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Abstract: A problem of guaranteed closed-loop control under incomplete information is considered for a
linear stochastic differential equation (SDE) from the viewpoint of the method of open-loop control packages
worked out earlier for the guidance of a linear control system of ordinary differential equations (ODEs) to a
convex target set. The problem consists in designing a deterministic control providing (irrespective of a realized
initial state from a given finite set) prescribed properties of the solution (being a random process) at a terminal
point in time. It is assumed that a linear signal on some number of realizations is observed. By the equations
of the method of moments, the problem for the SDE is reduced to an equivalent problem for systems of ODEs
describing the mathematical expectation and covariance matrix of the original process. Solvability conditions
for the problems in question are written.
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Introduction

The problem of constructing optimal strategies of guaranteed feedback control under conditions
of uncertainty is one of the most important in mathematical control theory and its applications.
In the present paper following the theory of closed-loop control developed by N.N. Krasovskii’s
school [1-3], the approach based on the so-called method of open-loop control packages originating
from the technique of nonanticipating strategies from the theory of differential games [4] is applied to
solving the guidance problem for a linear SDE. The method tested on the guidance problems under
incomplete information for linear controlled systems of ODEs consists in reducing the problems of
guaranteed control formulated in the class of closed-loop strategies to equivalent problems in the
class of open-loop control packages. The latter class contains the families of open-loop controls
parameterized by admissible initial states and possessing the property of nonanticipation with
respect to the dynamics of observations [5-7].

This paper is devoted to the study of the problem of guiding (with a probability close to one)
a trajectory of a linear SDE to some target set. The statement means that we should form a
deterministic control providing (irrespective of the realized initial state from a specified finite set)
prescribed properties of the solution (being a random process) at a terminal point in time. Here, we
observe a linear signal on some number of realizations. Similar problems arise in practical situations,
when it is possible to observe the behavior of a large number of identical objects described by a
stochastic dynamics. By the equations of the method of moments [8,9], the problem for the SDE
is reduced to an equivalent problem for systems of ODEs describing the mathematical expectation
and covariance matrix of the original process. The technique of the method of open-loop control
packages developed in [5-7] is applied to the systems obtained.

The paper has the following structure. In Section 1, the main problem of closed-loop guaranteed
control for a linear SDE under incomplete information is formulated. In Section 2, the procedure
reducing the original problem to two auxiliary guidance problems for systems of ODEs is described
and the equivalence of the problems for SDE and ODEs is established. In Section 3, a brief summary
of results obtained earlier within the framework of the method of open-loop control packages for
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ODE:s is given. In Section 4, the necessary statistical estimates are analyzed. In Section 5, the main
results of the paper are presented: a solvability criterion for the original problem and an assertion
connecting the guidance accuracy and the number of trajectories of the original process that are
available for measuring. In Section 6, we consider an example illustrating the application of the
algorithm to solving the guidance problem for a first-order SDE. Note that the procedure reducing
a problem for a linear SDE to the corresponding problem for the ODE, which is conceptually close
to the one proposed in the paper, was used, in particular, in [10] for solving the problem of dynamic
reconstruction of an unknown disturbance characterizing the level of random noise in a linear SDE
on the base of measuring some realizations of the SDE’s phase vector.

1. Problem statement

Consider a system of linear SDEs of the following form:
dx(t,w) = (A(t)x(t,w) + Br(t)ui(t) + f(t)) dt + Ba(t)Ua(t) dé(t,w), x(to,w) = xo. (1.1)

Here, t € T = [to, V], = (x1,%2,...,2,) € R?, & = (£1,&9,...,&) € RF (all the vectors are treated
as columns); w € , (Q, F, P) is a probability space; {(t,w) is a standard Wiener process (i.e., a
process starting from zero with zero mathematical expectation and covariance matrix equal to It
(I is the unit matrix from R**¥)); f(¢) is a continuous vector function with values in R™; A(t) =
{aij(t)}, Bi(t) = {b1sj(t)}, and Ba(t) = {b2;;(t)} are continuous matrix functions of dimensions
nxn,n xr,and n x k, respectively.

Two controls act in the system: a vector uy(t) = (u11(t),u12(t), ..., u1,(t)) € R" and a diagonal
matrix Usp(t) = {ug1(t), uga(t),. .., usk(t)} € R¥*F which are Lebesgue measurable on 7" and take
values from specified instantaneous control resources S,1 and Sys being convex compact sets in
the corresponding spaces. The control u; enters the deterministic component and influences the
mathematical expectation of the desired process. Since Uad{ = (u21d&1, u2da, . .., usrdly), we
can assume that the vector ug = (ua1,u22,...,us,) characterizes the diffusion of the process (the
amplitude of random noises).

The initial state zg belongs to a finite set of admissible initial states Xy, which consists of
normally distributed random variables with numerical parameters (mg, Dg), where mo = Mx is
the mathematical expectation, mg € Mo = {m{,md,...,m{*}, Do = M (zg —mo)(xo —mo)* is the
covariance matrix (the asterisk means transposition), Dy € Dy = {D§, D3, ..., D{?}. Thus, the set
X contains nine elements. Note that, if 0 € Dy, then there are deterministic vectors in Xo. We
assume that the system’s initial state belongs to Xy but is unknown.

Equation (1.1) is a symbolic notation for the integral identity

t t

2(tw) = a0 + / (A()2(s,w) + Br(s)ur(s) + £(s)) ds + / Bo(s)Ua(s) de(s,0).  (1.2)

to to

The latter integral on the right-hand side of equality (1.2) is stochastic and is understood in the
sense of Ito. For any w € Q, the formulated Cauchy problem has a unique solution and specifies
the corresponding realization of the stochastic process z(t,w), t € T. A solution of equation (1.1)
is defined as a stochastic process satisfying integral identity (1.2) for any ¢ with probability 1.
Under the above assumptions, there exists a unique solution, which is a normal Markov process
with continuous realizations [11].

Note that equations similar to (1.1), (1.2) describe simplest linearized models, for example, of
changing the size of a multi-species biological population in a stochastic medium, of price dynamics
on goods markets under the influence of random factors, or of particle motion in some field.

The problem in question consists in the following. Let convex closed target sets M € R”
and D € R™™ and a continuous matrix observation function Q(t) of dimension ¢ x n be given.
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At any time, it is possible to receive the information on some number N of realizations of the
stochastic process z(t) (we omit the symbol w if we mean the process rather than its realization).
The following signal is available:

y(t) = Qt)z(t). (1.3)

Assume that, for a finite set of some specified times 7; € T, ¢ € [1 : I], we can construct, using
N realizations of the process z(t), a statistical estimate m» of the mathematical expectation m(r;)
and a statistical estimate DV of the covariance matrix D(7;) such that

Py (I =m0l

DY — D(7;)|

g} S A(N)) = 1= g(I), (14)

where h(N) and g(N) — 0 as N — oco. We show below that standard procedures of obtaining the
estimates m¥ and DY admit modifications providing the validity of relation (1.4) and the specified
convergences (a similar procedure was proposed in [10]).

Problem 1 of guaranteed closed-loop e-guidance consists in forming a control (uq(-),usa(-))
guaranteeing, whatever the initial state xzg from the set Xy, prescribed properties of the process x
at the terminal time ¥. Here, we mean that, for an arbitrary small (in advance specified) ¢ > 0,
the mathematical expectation m(?) and the covariance matrix D(1)) reach the e-neighborhoods of
the target sets M and D, respectively. In the motion process, the sought control is formed using
the information on N realizations of the signal y(¢). By virtue of estimate (1.4), it is reasonable to
require that the probability of the desired event should be close to 1 for sufficiently large N and
algorithm’s parameters concordant with NV in a special way.

2. Reduction of the original problem

Let us reduce the guidance problem for the SDE formulated above to two problems for systems
of ODEs. By virtue of the linearity of the original system, the mathematical expectation m(t)
depends only on u(t); its dynamics is described by the equation

m(t) = A(t)ym(t) + Bi(ui(t) + f(t), teT =[to,9], mlty) =my € Mo. (2.1)

We assume that N (N > 1) trajectories z"(t), r € [1 : N], of the original SDE are measured;
then, according to the statement of the guidance problem, we know values of signal (1.3) y"(¢t) =
Q)" (1),

The signal on the trajectory of equation (2.1) is denoted by ym,(t) = Qm(t)m(t); its estimate
formed by the information on y", r € [1: N], by 2 (¢). The latter is constructed as follows:

1 Y 1 Y
y(t) = ~ Syt =QtmN (), mN(t) = ¥ > (). (2.2)
r=1 r=1

Obviously, Qm(t) = Q(t) and, for the finite set of times 7; € T, ¢ € [1 : {], in view of relation (1.4),
it holds that

P(vi € [1:1] [y (1) — ym(7) s < CLh(N)) = 1= (), (2.3)

where the constant C'; can be written explicitly. Recall that M is the target set for the trajectory
of equation (2.1).

The covariance matrix D(t) depends only on Us(t); its dynamics is described by the so-called
equation of the method of moments [8,9] in the following form:

D(t) = A()D(t)+D(t)A*(t) + Ba(t)Us() UL () BL(t), te€T = [to,9], D(to) = Dy € Dy. (2.4)
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For our purposes, matrix equation (2.4) is conveniently rewritten in the form of a vector equa-
tion, which is more traditional for the problem under consideration. By virtue of the symme-
try of the matrix D(t), its dimension is defined as ngy = (n? +n)/2. Let us introduce the vec-
tor d(t) = {ds(t)}, s € [1 : ng], whose coordinates are found by the elements of the matrix

D(t) = {di;(t)}, i,j € [1: n]:
ds(t) = dig(t), 1<), s=(n-i/2)(i-1)+] (2.5)

Actually, the vector d(t) consists of successively written and enumerated elements of the matrix
D(t), taken line by line starting with the element located at the main diagonal. Let us write the
symmetric right-hand side of (2.4) in detail:

%<&/17dA1> . <a'17622> + <Ad27621> <d1,(§n> + <dnac§1>
AWD() + DA () = | (W) landl 2 d) e () ()
(an, di) + (a1, dn)  {an, d2) + (a2,dn) -+ 2(in, dn)
k k
E b33, E ba1,bazr 3, > barrbonsu3,
r=1
k
2
BB = | Somtid Stk X
k k
Z bgnerh«U%T Z b2nrb22ru%rr U Z 2nru2'r
r=1 r=1 r=1

Here, a;, d;, i € [1 : n], are the rows of the matrices A and D; the symbol (-,-) stands for the
scalar product of vectors in the corresponding space Note that the element (ij) of the matrix

A(t)D(t) + D(t) A*(t), namely (a;, d;) + (a;, d;) = Z airdjr + Z ajrdir, determines the coefficients

for the coordinates of the vector d in the sth equatlon of the requ1red system, where s is found
from relation (2.5). Based on the representations above, by the matrices A(t) and Bs(t), we form
the matrices A(t) : T — R"*" and B(t) : T — R"*¥ acting as follows.

1. To form the sth row (s € [1 : ng]) of the matrix A, we should uniquely define by formula (2.5) the
indices ¢ and j (7,7 € [1 : n], i < j) corresponding to s, i.e., such that (n—i/2)(i—1)+j = s. Further,
we find the elements as, (7 € [1: ng]). If s is such that ¢ = j, then there can be at most n nonzero
elements in the sth row: as. = 2a;,, h1 € [1 : n], r corresponds to (in the sense of (2.5), and the first
index is not greater than the second) the pair of indices hji (or ih1). In the case when s is such that
i # 7, to fill in the row of the matrix A, one should analyze the three variants: (i) 7 does not corre-
spond to any pair of indices from the set {1i,2i,...,ni,il,i2,...,in,15,2j,...,n7,751,752,...,jn},
then a,. = 0; (ii) 7 corresponds to some (unique) pair hii (ih1), h1 € [1 : n], then as = ajp,, or to
a pair hoj (jha), ha € [1: n], then as = a;p,; (iil) r corresponds to two pairs of indices, in this case,
hi = j and hy =1, then ay = a; + aj;. Since such a coincidence is unique for i # j, obviously, we
have at most 2n — 1 nonzero elements in the sth row of the matrix A.

2. To form the sth row (s € [1 : ng]) of the matrix B, we should uniquely define by formula (2.5)
the indices i and j (7,7 € [1 : n], i < j) corresponding to s, i.e., such that (n —i/2)(i — 1) +j = s.
Further, we find the element by, (r € [1 : k]) of the matrix B by the rule by, = b2irbajr-

Obviously, the elements of the matrices obtained are continuous. Performing standard matrix
operations, it is easy to verify that system (2.4) is rewritten in the form

d(t) = A(t)d(t) + B(t)v(t), teT =][ty,9], d(to) = do € Do. (2.6)
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The initial state dy is obtained by Dy; the notation for the set Dy is the same. The mul-
tiplication of the diagonal matrices Ua(t)Uj(t) results in the appearance of the control vector
v(t) = (u3; (1), udy(t), ..., u3,(t)), whose elements take values from some convex compact set S, €
R¥ for all t € T.

The signal on the trajectory of equation (2.6) is denoted by y4(t) = Qa(t)d(t); its estimate
formed by the information on y", r € [1: NJ, by y% (t). The latter is constructed as follows:

N

7 2 W)y ) (1) — g (1)

1

- QA5

D (@ () =mMN () (2" (1) = m" ()" Q" (1) = Q1) DV (HQ* (t), (2.7)
r=1

where DV (t) = {dﬁ}f(t)}, i,7 € [1 : n] is the standard estimate of the covariance matrix D(t) for an
unknown (estimated by m™ (t)) mathematical expectation m(t). Symmetric ¢ x g-matrix (2.7) can
be represented in the form

Z Z Q1T(J1pdpr Z Z Q2TQ1pdpr Z Z QQqupdpr
r=1p=1 r=1p=1 r=1p=1
n n n n n n
N N N
q1rq2pd. qorqapd dqrq2pd
QDY@ (1) = |, el 2 e 2 Gt r
n n . N n n N n n N
Z Z Qh“qélpdpr Z Z q2r qqupr Z Z qu(qudpr
r=1p=1 r=1p=1 r=1p=1
Obviously, it is sufficient to consider n, = (¢* + q) /2 elements of this matrix. The element
(tigr), @1 < g1, 41,51 € [1 : g¢], namely Z Z @irrQjpdhy., defines the sith row

r=1p=1
(s1 = (¢ —i1/2)(iy — 1) + 71 by analogy with (2.5)) in the formed relation ¥ (t) = Qa(t)d™ (¢),
where Q4(t) is the continuous n, x ng-matrix, dV(¢) is the ng-vector extracted from D (t) by
rule (2.5). Then, to write the element Qg[s1, s2], it is necessary to find, using s; and s, the in-
dices il, j1 (il,jl S [1 : q], 11 < jl, (q — i1/2)(’i1 — 1) +j1 = 81) and ig, jQ (iz,jg S [1 : n], 19 < jg,
(n —ia2/2)(ia — 1) + j2 = s2), respectively. It is easy to verify that

_ ) @ia @i i2 = J2
s1,82] = . .
Qalst, 2] { GirizQjrjo + GirjoGirias 02 7 J2
Thus, by matrix (2.7), we construct the estimate y2' (t) = Qq(t)d™ (t) of the signal y4(t) = Qa(t)d(t).
Obviously, for the finite set of times 7; € T', i € [1 : I], we have the relation of type (1.4):

P(Vie 1) ||y (1) — ya(7:)|| gng < C2h(N)) =1 — g(N), (2.8)

where the constant Cy can be written explicitly. We denote the target set for the trajectory of
equation (2.6) by the prior symbol D.

Thus, original problem 1 of guaranteed closed-loop e-guidance for the SDE can be reformulated
as follows.

Problem 2. For an arbitrary small (in advance specified) ¢ > 0, it is required to choose
controls u1(-) in equation (2.1) and v(-) in equation (2.6) such that the trajectories of (2.1) and
(2.6) reach the e-neighborhoods of the target sets M and D at the terminal time ¢, whatever the
initial states mg from the set M and dy from the set Dy. It is important that the probability of
the desired event should be close to 1.

The required controls are formed through the estimates of the signals y,, and y4 satisfying
relations (2.3) and (2.8); actually, these controls define the control in SDE (1.1). The dependence
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of the number N of measurable trajectories (necessary for the estimation) on the value ¢ is given
below. The next theorem follows from the procedure of constructing problem 2.

Theorem 1. Problem 1 and problem 2 are equivalent.

Thus, to solve problem 1, one should establish some conditions of consistent solvability of the
problems of e-guidance for ODEs (2.1) and (2.6), i.e., solvability conditions for problem 2, and
should find the form of concordance of parameters N and ¢ as well.

3. The method of open-loop control packages: a brief review of results for ODE

Let us present briefly the approach by A.V. Kryazhimskii and Yu.S. Osipov to solving the
problem of closed-loop guidance under incomplete information for a linear ODE [5-7].
Consider a dynamical control system

#(t) = A (t) + B(u(t) + f(t), teT =[t,d], z(to) =o€ Xo, (3.1)

where z(t) € R"”, u(t) € P C R™ (P is a convex compact set); A(-), B(:), f(-) are continuous
matrix function of dimension n x n, n x m, and n x 1, respectively; Xy is a finite set of possible
initial states. The real initial state of the system is assumed to be unknown. A convex closed target
set M C R™ and a continuous matrix observation function Q(t) of dimension ¢ x n are given.
The problem of guaranteed closed-loop e-guidance consists in forming by the signal y(t) =
Q(t)x(t) a control guaranteeing that the system’s state (1) reaches an arbitrarily small e-neighborhood
of the target set M (¢ > 0 is in advance specified) at the terminal time ). The solution of the
problem is sought in the class of closed-loop control strategies with memory. The correction of the
values of a control u(-) is possible at in advance specified times. In [6], the equivalence of the for-
mulated problem of closed-loop control to the so-called problem of package guidance is established;
the terminology of the latter problem and conditions of its solvability are discussed in [7].
Consider the homogeneous system

#(t) = At)x(t), teT =]ltg,V], xz(to) =0 € Xo;

its fundamental matrix is denoted by F'(-,-). For any admissible initial state o € Xy, the ho-
mogeneous signal corresponding to zg is the function g, (t) = Q(t)F(t,to)xo, t € [to,V]. The set
of all admissible initial states zy corresponding to a homogeneous signal g(-) till a time 7 is de-
noted by Xo(7[g(-)) = {z0 € Xo: gzo(ito,r] = 9()to,7}, Where g(-)|(1,,- is the restriction of the
homogeneous signal g(-) onto the interval [tg, 7].

A family (ug,(+))zeex, of open-loop controls is called an open-loop control package if it satisfies
the condition of nonanticipation: for any homogeneous signal g(-), time 7 € (to, ], and admissible
initial states zg, zg € Xo(7]g(-)), the equality u,; () = gy (t) holds for all ¢ € [to, 7]. An open-loop
control package (ug,(-))zoex, is guiding if, for any zo € Xo, the motion from z( corresponding to
Ug, (+) takes a value exactly in the target set M at the time ¢. If there exists a guiding open-loop
package, we say that the idealized problem of package guidance [5,6] corresponding to the original
problem of guaranteed closed-loop is solvable. Note that it is assumed in these problems that the
signal is known exactly.

Let G be the set of all homogeneous signals (their number does not exceed the number of
elements of the set Xp). We introduce the set Go(g(-)) of all homogeneous signals coinciding
with ¢(-) in a right-sided neighborhood of the initial time to. The first splitting moment of the
homogeneous signal g(-) is the time

— . / _ _
nloO) =mex{r e lo.dl: | w190 - o0 =0
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If 71(g9(-)) < ¥, then, by analogy with Go(g(-)), we introduce the set G1(g(:)) of all homoge-
neous signals from Gy(g(+)) coinciding with g(-) in a right-sided neighborhood of the splitting
moment 7i(g(-)). Actually, the difference Go(g(-))\G1(g(-)) informs on the number of the signals
from Go(g(+)) noncoincident with g(-) after 71(g(+)). By analogy with 71(g(-)), we define the second
splitting moment of the homogeneous signal g(-) and so on. Finally, we introduce the set of all
the splitting moments of the homogeneous signal g(-): T(g(-)) = {7j(9(-)): j =1,...,kg}, kg > 1,
Tk, (9(-)) = ¥. Then, we consider the set (ascending ordering) of all the splitting moments of all the
homogeneous signals (in [7], it is shown that these moments are possible switching moments for the
“ideal” guiding open-loop control): T' = Uyyeq T(9(+)), T = {11,... . 7x}, K < 3 () ky() is the
number of elements of the set T'. Obv10usly, the sets T'(g(+)) and T are finite due to the finiteness
of the sets Xp and G. For any k = 1,..., K, the set Xy(7%) = {Xo(7k|g(:)): g(-) € G} is called
the cluster position at the time 75, whereas each of its elements Xy is called the cluster of initial
states at this moment.

The constructions described are used for the characterization of open-loop control packages.
Further, in [7], by the introduction of an auxiliary extended open-loop guidance problem for the
system consisting of copies of system (3.1) parameterized by the admissible initial states, a criterion
for the solvability of the original problem based on solving a finite-dimensional optimization problem
is obtained. Let us formulate the main result of [7], as far as possible without using the terminology
of the extended problem.

Theorem 2 [7, Theorem 2]. The problem of package guidance for system (3.1) is solvable if
and only if

sup 7((lwo)xoeX0) <0,

(lmo)xoeXoes
7((lzo)zoeXo) = Z <lxoa 79 tO xO + Z / Z p7< Z B*(S)F*O?,S)lxo‘P) ds
ro€Xo k= 1 o1 XOkGXO Tk) xDGXOk

< > Lo FW0,5)f(s) ) ds = 3~ p* 1oy | M), (3.2

to o €Xo ro€Xo

Here, (Iz,)zex, is a family of vectors from R™ parameterized by the admissible initial states (the
number of vectors coincides with the number of elements in Xy); S is the set of families (I, )z,ex,
such that Y7,y llaollgn = 1; (-,-) is the scalar product in the corresponding finite-dimensional
Euclidean space; p~(:|P) is the lower support function of the set P, and p™(-|M) is the upper
support function of the set M.

4. Properties of the statistical estimates
Lemma 1. For a finite set of some specified times 7; € T, i € [1 : 1], the standard estimates mfv
of the mathematical expectation m(7;) and DN of the covariance matriz D(;) constructed through N
(N > 1) realizations x(7;),2%(7;), ..., 2N (7;) of the random variables x(7;) by the following rules
[12]:

1 N
- LS e, (@)
r=1

N

DY = S @ () — )" () — m), (42)
r=1

provide the validness of relation (1.4) (consequently, (2.3) and (2.8)).
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P roof. We present the proof of the lemma for case n = 1 (the argument for n > 1 is similar;
however, the formulas are too cumbersome). In this case, the scalar variable z(7;) is normally
distributed with the mathematical expectation m(7;) and dispersion D(7;). Consider estimate
(4.1). Let us show that it has the following property:

P(Vie[l:]] |mN - m(Ti)‘ < hp(N)) =1=gm(N);  hm(N), gm(N) = 0as N — co.  (4.3)

(2

First, we prove that

Vie [1:0 P(|m) —m(m)] < hm(N)) =1— fm(N);  fum(N) = 0as N —oo.  (4.4)

(2

As is known [12], the random variable ¢ = (m¥ — m(7;))y/N/D} has the t-distribution (Stu-
dent’s distribution) with NV —1 degrees of freedom, which is close to the standard normal law N (0, 1)
for N > 30. Our aim is to modify the procedure of constructing the estimate of the mathematical
expectation in case of unknown dispersion in such a way that relation (4.4) is fulfilled.

Consider the following expression for 0 < v < 1/2:

P(=N7 < (mY = m(r))y/N/DN < N7) = P(=N"y/DN /N < m} —m(r) < N'y/DN/N )
= P(|m! —m(m)| < NT\/DY/N ) =1 = fn(N).

We can assume that h,,(N) = C;N7~/2 in (4.4) (here and below, by C; we denote auxiliary
constants, which can be written explicitly). On the other hand,

P(—N7 < (mY — m(m))y/N/DN < Nv) = 2Fn-1(NY) = Fyn_1(0)) = 2F, y_1(N7) — 1
=2(FNn-1(N7) = ®(N"\/1—2/N)) +2®(N7y/1-2/N) -1

> 20(N7\/1—-2/N)—1-2|F,ny_1(N7) — ®(N7y/1—-2/N)|
=1-2(1-®(N"\/1-2/N)) —2|F,n_1(N?) — ®(N7y/1 - 2/N)|.

Here, F; y—1(z) is the probability function of the t-distribution with N — 1 degrees of freedom,

x
1
Fy n-1(0) = 1/2; ®(x) is the function of the normal distribution, ®(z) = / e V12 gy
0 T
Using the inequality describing the closedness of the functions Fy y_1(z) and ®(x) for large N in
the form [13]
|Fnv—1(z) — ®(z/1—2/N)| < Ca/N, (4.5)
as well as the asymptotics of the normal distribution as x — oo in the form [12]
1 2 6_9&2/2
1— &z :76*1/%0( ) 4.6
(@) = 7= . (4.6)

we obtain
P(=N7 < (m} —m(n))y/N/DN < N7) >1—2Cy/N — Cse N2 /NY 4 o(e N2 /N7).

Since the asymptotics of the normal distribution (see (4.6)) is suppressed by the error of the normal
approximation (see (4.5)), we can assume (see (4.4)) that f,,(INV) < C4/N. Relation (4.4) holds.
Denote
Api = {|m¥ —=m(m)| < hm(N)},  P(Ami) =1— fu(N) Vie[l:1].
Then,
P(Mie[l:1] [m) —m(n)| < hn(N)) = P (AmiAms . .. At)

(2
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-1
= P(Aml)P(AmQ’Aml)P(Amg‘AmlAmQ) - P(Aml { H Amk) > (1 — fm(N))l > (1 — lfm(N)) .
k=1

The last but one inequality is based on the assumption that all the conditional probabilities are not
less than the corresponding unconditional ones due to the continuity of trajectories of the process
under consideration; the last inequality follows from the smallness of f,,(N). Obviously, we can
assume that g, (N) = 1 (N) = 1C4/N in (4.3). Thus, it holds that

P(viel:l] [m)—m(n)|<CiN7Y2) =1-1CyN. (4.7)
Now, pass to the proof of the following property of estimate (4.2):
P(Vie[l:1 |D)Y —D(r)| <hg(N)) =1-g4(N); ha(N),ga(N) =0 as N —oo. (4.8)
First, we show that the relation
Vie[1:1]] P(|D) —D(m)| < ha(N)) = 1— fa(N), fa(N) —0asN— oo (4.9)

is valid.

As is known [12], the random variable ¢ = (N —1)DY /D(r;) has the distribution x? with N — 1
degrees of freedom and the distribution of the variable /2§ — /2N — 3 is close to the standard
normal law N (0, 1) for N > 30. Our aim is to modify the procedure of constructing the estimate
of the dispersion in case of unknown mathematical expectation in such a way that relation (4.9) is
fulfilled. Let us choose the numerical parameters:

2
- (\/QN —3- NW) /2 =N¥/2 — NTV2N -3+ N — 3/2,

3= (Van - +N"’) /2=N¥/2 4+ N"W2N -3+ N —3/2, 0<~<1/2.

For such a choice, we obtain x?/N — 1 and x3/N — 1 as N — co. We have

P(xi < (N-1)D}/D(m;) < x3)

=P ((x1/(N —=1) = 1) D(r;) < DY = D(7;) < (x3/(N = 1) =1) D(7)) = 1 = fa(N).
Then, by virtue of the definition of x? and x3, we get

P (IDY —D(7;)| < hg(N)) =1 — fa(N),

where hg(N) = max {|[x3/(N — 1) = 1| D(n:), |x3/(N = 1) = 1| D(7;) } = CsNY~1/2. On the other

i€[1:]
hand,
P (x} < (N-1)DY/D(n) < x3)

—p ((m - JW)2 /2 < (N —1)DN/D(r;) < <\/7+ NV) /2)

_p <—NV < /2N~ 1)DY/D(r) - VAN 3 < N“*)

=P <\/2(N ~1)DN/D(7;) — V2N =3 < N7> -P (\/Q(N —~1)DN/D(7;) = V2N =3 < —N7>

=FNa(NY) = Fin—1(—=N7),
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where F; y_1(x) is the distribution function of the variable \/Q(N —1)DN/D(7;)—+/2N — 3. Using
the improved Berry-Esseen inequality [12] describing the closedness of the function F; y_1(z) and
the function of the normal distribution in the form

|Fin-1(2) — @(2)] < Co/(2VN = 1(1 + |z)), (4.10)
as well as the specified above asymptotics of the normal distribution (see (4.6)), we derive
Fini(N")=F,Nn-1(—N7") =F,N-1(N7) = ®(N7)+ ®(—N") = F;n—1(—N7)+ &(N7) —®(—N")
> 20(N)—1—|Fi -1 (NT) (N~ Fy w1 (—N7)—B(—N")| > 26(N7)—1-Cy/ (VN = T(1+N?))

—1—2e N2 )(N'V2r) — Cs/ (VN = 1(1 + N*¥)) + 0 (e*N”/2 /N"Y> .

Since the asymptotics of the normal distribution (see (4.6)) is suppressed by the error of the normal
approximation (see (4.10)), we can assume (see (4.9)) that fy(N) < CyN—Y/2737, Relation (4.9)
holds. Introducing the notation

Agi = {|D} = D(ri)| < ha(N)}, P(Agi) = 1= fa(N), Vie[l:1],
by analogy with the events A,,;, we conclude that
P(Vie[1:1 |D) - D(x)| <ha(N)) = P(AnAa ... Ax) > (1= 1fa(N)).
Then, obviously, we can assume that g4(N) = If(N) = IC7N~Y/2737 in (4.8). Thus,
P (w e[l:] |DN-Dm)| < C5NV*1/2> =1 IC;N"/237, (4.11)

Comparing (4.3) and (4.8), we conclude that, in relations (1.4), (2.3), and (2.8), we can consider
the same parameters, namely,

h(N) — ChN’Y—l/Q’ g(N) _ CgNmax{—l,—l/Z—Sfy}’ (412)

where Cj, and C, are constants, which can be written explicitly. For example, choosing the value
v = 1/6, we obtain h(N) = C,N~/3, g(N) = Cy/N. For v — +0, h(N) and g(N) have the power
exponents of the value 1/N, which are asymptotically equal to 1/2. ]

5. Criterion for the solvability of problems 1 and 2.
Concordance conditions for parameters

In addition, we define several notions for ODEs (2.1) and (2.6) based on the information from
Section 3. Let G' = {g'(:)} and G? = {g?(-)} be the sets of all homogeneous signals for (2.1) and
(2.6), respectively. The sets of all splitting moments of all homogeneous signals for (2.1) and (2.6)
are denoted by T! = {r{,..., 7'11(1} and T? = {72,... ,712(2}; the cluster positions and clusters of
initial states at the times 7',% and 7',3, by M()(T]i) and Moy, D()(Tlg) and Dgg, respectively. Recall
that the last splitting moment always coincides, by definition, with ¢: 7}{1 = 712{2 = 1. To simplify
the presentation, we assume 7'& = 7'02 = tp (to is not a splitting moment). Let us introduce the sets
of pairs of homogeneous signals splitted (in the sense of definitions from Section 3) at the moments
T k€0 Ky — 1] and 77, k € [0 : Ko — 1]: G = {(gi (7). 95 ()} GRF = {(g7 (7). 95 ()}
i # j. A moment from the interval (7,7} + Ce] (7} + Ce < 7., the sense of the constant C
is clarified below), at which all the pairs from G}* are distinguishable, is denoted by 7* and is
called a distinguishing moment for all the signals splitted at the time 7;'. Similarly, we define a
distinguishing moment 77*. Obviously, we can believe that, for all 7} € T', k € [0 : K7 — 1] and
T,? € T? k € [0: Ky — 1], the corresponding moments TkI;* and T,?* are defined uniquely; at these
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moments, the signal’s values in all the pairs from G’,lg* and Gi* are different. Indeed, if we assume
that, in some time after splitting, the signals coincide once again (that is stipulated by the form of
the observation matrix @), then the finiteness of the number of the signals, their continuity, and
the definition of splitting moments imply the existence of a minimum moment from (7}, 7} + Cé]
((r2,72 + Cé]) such that the signals in any pair from G}* (G2*) do not coincide till this moment.
The set of all such distinguishing moments for (2.1) and (2.6)

T =T™uT*, TY={r" ... 1_}, T*={" ..., _1} (5.1)

determines both the aforesaid set of | (I < K + K3) times, at which the N trajectories of the
original process are measured, and the set of times, which are possible for switching the closed-loop
control. Note that the case T* = & takes place only if all the signals coincide on the whole interval
[to, V).

Let us formulate according to (3.2) the solvability condition for the guidance problem for (2.1):

sup 71((lm0)m0€./\/lo) S 07
(lmo)moEMoesl
,7_1
K k
71((lm0)m06M0) - Z <lm07 F1(197t0)m0> + Z / Z p_< Z Bl F]_ 79 S mo‘Su1>
moEMo k:lTé_l MOkEMO(T;%) moE€Mog

9
+/< Z bmg, F1(9, S)f(3)>d5— Z P (L | M), (5.2)

ic ™o eEMo moEMo

and the solvability condition for the guidance problem for (2.6):

sup 72((ld0)do€Do) <0, ’Y?((ldo)doepo) = Z <ld07 F2(797t0)d0>

(ldg)dgeD(y €S2 do€Do
7_2
Ko k B
. [0Y (X BOBLS)d- Y D). 63
k:17'1?71 Dy €Do(73) do€Dyy, do€Do

Here, (Img)moemys (ldg)doep, are families of vectors parameterized by the corresponding initial
states; S1, Sy are the set of families (lmg)moeMos Dompety llmollzn = 1 and (lay)doen,
> docDo llapllEng = 1; Fi(-,-) and Fy(-,-) are the fundamental matrices of systems (2.1) and (2.6).
Let us prove the following statement actually being the main result of the paper.

Theorem 3. Let conditions (5.2) and (5.3) be fulfilled, let the information on N trajectories
of SDE (1.1) be received at the times belonging to the set T* (5.1), let the constants Cy, Cy4, and y
be taken from the Lemma 1 (see (4.12)) and

N > (2Ch/p(e)* 77, (5.4)

. 1/ 1% 1/ 1% 2/ 2% 2/ 2%
€) = min min (1) — g5 (T , min “(17) — g5(7 ng .
o) {Té*eTl* (91.91)€GE" lg: (7i") = 9 (7" s T2 ET?*, (g2,92)€GE* g7 (7ic™) = 95 (7"l q}
Then, problem 1 of e-guidance is solvable with the probability 1 — CgNmaX{_l’_1/2_37} and there

exists an e-guiding control in equation (1.1) based on open-loop control packages for systems (2.1)
and (2.6).
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P roof. Conditions (5.2) and (5.3) provide the solvability of the idealized package guidance
problems corresponding to the problems of guaranteed closed-loop control composing problem 2.
Thus, there exist open-loop control packages (uj,,,(-))meem, and (v} (-))dyep, parameterized by
the initial states and solving the idealized package guidance problems for systems (2.1) and (2.6).
The solution of the problems of guaranteed e-guidance implies the possibility of synthesis (by u],,,
and U:lo) of the corresponding closed-loop controls bringing the trajectories to e-neighborhoods
of the target sets M and D, respectively. The input information is estimates (2.2) and (2.7)
constructed by realizations of signal (1.3). Thereby, according to Theorem 1, we can design an
e-guiding control solving problem 1 for system (1.1).

Let make the aforesaid more precise using system (2.1) as an example. This system starts
at the time tg from some unknown initial state my € My; the guiding open-loop control for this
state is denoted by uj mo(-). Let T contain at least one distinguishing moment. We construct the
closed-loop control 4}(-) as follows. Before the motion starts, we decide to apply to system (2.1)
the test control @}(t) = @}y € Su1, t € [to,7¢*). At the moment 73* of initial distinguishing of the
signals, we measure N trajectories of (1.1) and, using them, construct the estimate y.¥ (74*) of the
realized signal Y, (74*) = Qum(78*)m(73*). Using the Cauchy formula, we obtain the homogeneous
signal

1%
To

Qu (15" F1(15", o) o = ym(75") — Qm(75") / Fi(rg*, 7)(By(7)iio + f(7)) dr.

to

Now, basing on the estimate y%(Té*), we find the cluster of initial states My containing myg. Taking
into account (2.3) and (4.12), we have HyTJX(T&*) - ym(T&*)HRq < h(N). Further, if

BN) < pb(e)/2 = min  [lg(rd®) — M)l /2, (5.5)
(gi ,g]-)GGO*

then the cluster Mor = {mo € Mo : gmq()liso,71] = 9o ()ljzo,711} 1 defined uniquely (since there
is no any splitting of the homogeneous signal till the moment 7{). Consequently, at every time
t € [r¢*,7i*), we apply the control ulpp,, (t) from the package (u,, (+))moem, corresponding to the
cluster Moy, i.e., the control uj, (t). A similar procedure is applied for all the splitting moments
T,%* of the signals. Obviously, the control u](¢) constructed in such a way differs from the guiding
open-loop control u’{mo (t) only on at most K7 intervals, each of which has a length not more than
Ce. Denote the solutions of (2.1) for the initial state mg corresponding to the controls (. (t) and
4 (t) by m*(-) and m*(-), respectively. Note that m*(9¥) € M. In view of the boundedness of all
the functions and the control in (2.1), we estimate the value

< K;,Ce, (5.6)
R

0
I (9) = m* (0l = | [ Fa(0,m)Ba(r)(3(7) — i () ]
to
where the constant K, can be written explicitly. Hence, choosing C' < 1/K,,, we guarantee
|m*(9) — m*(9)]| < e, i.e., the value m*(¢) reaches the e-neighborhood of the target set M.

For system (2.6), all the argument is similar. The attainability of the e-neighborhood of the
target set D by the corresponding trajectory is guaranteed by the choice of C < 1/Ky in the
relation similar to (5.6). The form of the function p(e) (all the minimums in it exist in view of the
finiteness of all the sets involved) is explained by the necessity to require estimates similar to (5.5)
for any 7;; € T*. Thus, we obtain h(NN) < p(e)/2. This and (4.12) imply relation (5.4) connecting N
and e. Finally, by (4.12), all the actions described above, including the e-guidance of solutions (2.1)
and (2.6), consequently, the solution of (1.1), hold with the probability 1 — C, Nmax{~1,~1/2=37}
converging to 1 as N — oo.

The theorem is proved. O
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6. Illustrative example

Consider the linear SDE of the first order:
dz(t) = —z(t)dt + uy (t)dt + ua(t)dé(t), teT =10,2], wu1,u2€[0,1], (6.1)

with the unknown initial state x¢o € Xg, Xg consists of four normally distributed random variables
with numerical parameters (my, dy), where the mathematical expectation my € My = {m(l),m%},
mg = (3 — e)e, m3 = €%, and the dispersion dy € Dy = {d},d2}, d} = €*/2, d} = e*. Incomplete
observations have the following form:

v =auet. ew={ (S0 (6.2

Let us write ODEs for the mathematical expectation and dispersion, as well as the observed signals,
using the formulas from Section 2:

m(t) = —m(t) +ui(t), m(0) =mo € {mg,mg},  ym(t) = Qt)m(t); (6.3)

d(t) = =2d(t) + u3(t), d(0) =do € {dj, d3}, wa(t) = Q*(t)d(t). (6.4)

Let the target sets for m and d be as follows: M = [2/e, 1], D = [1/2, 1].

The problem consists in forming, for an arbitrary small (in advance specified) € > 0, an open-
loop control (uj,uz) guaranteeing, whatever the initial states mg € Mgy and dy € Dy, by the
information on N trajectories of equation (6.1), the attainability (with a probability close to 1) of
e-neighborhoods of the target sets M and D by the the mathematical expectation m(2) and the
dispersion d(2), respectively. Let us present the solutions of equations (6.3) and (6.4):

t ¢
m(t) =e 'mg+e”t / eTui(r)dr, d(t) =e dy+e / e*Tu3(r)dr.
0 0

Obviously, the splitting moments of the homogeneous signals for equations (6.3) and (6.4) coincide.
The form of the function Q(¢) and the structure of the sets My and Dy imply that the number K
of the splitting moments is equal to 2, 71 = 1 is the first splitting moment, after which it is possible
to distinguish the homogeneous signals corresponding to the different initial states, the terminal
time 79 = 2 is, by definition, the second splitting moment. Note that, since the guiding open-loop
control package is presented below, the solvability criterion for the original problem (written by
the formulas form Section 5), obviously, holds.
In the case when the controls u; and 3 are in the form of piecewise constant functions

_ Uo,1]» le [O’ 1] 2 _ Vo,1]» te [07 1]
unlt) = { upg, t€(1,2] 7 ualt) =

we obtain
m(2) = e *mo+ (e — Ve (e upy +uay), d2)=edo+ (2 — e (e v + v(1,9)/2-

It follows from the form of m(2) that the solution of equation (6.3), starting from the greater initial
state m3 = e?, reaches (at t = 2) the set M (namely, its upper boundary m = 1) only under the
action of zero control u; on the whole interval [0,2], i.e., up,1] = u(1,2) = 0. At the same time,
if the real initial state coincides with the smaller possible value m{ = (3 — e)e, then, after the
necessary action of zero control till the splitting moment ¢ = 1 of the homogeneous signal, only the
choice of u(; 9) = 1 forces the trajectory to reach the lower boundary m = 2/e of the target set M.
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Obviously, for the set of parameters chosen in the example, the open-loop control of equation (6.3)
guaranteeing the attainment of the trajectory to M at the time ¢ = 2 is unique.

A similar argument is applicable to equation (6.4). Its solution, starting from the greater initial
state d2 = e, reaches (at t = 2) the set D (namely, its upper boundary d = 2) only under the
action of zero control u2 on the whole interval [0,2], i.e., Vo] = V(1,2 = 0. At the same time, if
the real initial state coincides with the smaller possible value d(l) = €2/2, then, after the necessary
action of zero control till the splitting moment ¢ = 1 of the homogeneous signal, only the choice
of v(; 9] = 1 forces the trajectory to reach the lower boundary d = 1/2 of the target set D. The
uniqueness of the open-loop control of equation (6.4) guaranteeing the attainment of the trajectory
to D at the time ¢t = 2 is also obvious.

We pass to constructing the guaranteeing closed-loop control using the guiding open-loop control
package. Note that, in the given example, since the splitting moments of the homogeneous signals
for equations (6.3) and (6.4) coincide (this may not be fulfilled in the general case), to find the
real initial state of system (6.1), it is sufficient to perform measurements of N (N > 1) trajectories
' (1), 2%(7), ..., N (7:) of the original SDE at the unique distinguishing moment 7, = 1 + ¢; the
zero controls are fed onto equations (6.3) and (6.4) till this time. Using these measurements, we
construct the estimates y (7..) and yY (7.) of the signals y,,,(7.) and ya(7:) satisfying the relations
like (2.3), (2.8), and (4.12):

() = Qi (r), MY () = 230 (r),
r=1
N 2 N N RS N 2
yg () = Q*(1)d™ (1), d7 () = N1 (2" () = m™ (1)),
r=1

P (max {|ym (1) = ym ()], |y (1) = ya(m) |} < h(N)) =1 - g(N).
Let us derive the condition providing the determination at the time 7, (using the estimates yn]\{ (74)
and y} (7)) of the real initial states of equations (6.3) and (6.4) (respectively, m§ or mZ and d}
or d%) and, consequently, of the initial state of equation (6.1). Actually, taking into account that
up(t) =0, u3(t) = 0, t € [0, 1+¢], and the form of the observation function @, we should distinguish
the values y}, (7.) = ee"U+Im} and 92 (1) = ce”1HIm2 as well as y}(r.) = e2e 20+9)q} and
y2(7.) = e2e~21%4) @2, Therefore, N must be such that

h(N) < min {(ee—<1+€> md — m2|)/2, (2e20+9)|db — a2|) /2} . (6.5)

Then, only one of the inequalities |y (7..) — yi (7:)| < h(N) or |yN (7) — yZ,(7)| < h(N) holds
with the probability 1 — g(N); the same is valid for the inequalities ’yéV(T*) - ygll(T*)} < h(N) or
lyY () = y3(7)| < h(N). In case equation (6.3) starts from the initial state mg, we decide to
apply the control u;(t) = 1 on the interval (1 + ¢,2); otherwise (from the state m3), the control
u1(t) = 0. In the first variant, in view of the time delay in switching the control to optimal, m(2)
takes the value not 2/e but 2/e — (e — 1)/e; i.e., for small €, m(2) reaches the e-neighborhood of
the set M. In the second variant, as a result, we have exactly m(2) = 1. By analogy, we proceed
with equation (6.4): if the real initial state is dj, then we apply the control u3(t) = 1 on the interval
(1+4-¢,2); if d3, then u3(t) = 0. In the first case, d(2) takes the value not 1/2 but 1/2— (e? —1)/2¢?;
i.e., for small e, d(2) reaches the e-neighborhood of the set D. In the second case, we have exactly
d(2) = 1.

Thus, the closed-loop control method with incomplete information described above solves the
original e-guidance problem: it guarantees the attaintment of the solution of equation (6.3) to the
e-neighborhood of the target set M and the attaintment of the solution of equation (6.4) to the e-
neighborhood of the target set D at the time ¢ = 2 with a probability close to 1. The computations
by formulas (4.12) and (6.5) showed that N = 103 guarantees the guidance accuracy € = 0.1 with
a probability P > 0.96, whereas N = 10° guarantees ¢ = 0.01 with P > 0.996.
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