

Case ii. u/,v' €Y.

It follows from the similar argument of Case i that p°(G) = |Y| = 2. Since 2 < |X| < |Y| =
p°(G) = 2, it follows that p°(G) = | X| = 2.

Case iii. v/ € X and v €Y.

If Ng(u') N (Y \ {v'}) #0 or Ng(v')N (X \ {u'}) # 0, then there exists a vertex in G which is
commonly adjacent to u' and v, which is a contradiction to S; = {«/,v’} is an open packing set
in G. Hence Ng(u') N (Y \ {v'}) =0 and Ng(v') N (X \ {«'}) = 0. Consequently Ng(u') 2 Y\ {v'}
and Ng(v') D X\ {u'}.

The converse is obvious.

Remark 2. If G is a complete bipartite graph K,, ,, 2 < m < n, then
4 if m=n=2,
p°(G)=p°(KnUK,) =< 3 if m=2andn >3,

2 otherwise.
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Definition 3. Let G = (V, E) be a graph and let k be any positive integer. The trestled graph
Ti(G) of index k is the graph obtained from G by adding k copies of Ks to each edge uv of G and
joining v and v to the respective end vertices of each K.

The trestled graph T5(C5) is given in Fig. 1. Some basic algorithmic results on trestled graphs
are given in [1] and [6]. Clearly x(Tx(G)) = x(G) and w(7Tx(G)) = w(G) and hence if G is a perfect
graph, then Ty (G) is also a perfect graph.

%

]

Figure 1. The trestled graph T(Cj5)

Theorem 4. Let G be a connected graph of order n and let k be any positive integer. Then
p°(Ti(G)) = n.

Proof. Let V(G) = {v1,v2,...,v,}. Let Ny = Ng(v1) and, for every i, 2 < i < n,
N; = Ng(v;) \ (U;;ll N¢(vj)). Clearly N1, N,..., N, are disjoint, J; ; N; = V(G) and, for every
i, 1 <i<mn, N; € Ng(v;). Now we consider the partition of V(T}(G)) \ V(G) into n disjoint
subsets, say Ny, Ny, ..., Ny, as follows: for every i, 1 <i <n,let Nj = Ny, () (vi)\ Ng(v;). Clearly
V(Tr(G)) = Ui (N; U N}) and, for every i, 1 <i <n, N;UN] C Np, q)(vi).

Now we claim that p°(Tx(G)) = n. Let S be a p°-set of Tx(G). Then for every i, 1 <
i < n, [SN Np(vi)| <1 and hence [SN (N; UN/)| < 1as N;UN] € Np, () (vi). Since
V(Tr(Q)) = Ui, (N; UN)), it follows that p°(Ti(G)) = |S| < n. Also for each i, 1 <i < n, choose
x; € NJ. Clearly S" = {z1,22,...,x,} is an open packing set of T;,(G) as no two z;° have a common

neighbor in T (G). Hence p°(Ti(G)) > n. Thus p°(Tx(G)) = n. O
4. Conclusion and scope

In this paper we have determined the exact value of open packing number for some families
of perfect graphs. Designing efficient algorithms for computing p°(G) for other classes of perfect
graphs such as, interval graphs, circular arc graphs, bipartite graphs are some interesting problems
for further investigation. In particular, finding the open packing number for trees is a challenging
open problem for further study.
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