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Abstract: Constructions related to products of maximal linked systems (MLSs) and MLSs on the product
of widely understood measurable spaces are considered (these measurable spaces are defined as sets equipped
with 7-systems of their subsets; a m-system is a family closed with respect to finite intersections). We compare
families of MLSs on initial spaces and MLSs on the product. Separately, we consider the case of ultrafilters.
Equipping set-products with topologies, we use the box-topology and the Tychonoff product of Stone-type
topologies. The properties of compaction and homeomorphism hold, respectively.
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1. Introduction

In this investigation, properties of maximal linked systems (MLSs) and ultrafilters on widely
understood measurable spaces (MSs) are considered. Every such MS is realized by equipment of a
nonempty set with m-system of subsets of this set with “zero” and “unit” (the “zero” is an empty set,
and the “unit” is our original set); a mw-system is a family closed with respect to finite intersections.
Of course, algebras, semi-algebras, topologies, and families of closed sets in topological spaces (TSs)
are m-systems. An important variant of a m-system is realized by a lattice of subsets of a fixed
nonempty set. A semi-algebra of sets is a m-system but, generally speaking, not a lattice.

We note that MLSs were considered in connection with the superextension and supercompact-
ness problem, see [2, 16, 17, 20, 21]. In addition, MLSs on the lattice of closed sets in a TS were
studied. The nonempty set of all MLSs of such type is equipped with Wallman-type topology. The
supercompactness property was implemented.

In [5-7, 9, 10, 12], an analog of the superextension and supercompactness property for the
space of MLSs on a 7-system was investigated. Moreover, a Stone-type topology was also used. In
addition, a bitopological space was implemented. The present study continues the above works.
But here the focus is on spaces of MLSs with Stone-type topology. We consider questions related
to the products of widely understood measurable spaces. In addition, representations of MLSs on
the product of these MSs in terms of analogous MLSs on spaces-factors are indicated. Namely,
MLSs on the product of (widely understood) MSs are limited to products of MLSs on initial spaces.
This important property is complemented by a proposition of a topological nature: the properties
of compaction and homeomorphism hold. In addition, the box and Tychonoff variants of topology
product are considered (similar variants are used for the product of MSs). In connection with the
above assumptions, we use constructions of [11, 13, 14].
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2. General notions and notation

We use standard set-theoretic notation, including quantifiers and propositional connectives; &

stands for an empty set) and 2 for an equality by definition. A family is a set such that all its
elements are sets themselves. We adopt the axiom of choice. For every objects x and y, denote
by {x;y} an unordered pair of x and y: = € {x;y}, y € {z;y}, and (z = x) V (z = y) for every
z € {x;y}. For every object s, denote by {s} 2 {s;s} a singleton containing s : s € {s}. In
addition, sets are objects. Then, for every objects z and y, the family (z,y) 2 {{z};{z;y}} is
(see [12, Ch. II, Section 2]|) the ordered pair with = as the first element and y as the second. For
every ordered pair h, denote by pr;(h) and pry(h) its first and second elements, respectively; thus,
h = (pry(h), pra(h)).

Denote by P(H) the family of all subsets of H. Let P'(H) 2 P(H)\ {@} be the family of all
nonempty subsets of H. Denote by Fin(H) the family of all finite nonempty subsets of H. If H is
a family and S is a set, then

[H)(S) 2 {H € H| S H} € P(H).

For every set M and a family M € P/(P(M)), the dual family
CplM] £ {M\ M : M e M} € P'(P(M))
is realized. If A is a nonempty family and B is a set, then
Alp£{ANB: Ac A} € P'(P(B))

is the trace of A onto the set B. Following to [7, Section 1], if X is a nonempty family, then {U}(X),
{N}(X), {U}s(X), and {N}4(X) stand for the families of arbitrary unions, arbitrary intersections of
nonempty subfamilies of X, finite unions, and finite intersections of sets from X, respectively.

Remark 1. In what follows, we use two types of formulas. Namely, we use expressions of
type {z € X| ...} and expressions of type {f(z) : z € ...}. In function theory, the former is used
for the preimage of a set; we have a formula corresponding to Zermelo—Fraenkel axiomatic (we
first select a set X, for points of which some property ... is postulated). The second expression
corresponds logically to the image of a set. This difference is essential from point of view of
bibliographic references to earlier publications of the author. Therefore, we use two variants of
separator character: | (vertical line) in the first case and : (colon) in the second. This stipulation
is important for the constructions that follow.

For sets A and B, we denote by B4 (see [19, Ch. II, § 6]) the set of all mappings (functions)
from A to B; values of mappings are denoted in traditionalway. If A and B are sets, f € B4, and

C € P(A), then f1(C) 2 {f(z): z€C} € P(B) and (f|C) € BY is, by definition, the restriction
of the mapping f to the set C': (f|C)(x) 2 f(z) Vz € C. For mappings, index form is often used
(a family with index, see [22, Ch. I, I.1]).

In what follows, R is the real line, N 2 {1,2;...} e P(R),and 1,n 2 {k e N| k <n}forneN.
We assume that elements of N, i.e., positive integer natural numbers are not sets. Therefore, for

every set H and n € N, instead of H'", we use the more traditional notation H™ for the set of all

mappings from 1,n to H; thus, H" is the set of all processions (hi)iel,_n : 1,n — H.

Special families. Until the end of this section, we fix a nonempty set I. The elements of
P'(P(I)) are nonempty families of subsets of I. Define the family of all 7-systems of subsets of I
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with “zero” and “unit”:
7[1] 2 {ZeP(PO)| (@& ecD)&(ANBEeI VA€IVBeI)}. (2.1)

Of course, P(I) € m[I]. Consider a very useful notion of semi-algebra of sets. For £ € 7[I], A € P(I),
and n € N, we introduce finite partitions of A by sets of L:

n

An(A L) 2 {(Liierz € £ (A= J L)&(LyN Ly =2 WpeTnvaeTn\ {p})}.
1=1

The family of all semi-algebras of subsets of I is defined as follows:
M2 {Lexl|VLeL IneN: AI\LL)# ). (2.2)

In addition, we introduce yet another type of w-systems; this type is important in questions of
interconnection between ultrafilters and MLSs. Namely,

ME{Terl]|VL €T VLeT V€T
(NI # 2)&(IaN I3 # 2)&(I1 N3 # @) = (LN LN 13 # @)}

Of course, very general constructions are connected with lattices. The family of all lattices of
subsets of I with “zero” and “unit” is

(LAT)| {Zew |AUBEeT VA€IVBeTI}, (2.3)

We introduce the family

(alg)[T) £ {A € (LAT)o[T)| T\ A€ A VA€ A} (2.4)

of all algebras of subsets of I. For A € (alg)[I], (I,.4) is an MS with algebra of sets. Moreover,
(top)[I {T € (LAT)[M)| |J Ger vGeP(r)} (2.5)
Geg

is the family of all topologies on I and

(clos)[I {CI : 7 € (top)[I]} € P'((LAT)o[1)) (2.6)

is the family of all closed topologies [1, Ch.4, §1] on I. So, (2.4)—(2.6) are important types of lattices
(see (2.3)). Semi-algebras (see (2.2)) are, generally speaking, not lattices: if £ € II[I], then it is
possible that £ ¢ (LAT)p[I].

Elements of topology. We consider the families (BAS)[I] and (p — BAS)[I] of all open bases
and subbases on I, respectively; this notation correspond to [9, Section 2] (see also [7, Section 2]).
Of course, {U}(f) € (top)[I] for 8 € (BAS)[I]; moreover, {N}4(x) € (BAS)[I] for x € (p — BAS)[I].
Note that (see (2.1))

w[I] C (BAS)[I]; (2.7)

therefore, {U}(L£) € (top)[I] is defined for £ € =[I]. If 7 € (top)[I], then
(r —BAS)OlI] = {8 € (BAS)[I]|r = {U}(8)}.

Moreover,

(p—BAS)o[;7] 2 {x € (p— BAS)[I[{N}s(x) € (r — BAS)o[I]}.
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Thus, we have introduced open bases and subbases of the specific TS (I, 7).

Linkedness. If 7 € P/(P(I)), then we suppose that

(T — k)1 2 {£ € P/(JT)| S1NSy £ 2 VS € EVEy € £, (2.8)

Elements of the family (2.8 and only they are linked subfamilies of 7. As a corollary,

(T — link)o[T] £ {€ e (T —1link)[I)| VS € (J —link)[I] (£ CS) = (£E=38)} (2.9)

is the family of all maximal linked subfamilies of 7. We call every family of (2.9) an MLS (on J). In
what follows, for our goals, it suffices to consider the case J € 7[I]. Therefore, until the end of this
section, suppose that J € 7[I]. Now, we note only several simple properties. So, {3} € (J —link)[I]
for ¥ € J\ {@}. Then, by the Zorn lemma, (J — link)o[I] # &. Moreover,
(J —link)o[I] = {€ € (J —lnk)[I]|VJ €T (JNE#@ VEe€&) = (J€&)}.
Finally, note that, for £ € (J — link)o[I], we have
([THE) CcE VEe&H&(I ). (2.10)

More detailed information on the properties of MLSs can be found in [5-7, 9-12]. Now we introduce
some constructions for a Stone-type topology. If J € J, then

(T —1ink)O[11J] £ {€ € (J — link)o[T]| J € £} € P((T — link)o[T]). (2.11)
The sets (2.11) define an open subbase. More precisely, the subbase

EILT) 2 {(T —1ink) [I[J] : J € T} € (p— BAS)[(J — link)o[T]

generates the following topology of Stone type:
T (117) £ {U}({n}:(€51; 7)) € (top)[(T — link)o[T]]. (2.12)

In addition, ((J — link)o[I], T«(I|7)) is a zero-dimensional Th-space.

3. Generalized Cartesian products

In this sections, we recall some constructions connected with Cartesian products and generalized
Cartesian products. We note also some notions connected with family products.

If X and Y are nonempty sets, X € P'(P(X)), and Y € P'(P(Y)), then

X{x}Y 2 {pry(2) x pry(z) : 2z € X x Y} € P/(P(X x Y)) (3.1)

(X x Y is the usual product of X and ), i.e., the set of ordered pairs); (3.1) is the simplest variant
of the constructions used below. It is easy to verify the property

X{x}YenX xY] VX ern[X] VYenr[Y]. (3.2)

We consider (X x Y, X{x})) as the product of the MSs (X, X) and (Y,)).
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Now we recall notions connected with generalized Cartesian products. If X and Y are nonempty
sets and (Y,)zex € P'(Y)%, then (by the axiom of choice)

[]Y. & {f € Y¥|f(z) € Yo Vo € X} € P(YF). (3.3)
zeX

In connection with (3.3), note that, for every nonempty sets X, Y, and Y and a mapping
(Va)zex € P'(Y)* N P/(Y)%, we have

{feY® f(z) €Y, Ve X} ={fe V¥ fx) €Y, VzeX}. (3.4)

In what follows, in constructions of type (3.3) we take into account (3.4). If X and Y are nonempty
sets and (Y)zex € P'(Y)%, then

[1 7 (P(2) = {Va)aex € P(POY)¥| Vs € P/(P(Y)) Vs € X}y

zeX
moreover, if (&)zex € [[,ex P'(P(Yz)), then
A
O& {15 Chexe [[&} (3.5)
reX zeX zeX

We consider the family (3.5) as a box product of the families &£,, = € X. Here, we note the natural
analogy with the base of the known box topology (see [18, Ch. 3]).
If H is a set, then we suppose that

(Fam)[H] 2 {# € P'(P(H))[H € H):

of course, P(H) € (Fam)[H]; moreover, (alg)[H] C II[H] C «[H] C (Fam)[H] and, by (2.5),
(top)[H] C (Fam)[H]. As a corollary, for nonempty sets X and Y, a mapping (Yz)zex € P'(Y)%,
and a mapping (F;)zex € [] (Fam)[Y;], we obtain

zeX
®‘7: = {H € P(H Ye)| 3(Fy)zex € 1—[.7:m :
rzeX zeX zEX (36)
(H = [] F)&(3K € Fin(X) : F, =, Vs € X\ K) .
zeX

In connection with (3.5), note that, for every nonempty sets X and Y, a mapping (Y3 )zex € P/ (Y)¥,

and a mapping (Vz)zex € [[ 7[Y%], we have
rzeX

OV ={II%: Goheexe [[ ¥} enl[] ) (37)

reX reX zeX zeX

In connection with (3.6), note that, for the above X, Y, (Y3)zex, and (Vi)zex, we have

Ry, = {H e P(I] Yo)l 3Fa)uex € [[ Ve : (H =[] Fa)

zeX zeX zeX zeX

&EK € Fin(X) : F, =Y, Vs € X\K)} e x[[] Yal-
zeX
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Note useful particular cases of (3.7) and (3.8): for nonempty sets X and Y and mappings
(Ya)eex € P'(Y)* and (73)zex € [[,ex(top)[Yz], we have

(@ng en]] Yw]>&<®% en[]] Yx])- (3.9)

zeX zeX zeX zeX

Using (2.7) in (3.9), we obtain two variants of topological equipment:

(tol(r)eex] = {UHO m)eton) ] Val )& (bal(me)ocx] = {UH m)eltop) [] Y21).  (3.10)

zeX zeX zeX zeX

Namely, by (3.10), we obtain the following two TSs:

< H Ye, tol(7e)eex] > < H Yz, tel Tm)xEX])

zeX rzeX

thus, we obtain the box TS and the Tychonoff product. Of course, topologies (3.10) are com-
parable. Moreover, for every nonempty sets X and Y and mappings (Yz)zex € P'(Y)* and

(Zz)wex € [Lyex m[Ye], we have
R c DI (3.11)
zeX zeX

From (3.11), the comparability of topologies (3.10) follows, since

H top)[Y, H7T

zeX rzeX

Thus, for every nonempty sets X and Y and mappings (Yz)zex € P/(Y)* and (7p)zex €

erx(top)[ym], we have
te[(T2)zex] C tol(Te)zex]-

4. Ultrafilters and maximal linked systems

In this section, we fix a nonempty set F and a w-system £ € 7w[E]. Recall the notions of filter
and ultrafilter on this 7-system. So,

F*(L) £ {FeP(L\{2})| (ANBE€F VYAcF VB F&(L)(F) C F VF € F)}

is the set of all filters on £. Hence (see [7, Section 2]),

Fy(L) £ {U € F*(L)| YF € F*(L) U C F) = U =F)}
—{UeF (L) VLeL (LNU £ @ VU eU) = (L €U))}.

We recall that Fj(£) # @ (this is a simplest corollary of the Zorn Lemma). If L € £, then
Bo(L) 2 {UeFHL)| LeUl ={UcTFyL)| LNU +2 VU cU}. (4.1)
Using (4.1), we introduce the following m-system:

(UF)[E; L] 2 {®,(L) : L e L} e n[FiL)]. (4.2)
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From (2.7) and (4.2), the property (UF)[E; L] € (BAS)[F;(£)] follows and, as a corollary,
* A *
Tz[E] = {U}((UF)[E; £]) € (top)[F5(L)]- (4.3)
In connection with (4.3), note that (F;(L£), T[E]) is a zero-dimensional Th-space, see [3]. Thus,
(UF)[E; £] € (TZ[E] — BAS)o[F5(L)]-

In what follows, we use the inclusion F§(L£) C (£ — link)o[E], see [8, (3.2)]. Now, we recall one
general property (see [8, (4.2)]):

((£ — link)o[E] = F§(L)) <= (£ € 7i[E]). (4.4)
In this connection, note that (see [8, (3.12)]), in the general case of £, we have
TL[E] = TAEIL)Fs () (4.5)

In connection with (4.4), we note [8, (4.3)] where supercompactness conditions for a topology of
Wallman type were considered. Moreover, in the general case of £ € 7[E], we have the following
representation [8, (4.1)]:

(L —link)o[E] \F§(L) = {€ € (L —link)o[E]| I8, € ETLy € ETEg €€ : B1NE Ny =2}
Therefore, we obtain the following useful equality:
F5(L) = {€ € (L —link)o[E]| 21NEoNT3 # @ VS €& VE, €€ Vi3 € £} (4.6)

It is easily to verify that
F3(L) € Crtinkyo[ [T+ (E]L)]- (4.7)

By (4.5) and (4.7), we conclude that (F(L£), T:[E]) is a closed subspace of ((£L—link)o[E], T\ (E|L)).

5. The case of product of two widely understood measurable spaces

In this section, we fix nonempty sets X and Y. In addition, we fix two m-systems X € 7[X] and
Y € n[Y]. We recall that (see (3.1))

A{x}B 2 {pri(2z) x pry(2) : z € A x B}

for A € P'(P(X)) and B € P'(P(Y)); of course, A{x}B € P'(P(X xY)). Note that X x Y # &
and

X{x}Y = {pri(z) x pry(z) : z€ X x Y} e n[X x Y]. (5.1)
Proposition 1. For A € (X — link)[X] and B € (Y — link)[Y], we have
A{x}B € (X{x}Y —link)[X x Y].

The proof follows from the definitions.
Below, we use constructions of [11, § 7]. We recall these constructions very briefly. So (see [11,
Proposition 17]),

VH € (X{x}Y)\ {9} Tze (X \{9}) x (Y\{9}): H =pri(z) X pry(z). (5.2)
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Using (5.2), we introduce the mappings
(<p1 e (x\ {Q})(X{X}y)\{@})&(@z e\ {@})(X{X}y)\{ﬁ})7
for which S = 1(S) x @2(S) VS € (X{x}V)\ {@}. By (2.8), we obtain
(J —link)[I] ¢ P(J \ {2}) (5.3)
for every nonempty set I and J € 7[I]. Then, by (5.1) and (5.3), we have
(X{x}Y —link)[X x Y] C P ((X{x}Y) \ {2}).
Then, by [11, Proposition 18], for £ € (X{x}Y — link)[X x Y], we obtain

((e1)(€) € (X = 1nk)[X] ) & ((22)' () € (¥ = Tink)[Y]) (5.4)
and, by [11, Proposition 19], the following inclusion holds:
£ C (e (E)1xHp2) (E)- (5.5)

From (2.9), (5.4), (5.5), and Proposition 1, we find (see [11, Propositions 20-21]) that, for
£ € (X{x}Y — link)o[X x Y],
€= () (E)x}p2) (&), (5.6)
where (1)}(€) € (X — link)o[X] and (¢2)!(E) € (¥ — link)o[Y]. Moreover,
VA € (X — link)o[X] VB € (Y — link)[Y] 57
A{x}B € (X{x}Y — link)o[X x Y],

see [11, Proposition 22]. As a corollary, from (5.6) and (5.7), we obtain
(X{x}Y —link)o[X x Y] = {pri(2){x}pry(2) : z € (X —link)o[X] x (¥ —link)o[Y]}  (5.8)

(see [11, Theorem 2]). So, MLSs on the product (X x Y, X{x})) are exhausted by products of
MLSs on (X, X) and (Y,)). Note that it is possible to use that MLSs in (5.8). For arbitrary linked
families, the property similar to (5.8) is, generally speaking, incorrect.

Ezample 1. Assume that X =Y = 1,3; thus, X = Y is a three-element set: 1 € X, 2 € X,
and 3 € X. Suppose that X = P(X) and Y = P(Y); of course, X = ). Now, we introduce the
linked family £ by the rule X x {2} € &€, {2} xY € &, {(2,2)} € &, and the family £ does not
contain any other sets. So, £ is a specific three-element family. Of course, {(2,2)} = {2} x {2}. We
have the obvious inclusion

E e (X{x}Y —link)[X x Y].

However,

E#A{x}IB VAe (X —link)[X] VBe (Y- link)[Y].
Indeed, let € = A{x}B for some A € (X — link)[X] and B € (Y — link)[Y]. Then
(X x {2} € A{x}B)&({2} x Y € A{x}B).

Using (5.2), we find that X € Aand Y € B. Then, X XY € A{x}B. But X xY ¢ £. The obtained
contradiction proves the required property: £ does not have a rectangular structure. ]

Note that, by (5.7), we have
Ul{X}UQ S <X{><}y — link>0[X X Y] YU € FS(X) YUy € IFE;(y)
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Proposition 2. IflU € F§(X) and Uy € F5(Y), then Ui {x Uz € F(X{x}D).

Proof Fix U € FiX) and Uy € F§(Y). Then, in particular, Uy € (X — link)o[X] and
Uz € (Y — link)o[Y]. By (5.7), we have

Ur{x}Us = {pri(2z) x pry(2) : z €Uy x U} € (X{x}Y — link)o[X x Y. (5.9)
Let T’ € Uy {x}s, A € Uy{x}s, and let T € Uy {x }Us. Using (5.9), we choose
(T1 €Uy)&(Ty € Us)&(Ay € Ur)& (Ao € Us)&(T € U )&(Ts € Us)
with the following properties:
([ =T xTo)&(A = A1 X N)&(T =T x Td). (5.10)
By (4.6), we obtain the following obvious statements:
(TiNANTy #2)&(ToNAaNTy # 2). (5.11)

Let a e Ty NA;NT) and B € To N Ay NTy (we use (5.11)). Then, by (5.10), (o, ) e TNANT.
Since the choice of ', A, and T" was arbitrary, the required inclusion U { x }Us € F§(X{x}Y) follows
from (4.6) and (5.9). O

Proposition 3. IfU € Fi(X{x}Y), then IA € F5(X) 3IBeFi(Y): U= A{x}B.
Proof FixU € Fj(X{x})). Then, by (4.6), we have
U e (X{x}Y —link)g[X x Y] (5.12)
and the following property:
ANBNC#@ YAeUd VBelU VCel. (5.13)

From (5.8) and (5.12), we conclude that U = Ui{x}Us for some U; € (X — link)o[X] and
Uy € (Y — link)o[Y]. In addition (see (2.10)), X € Uy and Y € Us.
Consider an MLS U;. For this, we fix M € U1, N € Uy, and T € U;. Then, by the choice of
U, and Us, we have
(M XY elU)&(N XY eld)&(T xY el), (5.14)

(see (2.10)). From (5.13) and (5.14), we obtain M N N NT # &. Since the choice of M, N, and
T was arbitrary, the inclusion U; € Fj(X) is obtained (see (4.6)). The inclusion Uy € F§(Y) is
established similarly. O

Theorem 1. The following equality holds:
Fo(X{x}Y) = {pri(:){x}pra(z) : 2 € F§(X) x F5(V)}.

The proof reduces to immediate combination of Propositions 2 and 3. Finally, we note an
important property of topological character (see [13, Theorem 5.1]). We recall that, by (3.1)
and (3.2),

T (X[X){XJT (YY) = {pri(2) x pry(2) : 2z € T(X]|X) x T(Y|V)}
€ m[(X —link)o[X] x (¥ — link)o[Y]];
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then, by (2.7), the natural topology

T.(X12) R T (Y[Y) 2 {UH(Tu(X|X){x}T.(Y]P)) € (top) (X — link)o[X] x (¥ — link)o[Y]
of the product of Stone-type TSs is realized. Moreover, the following Stone-type topology is defined:
T.(X x Y[X{x}V) € (top) [(X{x}V — link)o[X x Y]].

Then, by [13, Theorem 5.1], the mapping
20— pry (2){xpry(2) 1 (X — link)o[X] x (¥ — link)o[Y] — (X{x}Y — link)o[X x V] (5.15)
is a homeomorphism from the TS
(¢ — link)o[X] x (¥ —link)o[Y], To(X|X) R) T-(Y|))) (5.16)

onto the TS ((X{x}Y —link)o[X x Y], T (X x YV|X{x}})).
Note that, by (4.7), we have

Fo(X{x}Y) € Cx{x1y—link)o[X xY] [T« (X x Y[]X{x}V)].

Moreover, using (4.5), we obtain

vy X X Y] = To(X ) Y[X D) rg (0 1x))- (5.17)

So, ultrafilters of m-system X{x}) form a closed subspace of TSs homeomorphic to (5.16). Theo-
rem 1 reveals the structure of this subspace.

6. Infinite products of maximal linked systems, 1

Unless otherwise stated, in what follows, nonempty sets X and E and a mapping
(Ey)zex € P'(E)X are fixed (for # € X, we denote by F, a nonempty subset of E). Define
the set A

E= ] B ={f € BX|f(z) € B, V2 € X} € P'(EY) (6.1)
reX

(hereinafter, the axiom of choice is used). Finally, we fix

(['aﬁ)xeX S H W[Ex] (6'2)

zeX

We obtain (see (6.2)) the following two variants of w-systems:

® Lo = {H € P(E)| I(La)wex € ] Lo: (H= ] Lu)& (3K € Fin(X) :
zeX reX reX (6.3)

Ly = E, Vs eX\K)} e 7],

L. = { I]Z:: Lodeex € [] Ex} e 7[E). (6.4)

reX reX zeX

Q) L.c ()La (6.5)

zeX zeX

(we use [8, (6.4)—(6.5)]); in connection with (6.3)—(6.5), we recall (3.6)—(3.8). So, we have two
comparable m-systems on E.



Products of Ultrafilters and Maximal Linked Systems 13

Now, we note one simple property:
V(Ap)zex € P/(E)Y  V(By)sex € P/(E)X
< IT4.=1] Bm> — (A, = B, VzeX). (6.6)
zeX zeX

Moreover, we note that
V(HM)eex € PE)Y V(HP)sex € PE)Y
(TT #P) 0 (TT #2) = TT 3D 0 E®). (6.7)
zeX zeX

zeX

The property (6.7) assumes a natural development; now, we note only that

V(HD)pex € PE)Y V(HP)sex € PE)Y V(HD)sex € PE)Y

T x

(TL a9 (T @) 0 (] #9) = [1HD a0 ). (6.5)
zeX reX zeX

zeX

By (6.6), an obvious corollary is realized; namely,

vH € (O PE)) \ {2} (So)eex € [ P(E)

zeX reX

H=1]] = (6.9)

zeX

Using (6.9), we define a mapping

P: (OPE))\ (2} — [[P(E)

zeX zeX

by the following rule: if H € ((O,cx P(Ez)) \ {@}, then P(H) € [[,cx P'(E.) is a mapping such
that

H= ][ PH) (). (6.10)

x€X

We can use the variant H = [], .y ¥z, where (X;)zex € [[,ex P'(E:). In addition, by (6.9), we
have

5, = P(g( zx) (V) V(Se)eex € g{ PE,) Ve X. (6.11)

Now, note the following obvious inclusions:
( [T\ t2)) < EXPI(E“)&(( O £\ 12} < (O P {e}).  (612)

Now, for x € X, we define Py, : (O,cx P(E:))\ {@} — P'(E,) by the natural rule
P (H) = P(H)(x) VH e ( O P(E.) \ {2}, (6.13)

Of course, (6.13) defines the corresponding projection mapping. From (6.11) and (6.13), for x € X
and (X;)zex € [[,ex P'(Ez), we obtain

P (I %) =5 (6.14)

zeX
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From (6.12) and (6.14), we, in particular, obtain
PX(HLx):LX (Lo)sex € [ Lo\ {2}) VxeX.
zeX zeX
Using the notion of the set image, we suppose that VH € P((O,cx P(Ez)) \ {2}) Yxe X

A

Pl (H) = (Py)'(H). (6.15)

Then, the following obvious property holds: if H € P(((D,cx L£2) \ {F}) and x € X, then

P\ (M) € P(Ly \ {2}). (6.16)

We can use a natural combination of (5.3) and (6.16): a linked system can be used as ‘H. In addition,
by [13, Proposition 3.2], we have

PL(£) € (L —link)[E,] V&€ ()L, —link)[E] Vx € X.
rzeX
As a corollary, for £ € ((O,cx £z — link)[E], we obtain the mapping
(PL(E))aex € [] (Lo —link)[Ey]. (6.17)

zeX
Proposition 4. If (£;)rex € [[ex(Le — link)[E,], then O cx & € (Oyex Lo — link) [E].

This proposition corresponds to [13, Proposition 3.1]. To prove Proposition 4, it suffices to
use (6.7) (and the axiom of choice). From (6.17) and Proposition 4, we obtain

O PLE) €(() Lo —link)[E] VE € (() L, — link)[E]. (6.18)
reX zeX zeX
Note an obvious analog of (5.5); namely, for £ € ((D,cx £z — link)o[E], we have
ec (DHPLE)
reX
therefore (see (2.9) and (6.18)), by [13, Proposition 3.4], we obtain
£=)PLE). (6.19)
rxeX
In connection with (6.19), note that, by [13, Proposition 3.5], we have
PL(€) € (Ly —link)o[E,] VE € ((-) Lo —link)o[E] Vx € X.
zeX
Then, (6.17) is supplemented by the following statement:
(PL(E)ex € [ (Lo —link)o[E,] VE € () Lo — link)o[E]. (6.20)
zeX zeX
Moreover, by [13, Proposition 3.6], we obtain the following property:

(D& () La —link) [E] Y(E)rex € [] (La — link)o[Es].

zeX zeX zeX
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By (6.19) and (6.20), the following basic statement (see [13, Theorem 3.1]) holds:
() £, —link),[E] = { O Eoex € [ 1Le~ link>0[Em]}. (6.21)
reX zeX zeX
In (6.21), we have a natural analog of (5.8). In connection with (6.21), we note that
I Foc.) = {(ux)xex e P(P(E)X| Uy € Fi(Ly) Vs € X} c T (c. —tink)olE].  (6.22)
zeX rzeX
Then, by (6.21) and (6.22), we obtain
Do € () Lo —link) [E] Y(Us)rex € [] Fo(La)- (6.23)
reX rxeX rzeX
Proposition 5. If (Uy)rex € [[oex Fo(Le), then O ex Us € FE(Opex L)
Proof Fix (Uz)eex € [[,ex Fo(Le). Then, for x € X, we obtain
Uy, € Fo(Ly). (6.24)
Recall (4.6) and (6.4). Then, by (4.6) and (6.23), we have
(Zinsnss 2o vEieQt ¥Woe QU vSse Olh)
rzeX zeX zeX (6 25)
— (QeF(O L)),
zeX zeX
Let A € Ouex Us, B € Oyex Us, and let C € (O, ¢ x Uy Then, by (3.7), for some
<(A:v)m€X € H um>&((B:v)m€X € H um)&(((cm):vEX € H um)a
rzeX reX zeX
we obtain the following equalities:
(A =11 AJC)&(IB% =11 15%)&(@ =11 @x). (6.26)

rzeX reX reX

From (6.22), for x € X, we obtain the inclusions A, € P(E), B, € P(E), and C, € P(E). Then,

by (6.8) and (6.26)
ANBNC = J[(A:NB.NC,).
reX

(6.27)

In addition, for x € X, we obtain A, € U,, B, € U,, and C, € U,; then, by (4.6) and (6.24)

A, NB,NC, # @. So,
(Ay NB, NCy)rex € P'(E)F.

Using (6.27) (and the axiom of choice), we obtain A NB N C # &. Since the choice of A, B, and
C was arbitrary, it is established that the premise of implication (6.25) is true. So, we obtain the

required property

Ot e F(() La).

zeX zeX
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Proposition 6. IfU € Fj((O,cx L), then IUz)zex € [[ex Fo(Lz) : U = Opex Un-

Proof FixU € Fj((O,cx L£z). Then, in particular,

U e () Lo — link),[E].

zeX

By (6.21), U = (O e x €z, Where

(Ex)zex € J] (L —link)o[Es.

rzeX

By formula (4.6), we get
Y1NEaNEg#@ Vel Vel Vigel. (6.28)
Let x € X. Then, &, € (L, —link)o[E]. Therefore, by formula (4.6), we get
(Z1NTNT3#0 VS €& Vie& VEze&y) = (& eFyH(Ly)). (6.29)

Choose arbitrary A € £, B € &y, and C € &,. By (5.3), A € P'(E), B € P'(E), and C € P'(E).
Now, we introduce (A;)zex € P'(E)¥ by the rule

4

(A 2 A)&(A, 2 B, Yoe X\ {x})

Similarly, we introduce (B, )zex € P'(E)¥ by the rule

(B £ B)&(B, 2 B, ¥ae X\ {x})
Finally, define (Cy),cx € P'(E)X by the rule

(Cy 2 O)&(C 2 By Vo e X\ {x)):

Then, by (6.8), we obtain the following obvious equality:
(Hﬁx)m(HBm)m(H@)z [[(A:nB.NCy). (6.30)
zeX zeX zeX zeX

Note that, by (2.10), (A, € £,)&(Bx € £,)&(C, € &,) for x € X. Therefore,

((Ae)eex € T] &)&((Blaex € T] &)&((Cadeex € [T &)

zeX zeX zeX

By the choice of (£;).cx, we obtain (see (3.7))

As a corollary, by (6.28), we have the following important statement:

(mg(&&) N (mg(éx> N <g{6’x) £ Q.
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Then, from (6.30), we obtain A,NB,NC,#@ for ze€X. In particular,
A N B N C # . As a corollary, AN BN C # &. Since the choice of A, B, and C was
arbltrary, the follovvlng property holds:

21ﬂ22ﬂ237é® VEleé’X VEQEEX VE3€(€X.
From (6.29), we obtain &, € F§(L,). Since the choice of x was arbitrary,
E €FH(Ly) VreX.

As a corollary, by the choice of (£;)zex, we obtain

(Ex)zex € H Fo(Ly) s U = an:-

zeX zeX

Theorem 2. The following equality is true:

Fy((D) L) = { Ol : Us)eex € [] Fg(ﬁm)}.

zeX zeX zeX

The proof immediately follows from Propositions 5 and 6. Returning to (6.21), we note that
A T (La—link)o[Ex]
= (&) k) re (€2 -tinklol.] € ( () Lo — link) [E]=<¥ (6.31)
reX zeX
is a surjection. Moreover (see (2.11)), by [14, Proposition 4.3], for (Ls)sex € [[,cx L2, we have
f*1<<@ £, —1ink)°[E] [ Lx]> = T (€. — link)°[E.|La). (6.32)
reX zeX zeX

Moreover, the following set-product is defined:

[ &lEw £a] = {(Ha)sex € P(P'(P(E))™| Hy € €[Ey; £,] Vx € X}

zeX

In addition (see Section 2), €[E,; L,] € P'(P((Ly — link)o[E,])) for £ € X. Then, by (3.5), we

have

O B L) = { [T B s Fadeex € [T Gl L2} € P (P T] (0 — tinko[E]) )

reX reX zeX zeX

thus, the box product of the families @6 [Ex; L], v € X, is defined. Moreover, we have the property
[ 10Y: ] (p — BAS) [<@ Lo link>0[E]].
zeX zeX

From (6.32), we obtain the following statement:

e O GlE;L.) VHEE [E; © Lx}. (6.33)
reX zeX
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Now, we recall that (see (2.12)), for z € X,

To(Ey|Ly) € (top)[(Le — Unk)o[EL]] 1 Ch[Ey; L] C TulEy|Ly). (6.34)
Then,
(T (Es|La))zex € H (top)[(Ls — link)o[Ey]].
reX
By (3.9),
O T(E|L.) { [16G:: (Goloex €[] T*(Ex]£x>} € 77[ Iz —link>0[E$]]
reX zeX zeX zeX

is used as an open base for the corresponding box topology:

6 [(Te (e Lo)aex] = {UHQ) Tl Bl £2)) € (top)| TT (£z — link)o[ ] |.

zeX zeX
Moreover, by (6.34), we obtain
(D GilEw; La] € () Tl EalLs) C to[(TulEe|La))aex]. (6.35)
zeX zeX

On the other hand, by (2.12), the following inclusion holds:
E; (O L] € (p — BAS) [ O £~ link) B T.(E| ) L, } (6.36)
reX zeX zeX
Therefore, from (6.33) and (6.35), we find that f is a continuous mapping in the sense of topologies
to[(Ts(Eelo))eex], Te(Bl () Lo); (6.37)
zeX

we use [15, Proposition 1.4.1]. So, we established the continuity of the mapping (6.31). In addition,
the space-product of the families (£, —link)o[E,], = € X, is equipped with box topology. Moreover,
note that f (6.31) is a bijection from

I (£ —link)o[E,]
rzeX

onto (O, ¢ x Lo — link)o[E]; see [14, Proposition 5.2]. As a result, f (6.31) is a continuous bijection,
i.e., condensation in the sense of topologies (6.37). So, the TS

(TT (2 = tink)o[Exl, b [(T (2 |L0)aex))
zeX

condenses on the following space of Stone type:

(@L — link), ],’]1‘*<E]@£x>). (6.38)

zeX zeX
In addition, by (4.7), we obtain
F5((D £:) € €@ £o-tinkofs) [T+ (EI O £a)
zeX vex zeX

Theorem 2 reveals the structure of the set F5((D,cx £2)- By (4.5), we have

T £, Bl = T(El () Lo)lrs( © £a);

zeX zeX zeX

thus, ultrafilters of the m-system (O, x £, form a closed subspace of the space (6.38).
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7. Infinite products of maximal linked systems, 2

We use the notation of the previous section: X, E, (E;)zex, and E. By (3.8), (6.3), and(6.5),
we have

Q) L. = {A € PE)| HLu)oex € [] Lo

zeX zeX

(8=TI £.)&(K € Fin(X) : Ly=E, Vs € X\ K) } e nE] nP( () £2).

zeX reX

(7.1)

Consider a widely understood MS
(E, O £$> R L. c O L (7.2)
zeX zeX zeX

Note that (see (2.10)) the following inclusion is true:

I (£ —tink)o[E,] € [] (Fam)[E,].

rzeX zeX

Therefore, by [13, (4.5), Proposition 4.1], we obtain

Q& = {H e PEIISo)ex € [] &

reX reX
(# =TI =.)&(K eFin(X): % =B, vse X \K)} (73)
zeX
€ () Lo —link)([E] V(Ex)aex € ] (La —link)o[EL).
reX reX

We recall that (see [13, Theorem 4.1]) the following equality is true:
(R L. — link), { R & (Eo)vex € [[ (Lo~ link>0[Em]} (7.4)
zeX zeX rxeX

By (6.10), (6.12), (6.13), and (7.2), we have

A= P.0) vAe (R L)\ {2}

reX zeX

We use notation (6.15) for the image operation. Then, by [13, Propostion 4.2], we have

(PL(E))rex € [ (Lo —link)o[E,] VE € ((X) Lo — link), [E] (7.5)
reX zeX

(we use (5.3)). In this connection, we use the following useful property:
(E)acx = < (R ¢ ) Exoex € [ (La — link)o[Ey); (7.6)
rzeX zeX

n (7.6), we use (7.4), (7.5), and [14, Proposition 6.1]. Now, we recall (6.22); hence (see (7.4)),

QR U € {R) Lo —link) [E] V(Us)rex € [] Fo(La)- (7.7)

zeX zeX zeX
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Moreover, by (7.1), the general constructions imply the following obvious inclusion:

Fi(X) Lz) € ( (R) Lo — link)o[E]. (7.8)

zeX rzeX

In what follows, we consider questions related to a representation of ultrafilters on &),y £: as
products (7.7). In this connection, we recall [4]. But, in the present constructions, we use a scheme
based on (4.6).

Proposition 7. If (Uy)zex € [] F§(Ly), then @ U, € FG( Q) Ly).

zeX reX zeX
Proof. Fix
(ux)J:EX € H FS(ﬁ
zeX
Then, by (7.7), we have
Q) € () L, — link) [E]. (7.9)
zeX reX

The inclusion U, € F§(L;) holds for z € X; therefore,
Y1NXoNdg= (21 N 22) N X3 75 VYL eEU, V€U, VX3€lU, (7.10)

(we use the axioms of filter). Moreover, by (4.6) and (7.9), we obtain the following implication:

(Zinmnss£o v QU VEe QU V5 € Q)

zeX rzeX rzeX (7.11)
= (@ux e Fy( ®£x))
reX rzeX

Now, we choose arbitrary sets

(Ae ®um>&(IB%e @ux)&@e @ux). (7.12)

zeX zeX zeX

Using (7.3), (7.8), (7.9), and (7.12), we obtain
(A€ P(E))&(B € P(E))&(C € P(E)).

In addition, for some (Ay)zex € [ ey Us, We have

(A -1I AJC)&(HK EFin(X): Ay =B, Vse X \K). (7.13)
zeX
Similarly, for some (B,)zcx € [I,cx Uz, we have
( ) (3K € Fin(X) : B, = E, Vse X \K).
reX
Finally, for some (Cy)zex € [[,cx Uy, We obtain
((C =11 @C)&(HK €Fin(X): C,=FE, Vse X\K). (7.14)

zeX
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Then, A, € U,, B, € Uy, and C, € U, for z € X. Therefore, by (7.10), for z € X, we have
A, NB,NC, # ; (7.15)
as a corollary, A, NB, N C, € P'(E). Then, by (7.15), we have

[[(A:nB.NC.) # 2 (7.16)
rzeX

(we use the axiom of choice). In addition, (Ap)zex € PE)X, (Bieex € P(E)X, and
(Cp)zex € P(E)X. Then, by (6.8) and (7.13)—(7.14), we have

ANBNC=J[(AzNB.NCy).
reX

From (7.16), the property ANBNC # & follows. Since the choice of A, B, and C was arbitrary
(see (7.12)), the premise of implication (7.11) is true. As a corollary, we obtain

Q) e € F5( X £L2).

zeX zeX
U
Proposition 8. IfU € Fj(Q,cx L), then
IUy)aex € [[ Fo(La) : U= Q) Us. (7.17)
zeX zeX
Proof FixU € Fj(Q,cx Lz). Then, by (7.8), we have
U € (R Lz — link)o[E]. (7.18)
reX
Therefore, from (7.4) and (7.18), we find that, for some mapping
(Ex)rex € [] (£a —link)o[Es],
zeX
the following equality holds:
U=Q & (7.19)
zeX

In addition, &, € (£, — link)o[F;] for € X. Fix x € X then &, € (£, — link)g[E,]. By (4.6), we
obtain the following implication:

(Z1NSaNS3#0 VS €& VN €&, VE3€&) = (& € Fi(Ly)). (7.20)

Choose arbitrary sets A € &, B € &, and C € &,. Using (2.10), we introduce

(Aaz)xeX S H gx

zeX

by the following rule: A, 2 A and A, 2 E, for x € X \ {x}. We obtain

AZ ] 4. e P(E). (7.21)
zeX
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Therefore, for A (7.21), we find that 3(X;)sex € [[ex & :

<A - II(EQC)&(HK cFin(X): ¥,=E, VseX\K).

Then, by (3.6), (3.8), and (7.19), we conclude that A € . Introduce (see (2.10)) a mapping

(Bm):vEX S H Em

zeX

by the rule: B, 2 B and B, 2 E, for x € X \ {x}. Then

B2 [[ B. € P®. (7.22)

zeX

So, B (7.22) is a set, for which 3(X;)zex € [[,ex &x

(Ias -1I EJC)&(HK € Fin(X) : %, = B, Vs € X \ K).
reX
As a result, we conclude that (see (3.6) and (7.19)) B € U. Finally, we introduce (see (2.10)) a
mapping

(ém):vEX S H Em

zeX

by the following rule: C, 2

1>

C and C, = E, for x € X \ {x}. Then

CEJ[CeP®) (7.23)
zeX

is a set, for which, by (7.23), 3(X2)zex € [[,ex &

(C =[] Z2)&(EK € Fin(X) : 5, = E, Vs € X \ K).

rzeX
From (3.6) and (7.19), we conclude that C € Y. So, A € U, B € U, and C € U. By the choice of U,
we have (see (4.6)) the property

ANBNC#o. (7.24)
But (A,).ex € PE)X, (Byrex € P(E)X, and (Cp)rex € P(E)X; therefore (see (6.8) and
(7.21)—(7.23)),
ANBNC = H(Axméxméx).
zeX

Then, by (7.24), we obtain A, N B, N C, # @ Yz € X. In particular,

ANBNC=A,NBNC, # @.
Since the choice of A, B, and C was arbitrary, we obtain
21ﬂ22ﬂ2375® V¥4 EEX VYo EEX VE3€(€X.

Then (see (7.20)) &, € F;(Ly). Since the choice of x was arbitrary, it is established that &, € Fj(L,)
Vz € X. So,
(Ex)zex € H FS(E:E)
zeX
Using (7.19), we obtain the required statement (7.17). O
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Theorem 3. The following equality holds:

F5() L) = { Rt : Us)oex € [] FS(Em)}.

zeX zeX reX

The proof immediately follows from Propositions 7 and 8. In connection with Theorem 3, we
recall constructions of [4].
Following to [14], we introduce the following natural mapping:

[T (Le—link)o[Ex]

A
= (R &) e, e s iio(p] € (@) Lo — link)  [E]-ex : (7.25)
zeX reX
So,
g: Hﬁ — link)g ®£ —hnk [E];
zeX reX
in addition,
Exrex) = Q) & V(Ex)aex € [] (L — link) [Ex]. (7.26)
zeX zeX

The properties of g (see (7.25), (7.26)) were considered in [14]. Now we will restrict ourselves to
listing them. Note that

® CGlEu; £a] = {C € P( I] (£, — link)o[Eu])| 3(Faleex € T GGlEL2]
zeX reX zeX (7.27)

(C = J] F.)&(3K € Fin(X) : F, = (L, — link)o[E,] Vs € X\ K)}
zeX

(in (7.27), we use (3.6) and take into account that, for x € X,
(Lo —link)°[E,|E,] = (L, — link)o[Ey),
see [7, (4.7)]). Then, by [14, Proposition 6.2], we obtain
e Q) B L] YH € GE; R) L] (7.28)
rzeX zeX
Now, we recall (6.34). As a corollary, the following m-system is defined:

Q) T EalLy) = {H c 79( I <. - link>0[E$])] I(Bu)eex € [[ TolBulLa) :

zeX zeX reX

<H - 11(183,3>&(3K € Fin(X) : By = (£y — link)o[Es] Vs e X\ K)} (7.29)

e r[ T (£, — linko[ .

rzeX

we use (3.6) and (3.9). By means of (2.7), (3.10), and (7.29), the topology

te[(Tx(EalCo))oex] = {UH ) To(ExlLa)) € (top)[ [ 1 (o —link)o[E,] (7.30)
zeX zeX
is defined. From (6.34) and (7.30), we obtain

Q) Co[Ea; La] € R TulEalLs) C tol(Tu(Ee|La))aex]. (7.31)
zeX zeX
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Therefore, by (7.28) and (7.31), we have the following property:

g (H) € to[(Tu(BulLe))zex] VH € C[E; (X) La]. (7.32)
zeX

Using (6.36) and (7.32), we obtain the following important property: g (7.25) is a continuous
mapping in the sense of TS

(T (2o = tink)o[Ee], b [(Tu(BalL))ex]). ((Q) £ — link)o[E, T (E] @) £a));  (7:33)

reX zeX zeX

we use [15, Proposition 1.4.1]. Now, we recall [14, Proposition 6.4] that g is a bijection from
[l cx £z —link)o[E,] onto (@), x Lz — link)o[E] (in this connection, we recall (7.6)). In addition,
we recall the following useful statement [14, Proposition 6.5]:

) € GIE; Q) La] VH € X) C[Ex; La.
zeX zeX

By means of this property, the following important statement was established in [14, Proposi-
tion 7.1]: g is an open mapping in the sense of TS (7.33). So, we obtain the following basic
statement (see [14, Theorem 7.1]).

Theorem 4. The mapping g (7.25) is a homeomorphism from the TS

(TT ¢ = timko[ B, 6 (T (Fe|L2)aex])

zeX

() Lo — link)o[E], T, (E| (X) La))-

zeX zeX

onto the TS

From (4.7), we obtain

F5(Q) £La) € Cy ® Lorlink) ol [T+(E| ) La)
zeX reX

Theorem 3 reveals the structure of the set Fj(&), x L£z). By (4.5), we have

rzeX

T'g £ [E = To(El ) L)l @ c.)-

zeX xeX reX

Thus, ultrafilters of our m-system () L, form a closed subspace of the second TS in (7.33).

zeX
8. Some corollaries for ultrafilter spaces

In this section, we consider some statements related to products of spaces with topologies of
type (4.3). But, at first, we note general properties connected with subspaces of T'Ss.

For every TS (X,7), X # &, and (Y,¥), Y # &, denote by C(X,7,Y,¥) the set of all
mappings from Y* continuous with respect to the topologies 7 and ¥. Similarly, for nonempty sets
X and Y, let

S{FeY¥ F(X) =Y}
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be the set of all surjections from X onto Y, let

(O)[X; Y] £ {f € YR Va1 € X Van € X (f(21) = f(x2)) = (21 = 22)}

be the set of all bijections from X onto Y finally, for 7 € (top)[X] and 7 € (top)[Y], let

CAX, .Y, m) = C(X, 71, Y, ) N (bi)[X: Y] (8.1
be the set of all condensations from (X, 7;) onto (Y, 72). We note yet another important notion:

for every TS (X, 71), X # @, and (Y, 72), Y # &, let

Cop(X, 71, Y, 1) 2 {f € C(X, 7, Y, )| f(G) € 5 VG € 71 }
be the set of all open mappings from (X, 77) in (Y, 72). Then
(Hom)[X; 71; Y 9] 2 Cop(X, 71, Y, ) N (b)[X;Y] € P(CYUX,71,Y, 7))

is the set (possibly empty) of all homeomorphisms from (X, 1) onto (Y, 7). Now, we note several
simple general properties.

(1) If (X,71), X # &, and (Y, 1), Y # &, are two TS, f € C(X,71,Y,m), and A € P'(X),

then f1(A) € P'(Y) and
(FlA) € C(A,71]a, F1(A), T2l p1(a))-

(2) If X and Y are nonempty sets, f € (bi)[X;Y], and A € P'(X), then (f|A) € (bi)[4; f1(A)].
Immediate combination of (1) and (2) implies the following properties.

(3) If (X,71), X # @, and (Y,72), Y # &, are two TS, f € C{(X,7,Y,m), and 4 € P'(X),
then (f|A) € CO(A, 71|, f1(A), T2l p1(4))-

(4) If (X,71), X # @, and (Y, 72), Y # @, are two TS, f € (Hom)[X;71;Y; 7], and A € P'(X),

then
(flA) € (Hom) [A; Tl’A7f1(A)7TQ\f1(A)]-

Now, we note some statements on the structure of a subspace of the product of TSs. If (X, 1),
X # @, and (Y, ), Y # &, are two TS, then, similarly to Section 5, in what follows, we suppose
that

71 Q)7 £ {UHn{x}). (8:2)

Note that (3.6) and (8.2) should be distinguished; in (8.2), we consider a topology. Then, using
[15, Proposition 2.3.2], for every TS (X, 71), X # &, and (Y, 72), Y # &, and sets A € P'(X) and
B € P'(Y), we obtain

(11 Q) 72)|axs = 11]4 Q) 72l 5. (8.3)

Moreover, if X and Y are nonempty sets, (Yz)zex € P(Y)*, (7o)sex € [I,ex(top)[Ys], and
(Az)eex € [l ex P'(Yz), then

t@[(Tw)xex]‘erx A, = to [(T$‘Ax)$ex] ) (8-4)

of course, we keep in mind that, in the case under consideration,

(Az)zex € PI(Y)Xa (Tz]a,)zex € H (top)[As], H A, € P H Yz).

zeX reX zeX
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In (8.4), we have an analogy with [15, Proposition 2.3.2] (an obvious verification of (8.4) we omit).
Finally, for every nonempty sets X and Y, mappings (Y3)zex € P/ (Y)*, (72)zex € [Loex(top)[Yal,
and (Ag)zex € [[ex P'(Yz), we have

t®[(7x)x€X”HI€X = to (2] 4, )wex]- (8.5)

Now, we consider some topological properties for products of ultrafilter spaces. We begin with
the simplest case.

The case of product of two ultrafilter spaces. In this subsection, we fix nonempty sets
X and Y. In addition, we fix m-systems X € n[X]| and Y € w[Y]. Then

T%[X] € (top)[Fo(X)] and Ty[Y] € (top)[Fo(V)];
F(X) € P'({(X — link)o[X]) and F:(Y) € P/((Y — link)o[Y]).

We recall (4.5):

(T3 [X] = T X|X) |5 (1)) &(TH[Y] = TV (V)29 (8.6)
By (8.2), the following topology is defined:
X]Q T3 [Y] € (top)[F(X) x Fy(V)].
Using (8.3) and (8.6), we obtain
(X]Q THY] = (T (X]X) Q) Tl Y I) () ey ) (8.7)

where

T, (X|X) ® T.(Y|Y) € (top) [(X — link)o[X] x (¥ — link)o[Y]].
The mapping (5.15) is a homeomorphism. Finally, we recall (5.17). Now, we note that
2z pri(2){x}pry(2) :  Fo(X) x Fo(Y) — Fo(X{x})) (8.8)

is defined correctly (see Theorem 1). In addition, the mapping (8.8) is a restriction of (5.15) to the
set F§(X) x Fj(Y). To make this and subsequent statements shorter, we introduce new notation.
In this subsection, denote by u and v the mappings (5.15) and (8.8), respectively. Then,

v = (u[F5(X) x F3(V)). (8.9)
Moreover, by Theorem 1 and (5.15), we obtain
Fo(X{x}Y) = ul (F5(X) x F5())). (8.10)
Theorem 5. The mapping (8.8) is a homeomorphism in the sense of topologies (8.7) and

T aylX x Y] v € (Hom) [F5(X) x F(Y (X)Ty [ Fo(X{x}Y); Th gy [ X x Y]]

Proof. Weuse (89) and (8.10) in constructions connected with (4). For this, we note that
(see Section 5)

€ (Hom) [{(X — link)o[X] x (¥ — link)o[Y]; To(X|X) Q) Tu(Y|V); (X{x}Y — link)o[X x Y];
T (X x Y|X{x}D)].
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Consider (4) with the following specific definitions:

X = (X —link)o[X] x (¥ — link)o[Y], 71 = T.(X]X) R T.(Y]V),
= (X{x}Y —link)o[X x Y], 7 =T.(X x Y|X{x}V), (8.11)
f=u, A=TFuX) xF5().

Using (4), (8.9) and (8.11), we obtain

v € (Hom)[Fj(X) x F5()); (T4 (X]X) (X) T (YY)

F(X )x]Fg(y),ul(FS(X) x Fo(I));

(8.12)
T. (X x Y]X{x }y>|u1 Fi(X x]F*(y))]
Then, we use (4.5), (8.7), (8.9), and (8.10). We have the chain of equalities
Ty X x Y] = To(X x Y[X{X V) [rs (v {x3y) = Tl X x Y[ ur w5 (2) <75 () -
Using (8.7), (8.9), (8.10), and (8.12), we obtain the required property of v. O

The case of box topology on the product of ultrafilter spaces. In this and subsequent
subsections, we use nonempty sets X and E and the mapping (E,)zcex € P'(E)¥X defined in
Section 6. Moreover, we follow (6.1) for the set E. In what follows, we fix (L;)zex (6.2). Then,
by (4.3), we have

(TZ, [E]eex € ] (top)[F5(L.)]. (8.13)
zeX

In addition,
F&(Le) € P'((L, — link)o[E,]) Vz € X.

Therefore,

(F5(La))aex € [T P/((£e — link)o[Ey]).
zeX

Using (4.5), we obtain
T, [Ex] = T (Bl La)lps(c,) Vr € X (8.14)

From (3.10) and (8.13), the following property is extracted:
t@[(T*Lx [Em] mGX tOp H IFo (8.15)
zeX
We recall that, by Proposition 5, the mapping

Un)eex — (DU [ Fo(Le) — Fo((C) £La) (8.16)

rzeX zeX zeX

is defined correctly. By (6.31), this mapping (8.16) is a restriction of (6.31) to the set [] . x F5(Lz).
For brevity, we denote the mapping (8.16) by w. By (6.22), we have

xeX xeX

Then
I Fi(La) € P(]] (Lo — link)o[Ex])

zeX reX
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and
= (f| [] Fo(£a))- (8.18)
rzeX
Moreover, we recall that, by (6.31) and Theorem 2,
Fo(() £2) = (] ] Fo(L2))- (8.19)
zeX reX

Theorem 6. The mapping (8.16) is a condensation in the sense of topologies (8.15)
and TE[O,ex L]

weCO(HFO ) tol(Tr, [Eooex] Fo () L), T £, ]) (8.20)

rzeX zeX zeX

Proof. We use (8.17)-(8.19) in constructions connected with (3). For this, we recall that
(see Section 6)

feCS(H(Em—link>o[E] ol(Tu(Bu|La))sex], () Lo — link)o E|@£)

rzeX zeX zeX

Now, we use (3) with the following specific definitions:

X = H <£$ — hnk>0[Ex], T = t@[(T*<EJ:’£a:>)x€X]7

zeX
Y = <@ Ly — link>0[E], T2 = T*<E| @ £$>’ (8.21)
zeX reX
f=f A=T]F£
reX

Then, by (3), (8.18), and (8.21), we obtain

w e CY( TT Fo(Le), to (Tt BelLa)aex]] 11 mycen)s £ [T Fo()) TulBl ) Ladler 1 7aca )

z€EX zEX r€EX rEX zeX

By (8.19), the following inclusion holds:

w e O T F3(La). tol(Tul Bl La)aex]l 11 2p(c0) Fo(QD £0) Tu(Bl O Loy @ £ ) (8:22)

zeX vex zeX zeX zeX
Now, we use (8.4) with the following specific definitions:
X=X, Y=P(PE)). (8.23)
Using (8.23), we also suppose that
(Ya)zex = (Lo —link)o[Es])zex, (To)rex = (Tu(Ezlle))oex, (Ax)zex = (Fo(La))zex. (8:24)

In this connection (see (8.23) and (8.24)), we recall that, by (2.8) and (2.9), the following chain of
inclusions holds:

(L, —link)o[E,] C (L, — link)[E,] € P'(L,) C P (P(E,)) C P'(P(E)) =Y;
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moreover, (£, — link)g[E,] # @ for z € X. Therefore (see (8.23)),
((Ly —1ink)o[E,))eex € P/ (Y)X.
This corresponds to the conditions for (8.4). Then, from (8.4), (8.23), and (8.24), we have

to[(T(ExlLa))wex]| 1T i) = tol(Ts(EelLa)lrs(c,))zex] = tol(TZ, [Ez])zex]; (8.25)

zeX

of course, in (8.25), we use (4.5). Moreover, by (4.5), we have

TEl () La)lsz( @ ) =T @ £.[EN. (8.26)
reX zeX zeX
From (8.22), (8.25), and (8.26), we obtain (8.20). =

The case of generalized Cartesian product of ultrafilter spaces. We follow the previous
subsection (see also Sections 6 and 7), using X, E, (E;)zex, E, and (Ly)zex. Of course, we use
(8.13)—(8.14). Then, by (3.10) and (8.13), we have

t®[(T*Lx [EJ:] JCEX tOp H IE‘0 (8.27)
zeX
From Proposition 7, we conclude that
(u$)l‘€X — ®ux H Fo —> IFO ® ﬁ (8.28)
zeX zeX zeX

is a restriction of the mapping g (7.25) to the set [] F§(Ly). We denote this mapping (8.28) by

r for brevity; so,

reX

= (@ Us)th)exe 1 Fi(e) € Fi((Q) L) Trex Folle), (8.29)

zeX zeX

Similar to (8.18), we obtain the following equality:

r= (g [] F5(La)). (8.30)

zeX

Moreover, note that, by (7.25) and Theorem 3, we have

Fo(X) L) = &' (] Fo(L2))- (8.31)

zeX zeX

Theorem 7. The mapping (8.28) is a homeomorphism in the sense of topologies (8.27)

and T'g [E] :
rzeX
(Hom) [HFO )i tol(TE, [Eooex )i Fo () Lo): T'g £, | ]} (8.32)
reX reX zeX

Proof. Weuse (829)(8.31) in constructions connected with (4). For this, we note that, by
Theorem 4,

€ (Hom) [ I (€2 = link)o[E.]; o [(Tu{ Bxl £o))aex]; (R) Lo — link)o[E]; To (B[ (X) La)

zeX zeX reX
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Now, we use (4) with
X = (Lo —link)o[EL], 71 = te[(Tw(Ez|Le))zex],

eX
= <® Ly — hnk>0[E]a T2 = T*<E| ® ‘c:v>’ (8.33)

zeX zeX

f=g A= ]] Fi(La).
zeX

Then, by (4), (8.30), and (8.31), we obtain (see (8.33)) the following property:

(Hom) | TT F5(L2): be[(TtEul L)) eex]l 11 sz
xeX zeX
g' (L Fo(£2)): T (Bl Q) Lallgr( 11 mie) )
zeX r€EX

Using (8.31), we get the obvious inclusion:

(Fom) | TT F3(£a); tal(TulBal £a))uex]| 11 rytenri Fa(Q) £o);
reX
zeX zeX (8.34)
TH(E| Q) Lalliy( @ 2)]-
zeX zeX
Now, using (4.5) and (8.34), we obtain
(Hom) [ T F5(£a); tal(TulBal £))uex]| 11 r3(coyiFo(Q) £0)i T o, [B]]. (8:35)
zeX ze€X zeX z€X
In what follows, we use (8.5). In addition, we suppose that, in (8.5),
(X = X)&(Y = P'(P(E))). (8.36)

Using (8.36), we suppose that, in (8.5),

(Yx)xex = ((ﬁx - hnk>0[Em])xeX7 (Tx)xex - (T* <Ex’£x>)a:eX=
(Aa:)a:eX = (Fa(ﬁx))xeX

Then we obtain the following chain of equalities:

®[(T*<Em|£ >)meX]| [T F§(Le) — =tg [(T*<E:v|£:v>

zeX

Fi(La)Joex] = to[(TZ, [Ea])zex]-
Therefore, by (8.35), the following inclusion holds:

zeX :reX zeX

So, the property (8.32) is established. O
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9. Conclusion

In this paper, some questions related to the structure of ultrafilters and MLSs on products of
widely understood MSs were considered. In this connection, two basic directions were developed:
the direction connected with representations for ultrafilter and MLSs on the products of MSs
(set-theoretical direction) and (topological) direction connected with topological relations between
TSs of Stone type arising under consideration of topology products (in the box and Cartesian
variants) and topologies on the sets of ultrafilters and MLSs for the product of the corresponding
measurable structures. In the first direction, the following property is established: ultrafilters and
MLSs on products of MSs are exhausted by products of ultrafilters and MLSs, respectively. In
the second direction, important properties of homeomorphism and compaction were obtained. In
addition, the compaction property is established for the box products of TSs. In the case of the
generalized Cartesian product, the homeomorphism property holds. This comparison shows the
better character of Tychonoff’s product of T'Ss compared to box TSs.
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