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Abstract: This work is concerned with the existence of positive weighted pseudo S-asymptotically periodic
solution in Stepanov-like sense for some systems of nonlinear delay integral equations. In this context, we will
first be interested in establishing a suitable composition theorem, and then some existing results concerning the
S-asymptotic periodicity in the scalar case are developed here for the vector case. We point out that, in this
paper, we adopt some changes in the definitions, which, although slight, are necessary to accomplish the work.
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1. Introduction

The concept of S-asymptotically periodic functions was introduced in the literature by
Henriquez et al. [10] in 2008. The concept turns out to generalize that of asymptotically peri-
odic functions. For additional details on this topic, we refer the reader to [1, 5, 7, 8, 10, 11, 18] and
the references therein. Since then, S-asymptotically periodic functions are widely investigated and
used in the study of differential and integral equations.

However, the notion of weighted SP-pseudo S-asymptotic periodicity, which was introduced
by Xia [17] in 2015, is more general than that of asymptotic periodicity and all its various ex-
tensions, namely S-asymptotic periodicity, pseudo S-asymptotic periodicity and weighted pseudo
S-asymptotic periodicity.

Motivated by the works on various kinds of systems of nonlinear delay integral equations (see,
e.g., [13-16]), on S-asymptotically periodic functions and by the works [9, 17] on weighted Stepanov-
like pseudo S-asymptotically periodic functions, we investigate the existence of positive weighted
SP-pseudo S-asymptotically w-periodic solution (w > 0) for systems of nonlinear delay integral
equations with superlinear perturbations of the following type:

T1(s)
z(s) = aq(s)x(s = 1) + /0 f(s,0,2(s—0—1),y(s — o —1))do,
(1.1)
T2(s)
y(s) = aa(s)y" (s —1) + /0 g(s,a,x(s —o—1),y(s—o— l))da.

Let n,v > 1 and [ > 0 be fixed numbers, and let f,g: R x Rt x Rt x R™ - R, a7, a9 : R =+ RT,
and 71,7 : R — RT be suitable functions satisfying some appropriate conditions mentioned later
in the assumptions.
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First of all, it is interesting to highlight the biological context of our model. Note that, consid-
ering the equation

7(s)
z(s) = a(s)x(s —1) + /0 f(s,0,2(s — o —1))do,

we have the scalar case of system (1.1), which generalizes the model studied in 2016 by Zhao et
al. [18], if one changes the variable s — o = u and takes [ = 0:

o(s) = als)a"s )+ [ flo.so)o
s—7(s)
which in turn generalizes the model
o) = [ fo.alo))do

published in 1976 by Cooke and Kaplan [4] to explain the spread of some infectious diseases or the
population growth of single species.

The work consists of four sections and a conclusion. In the next section, we introduce some
basic concepts, definitions, and notation required in what follows. Section 3 is devoted to proving
several lemmas and a composition theorem needed to prove our existence result. In Section 4,
we give sufficient conditions that ensure the existence and uniqueness of a weighted SP-pseudo
S-asymptotically w-periodic solution to system (1.1).

2. Some definitions and preliminaries

Throughout the paper, we use the following notation. Let N be the set of all positive integers,
R = (=00, +00), R* = (—00,0) U (0, 4+00), Ry = [0,4+00), R} =R, x --- x Ry (n times), and let,

for x = (z1,...,2,) € R",
n

ol = S el
i=1
Let BC (R,R"™) (resp. BC(R x Ry x R,R™)) be the space of continuous bounded functions
f:R—=R" (resp. f:R xRy xR} — R"). Then, endowed with the sup norm

1/ lloe = sup || f(£)]],
teR

BC (R,R™) is a Banach space. For 1 < p < 400, LP (R,R") denotes the Lebesgue space and
LY . (R,R™) denotes the space of all equivalence classes of measurable functions f : R — R™ such
that the restriction of f to every bounded subinterval of R is in L? (R, R"). Let L’Z;C (R xRy, R™)
denote the space of all equivalence classes of measurable functions f : R x Ry — R",
(s,0) — f(s,0) such that the restriction of f to every bounded subset of R x Ry is in
LPY(R x Ry, R") = LP (R, L' (R4, R™)).

Furthermore, in the general case when x = (21,...,2,) : R — R}, 7 = (71,...,7,) : R — R7,
and f = (fi,...,fn) : Rx Ry xR} — R are appropriate functions, we use the notation

7(s)
/0 f(s,o,x(s —o —1))do

for the vector of R™ whose components are

7i(s)
/ fils,o,21(s —o —=1),...,xpn(s —o —=1))do, i=1,2,...,n.
0
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Definition 1 [18]. A function f € BC (R,R") is said to be S-asymptotically w-periodic if there
exists w > 0 such that limy_,o || f(t +w) — f(t)|| = 0. In this case, we say that w is an asymptotic
period of f. We denote by SAP,, (R,R™) the set of all such functions.

Lemma 1 [18]. Let f,g € SAP, (R,R™). Then the following assertions hold:
(i) the function t — f(t + s) lies in SAR, (R,R™) for every s € R;
(ii) the product f - g lies in SAP,, (R,R");

(iii) equipped with the sup norm
1flloc = sup||f(s)]],
seR

SAP, (R,R") turns out to be a Banach space.

Let U denote the collection of all functions (weights) p : R* — (0, +00) locally integrable over
(—00,0) and (0, +00) such that p(t) > 0 for almost all ¢ € R*. For p € U and r > 0, we set

0 r
m(r,p):/ p(s)ds and m+(r,p):/0 p(s)ds.

Throughout this paper, the set of weights U, stands for

={peU: lim m (r,p) = +oc and lim m*(r,p) = +oo}.

r—+400 r—400

Obviously, Uy C U, with strict inclusions.

Definition 2. Let p € Uy and f € BC (R,R"). If

. 1 -
Tl}ffoom [ 156~ = g6 ptsyas =o,
Jim s [ ) = @) ) =0,

for some w > 0, then we call f weighted pseudo S-asymptotically w-periodic. The collection of such
functions is denoted by PSAP,, (R,R", p). In particular, we use the notation PSAP,, (R,R"™) when
p = 1. Equipped with the sup norm

1flloe = sup||f(s)]],
seR

PSAP, (R,R", p) turns out to be a Banach space.

Definition 3 [6]. The Bochner transform f(t,s), t € R, s € [0,1], of a function f : R — R™,
is defined as
Fo(ts) = f(t +5).

Remark 1. Note that a function ¢(¢,s), t € R, s € [0, 1], is the Bochner transform of a certain
function f(t),

wlt,s) = fO(t, 9),
if and only if p(t+ 7,5 —7) = ¢(s,t) forall t e R, s € [0,1], and 7 € [s — 1, 5].
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Definition 4 [6]. The Bochner transform fb(t,s,o,u), t € R, s € [0,1], (o,u) € R x R", of a
function f: R xR x R® — R", is defined as

fot,s,0,u) == f(t+s,0,u).
Definition 5 [12]. Let p € [1,+00).

(i) The space BSP (R,R™) of all Stepanov bounded functions, with the exponent p, consists of all
measurable functions f on R with values in R™ such that f* € L*°(R,LP ([0,1],R™)). This
1s a Banach space with the norm

t+1 1/p
I fllse = [1£°] oo @,y = sup (/ Hf(s)llpds> :
teR t

(ii) The space BSP(R x Ry x RC‘F,R") of all Stepanov bounded functions, with the exponent p,
consists of all measurable functions f: R x Ry x R} — R™ such that

fo(, - o0u) € L= (R, LP ([0,1],R™)), t— fo(t,-,0,u) € LP ([0,1],R"),
for every t € R and every (o,u) € Ry x R!.

One can see that, for every f € L¥ _(R,R™), the function f bis continuous (by construction). Then,
the space BSP (R, R"™) may also be written as

BS? (R,R") = {fe Ll (RR"):f" eBCR), L”([0,1],R")}.
In fact, for p > 1, we have
(BC (R,R™), || - |lBc) is continuously embeded in (BSP (R,R"), || - |lse) -

Also, it is well known that L? (R,R™) C BS? (R,R") ¢ L} . (R,R") and BS? (R,R") C BSY(R,R")
forp>qg>1.

Definition 6. Let p € Uy and f € BSP (R,R"). If

nm——i——/omo([{ww—wy—ﬂ$Wd§Uiu:a

r—toom=(r,p) J_,

nm——i—lgﬁ@([Hﬂvw+m—f@WWQwin:o

r o *(r,p

for some w > 0, then we call f weighted SP-pseudo S-asymptotically w-periodic. Such function
space is denoted by PSAPE (R,R™, p). In particular, we use the notation PSAPE (R,R™) when

p=1.
Remark 2. The above definition has a slight difference from [17, Definition 3.1], where a
weighted SP-pseudo S-asymptotically w-periodic function is defined on R.
Similarly to [9], we give an example illustrating that PSAPE (R,R™) # PSAPE (R, R™, p).
Ezxample 1. Define a function f: R — R as follows:
—nbt—nd—1/n)2+n3, tendnd+2/n], neN,
f) =K -nt+nd+1/n)2+n3 te[-n3-2/n,—n3, neN,

0, otherwise.
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Then, for all w > 0, there exists integer ng such that f(s +w) = 0 (resp. f(s —w) = 0) for all
n > ng and s € [n3,n3 +2/n] (resp. for all n > ng and s € [-n3 —2/n, —n3]). Let p=1,let r >0
be a sufficiently large number, and let k£ be the largest integer satisfying the inequality

2 2

If the function (weight) p = 1, then, by the same calculation as in [9, Example 2.2], we obtain

1/0 (/ 155 =) = F(9)as) dtzi/i (/O 1045 =) = -+ 9)lds )
=/0 (%/_inf(m—w)—f<t+s>||dt) s
/ ESE +2/1<;+1 <nz /ng 2/n[—n5<t+n3+%>2+n3]dt>d5
k

2

@I»-lk

1 4n
T+ t2/(kt1) ZT (k = +00)

n=ng

and

S s - sitas ) a
2/01 (k+1)3+12/(k+1)<é /11:3+2/n [_n5<t—n3_%>2+n3}dt>ds

0

1 4n2
(k:+1) +2/(k+1) 3

n=ngo

This implies that f ¢ PSAPL (R, R).
Now, take p(t) = 1/t* and t # 0. Again, by the same calculation as in [9, Example 2.2], we
obtain f € PSAPE (R,R, p).

Theorem 1 [9]. PSAPL (R,R"™, p), where p € Uy, with the norm ||.||s» is a Banach space.

Proof. The proof is similar to that of [9, Theorem 3.2], where weighted SP-pseudo S-
asymptotically periodic function is defined on R4, so it is omitted here. ]

Definition 7. Let p € Uy. A function f: R xRy x R} — R is called weighted SP-pseudo
S-asymptotically w-periodic in s € R for all (o,x2) € Ry x R} if f(-,0,2) € BSP (R,R") and

' t+1 1/p
St ﬁ/ f’“)(/t Hf(3+w70790)—f(S,a,m)des> dt—0.

r——+00 m+
1/p

im0 ([ 156 - won) - s as) =0

for all (o,z) € Ry x R".. Denote by PSAPY (R x Ry x R”,R,p) the set of all such functions.
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3. Composition theorem

To study the existence of solutions to system (1.1), we reduce the problem to a fixed point
problem of a nonlinear operator. For this, we must prove a composition theorem adapted to our
case.

Let BPSAPE (R,R™, p) be the subset of PSAPE (R, R™, p) consisting of all bounded functions =,
that is,

[[#]loc = sup [lz(s)]| < oo.
seR

It is clear that BPSAPL (R,R™, p) is a Banach space with respect to the norm || - || ge.

Let PSAPL? (]R x Ry x R, R",p) be the subset of the space PSAPY (]R x Ry x R, R",p)
consisting of all functions f such that f(-,-,u) € L%;C(R xRy, R") for all u € R%. For p € Uy, we
further assume that (see [2])

(Hy,) foralloceR, limsup pls+0) < 400.

[s|—>+o0 p(S)
Note that hypothesis (H,) implies that, for all o € R4,

+ —
limsupw < 400 and limsupw < +o00.

r—st00  mT(r,p) r—stoc M (r,p)

Lemma 2. Let p € U satisfy hypothesis (H,). If fe PSAPE(R,R™, p), then
f-o € PSAPE (R,R", p) for all ¢ € Ry, where f_,(s) = f(s — o).

Proof Fix o € Ry. From assumption (H,), there exist constants k,sq > 0 such that, for
|S| Z S50,

p(s — o) p(s+ o) m~(r+o,p) m*(r+o,p)
— <k — — =<k, and ——=<k.
O T ) R )
Thus, for r > sg + o,
I t 1/p
ﬁ/r p(t) (/tl | fo(s —w) = f-o(s)|P ds> dt

-——/ o(t) ( / tl 1 ols —w) — fa(S)Ilpd8> "

b [ 0 ( / 1 ls —w) fa(S)Ilpd8> "

So—0 -1

It is clear that the following integral is defined:
-0 t 1/p
[ oo ([ 1ats 0= faoPas)
—s0—0 t—

li - =
i () = +o0

' 1 —0 t 1/p
o [ O ([ Vet o) o

Therefore, since
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Also, we have

—= [ ( / 1 fools —w) - f—a(S)de8> P

m (r+o —so—20 o 1/p
S ) B )”w(/t 15 =) = £ ds)  at

gm / O(W)p@) ( / (s - >—f<s>||pds)1/pdt-

Since f € PSAPL (R,R", p), we have

. k2 0 t , 1/p B
e / N0 ( | =) 1) ds) dt = 0.

i s | 0 o0 / IF-o(s =) = fa(s)17ds) o

Similarly, we obtain

i —— [0 ([ s 4w - f(S)de8>1/p it =

r—+oom™T(r, p

Thus,

We deduce that f_, € PSAPE (R,R", p) for all ¢ € Ry (see [9, Theorem 3.1] for more details). O

Now, let us put forward the following hypothesis, which will be helpful throughout the rest of
this paper.

(Ho) For every compact subset K C R”} \ {0}, there exist constants Lg, My > 0 such that

(i) for all z,u € K and all (s,0) € R x Ry,

1f(s,052) = f(s,0,u)|| < Lillz — ull;

(ii) for all z € K and all (s,0) € R x Ry,

1f (s, 052)| < M||z[].

Lemma 3. Let p € Uy. Assume that f € PSAPP? (R x Ry X R",R”,p) satisfies (Hy), and
Ky and Ky are compact subsets of R’ \ {0}. Then

Tgrfmm /Or p(t) [/Hl < TS:;lIEDKH / (s +w,o,2) — f(s, a,x)]da”)ljds} 1/pdt =0,

nglmm /_ip(t)[/ <(TZUEKH/ (5—w,0,7) — f(s,a,:c)]da”)pds] o

where K = K1 X K3 is a compact subset of R} x R}.
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Proof. Fixe > 0. Then, there exist (11,21), ..., (Tm,ZTm) € K = K1 x Ko such that

KCU (72 |K|)

where
(K= sup {||7]| + [z}

T,r)€E

For the above ¢ > 0, there exists rg > 0 such that

r t+1 1/p
;P)/o p(t)(/t lf(s+w,o,2;) — f(s,0,z;)|]" ds> dt < % (3.1)

m*(r,

for r > 19,0 >0,and i € {1,2,...,m}.
Now, let (1,2) € K. Then there exists ig € {1,2,...,m} such that

€
17 = Tioll < 77 and |l — ;|| <

£
K| K|

Using (Hy), for all r > rg, we have

/OT[f(s—i-w,a,m) — f(s,0,z)]do

Tio

[f(S +w,o, xio) - f(3707 xio)]da

fs—l—waacda—/ f(s+w,o,x)do|| +

+/O F(s,0,10)d /fsaxda

Tig ||Tzo||
< H/ [f(s—i—w,a,x)—f(s—i—w,a,xio)]da +/ Hf(S—FW,O',.%'Z’O)—f(S,O’,m'iO)H
0 0

/ f(s,0,24,)do

(17
< / 1£(s + w,0,21) — F(5,0,i0)]| +2(Licy + My )e.
0

—i—H/O [f(s,0,2i) — f(s,0,2)|do

H/ fls+w,o,x)dol|| +

Minkowski’s inequality, Holder’s inequality (see, for instance, [3, Theorem 4.6 and Theorem 4.7]),
and (3.1) imply that, for all » > rg,
p 11/p
> ds] dt

1 T t+1
m/o P(t)[ (( SUIEDKH/ (s +w,o,1) — f(s,0,7)]do
Imll pt41 1/p
< ZHT =2/ / [/ |1t - fson xi)npdsda] it

(LK2 + MKQ)

< ZHT H(p 1>/p” Hl/p + Q(LKz + MK2)€ < UK‘ + Q(LKz + MKz)]

This proves the former limit. By the same considerations, we prove the latter limit. ]
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Theorem 2. Let p € U satisfy (H,). Assume that 7,z € BPSAPE (]R,]R’}r,p) ,
infserz(s) >0, and f € PSAPE! (R xRy x R%,R™, p) satisfy (Ho). Then, the function
Tz :R — R"” defined as

7(s)
Txz(s) = /0 f(s,o,2(s —o—1))do, 1>0,

belongs to BPSAPY (R,Rﬁﬁ,p).

Proof Since 7,2 € BPSAP) (R,Rﬁ,p), using (Hp) (ii), one can easily show that
Tz(-) € BSP (R,R™). In addition,

(/ttﬂ | Ta(s +w) - TﬂU(s)deS> 1/p

t+1 T(s+w) 7(s) p 1/p
</ / (s—l—w,a,x(s—l—w—a—l))da—/o f(s,0,2(s —o —1))do ds>
t+1 7(s4w) p 1/p
< / [f(st+w,oz(s+w—0—1)— f(s,0,2(s +w—0c—1))]do ds>
t+1 7(s) P 1/p
—|—</t /0 [f(s,0,a(s +w—0—1)) = f(s,0,2(s — 0 —1))]do ds)

(s+w)
/ f(s,o,z(s+w—0—1))do
7(s)

t+1 P 1/p
+ </ ds> .
t

Ky ={r(s): s €R}, Ky={a(s):s€R},
and K = K7 x K5. Then, we have

/0 ' p(t) ( /t -
< [0 [ ( )]

t+1 7l 1/p
Hrle- 1>/p/ [/ / 1F(s, 0, 2(s +w — 0 — 1)) — f(s,a,x(s—a—l))deads} it

t4+1 P 1/p
—l—MHxHOO/ (t)(/ ds> dt.
0 t

From (Hy), Lemma 2, and Lemma 3, we obtain

lim %p)/o o(t) [/tm (s +w) — Tx(s)des>1/p dt = 0.

r—-+00 m+( s

Let

PN\ 1/p
Tx(s+w)—Tx(s) ds> dt

/OT[f(s—kw o,x) — f(s,0,z)|do

T(s +w) —7(s)

Similarly, we get

lim %/0 o(t) [/jl (s — w) —Tx(s)des>1/p dt = 0.

r=toom™(r, p) J

O

We close this section with the following lemma, which, together with Lemma 2 and Theorem 2,
are necessary for the sequel.
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Lemma 4. Let p € Uy,. Assume that f,g € BPSAPE (R, R, p), then the product f - g belongs
to BPSAPY (R,R, p).

Proof. Since f,g € PSAPY (R,R,p) are bounded, we have

1/p

[0 ([ 15+ gt ) - Flgtsras)

<[ (] T+l tw) — S5t Dgls)as) "
b [t ([ 116+ 1000 - s Y
< o (] gt 4w - oo P
el [ty ([ 1764 - f(S)I”d8>1/p .
e - 1 1
i i [ ([ 1565+ @l +0) ~ fo)ato)Pas) e =0,

and similarly we get

i —— | ") (/ s - wgls —w) - f<s>g<s>\pds)l/p it = 0.

rotoom=(r,p) J -1

4. Existence theorem

In this section, we give sufficient conditions for system (1.1) to have a solution in the Banach
space BPSAPE (R, R, p) x BPSAPE (R, R, p). Suppose that p € Uy satisfies assumption (H,). We
put forward the following hypotheses on the components of system (1.1), which are essential in the
proof of our existence result.

(Hy) 7, € BPSAPE (R,R,p) (i = 1,2) are nonnegative functions.

(Hy) F = (f,g) € PSAPS? (R x Ry x R2,R%, p) is such that, for every (s,0,z,y) € R x Ry x
Ry x Ry, f(s,0,-,9) and g(s,o0,z,-) are nondecreasing, and f(s,o,x,-) and g(s,o,-,y) are
nonincreasing.

(H3) There exist positive-valued functions £ on (0,1) and ¢; on (0,1) x Ry x Ry (i = 1,2) such
that

(i) £:(0,1) — (0,1) is a surjection;
(i) for all z,y € (0,400), all (s,0) € R x Ry, and all v € (0,1),

f ( o 60, (17@ > o102, 9) (5.0, 2.1),

g ( o, ﬁx,smy) > a7, 2,9)9(5, 0,2, 9).



88 H. El Bazi and A. Sadrati

(H4) There exist constants M > ¢ > 0 and N > § > 0 such that, for all s € R,
71(s) 71(s)
6§a1(5)6”—|—/ f(s,a,s,N)dagal(s)M”—l—/ f(s,o0,M,d8)do < M
0 0

and

TQ(S) 7'2(5)
J < as(s)d” +/ g(s,0,M,0)do < ay(s)N” +/ g(s,0,e,N)do < N.
0 0

(Hs) For every v € (0,1),

—  inf _ "
1(7) xE[E;?MM],sol(%x,y) > &(y) +ri[s(y) = (€(0))"],
y€[62/N,N]
— 1 f — v
®2(7) sefedll 1 2218 ) > E() 4 12 [€(v) = (€N)*T,
y€[62/N,N]
where
o MM s NV
™= 1(5) 5 < +00, T2 = - 7205) 5 < 400,
;Ielﬂgfo f(s,0,62/M,N)do ;Ielﬂgfo g(s,0,M,0%/N)do

and @; =sup «a;(s), i=1,2.
seR

Theorem 3. Let FF' = (f,g9) € PSAPE? (RX]R+ XR%_,]R%_,;)) be a function satisfy-
ing (Hy). Assume that (Hy)—(Hs) hold. Then system (1.1) has a bounded positive weighted
SP-pseudo S-asymptotically periodic solution (x*,y*), that is, z*,y* € BPSAPE (R, R, p) are such
that infser 2*(s) > 0 and infseg y*(s) > 0.

P roof. Consider the following set in the Banach space PSAPL (R; R, p):

K ={z € PSAPE (R;R,p) : inﬂg z(s) > 0}.
sE

Consider nonlinear operators B = (B1, B2) and C' = (C1,C2) defined as
T1(s)
Bies)o) = [ fls,0va(s =0~ 1)y(s — o~ )do,
0

T2(s8)
By (. y)(s) = /0 o(s,0,2(s — 0 — 1), y(s — 0 — 1))do,
Co(@)(s) = ar(s)a"(s —1) and  Ca(y)(s) = an(s)y” (s — 1),

for all (z,y) € K x K and all s € R. Let

and

A(z,y)(s) = (Ar(z,y)(s), Az(z,y)(s))
for all x,y € K and all s € R.
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Now, for (z,y) € K x K such that

< <M d
< z(s) and

=%

for all s € R, we have
2

71(s)
Ci(x)(s) <@ M" = ryinf / f(s,a, E—,N) do < rBi(z,y)(s), seR,
seR 0 M

and

T2(s) 52

CQ(y)(S) §52NV :T2inf/ g<SaUaM, _> dU§T2B2(x’y)(S)’ seR.
seR 0 N

y) € K x K such that

It follows that, for all (z,
62 52
Mﬁx(s)<M —<y(s) <N, seR
and all v € (0,1),
1 1
s (6002 g5 ) ) = B (€0, gi5w) (9 + € € ()
> 1(7)Bi(z,y)(s) + (€(0))" C1(z)(s)
= £ A1z, y)(s) + @1(7)Bi(z,y)(s) + (£(7))" Cr(z)(s) — £(7)Ar(, y)(s)
> E(M)Ai(z,y)(s) + [p1(7) = E)] Bilz,y)(s) = [€(7) — (€(0)" 1 Bu (2, y)(s)
_ _ _ Ny
> e + 20N SO EOPAN 143 (6) = s i),
Similarly, we obtain
e (g5 60) () 2 1) a0,
where
) = £07) L e —€0) IEZ) — (E(N)" S €0,
bay) = £(1) + p2(7) —£07) IEZ) — €O 2 £)
for all v € (0,1) by (Hs). Take
zo(s) =€, wo(s) =M,
yo(s) =96, wvo(s) =N

= A1 (uk—1, yk—1)(9),

and consider the sequences
As(Tp—1,vk-1)(8)-

zi(s) = Ar(@g—1,vk-1)(8),
Yi(s) = Aa(ug—1,yx-1)(s),
From (H4) and the monotony of the functions f and g assumed in (Hs), it is easy to show by
(s ) M,

) <

1
el
—

»
~
Il

induction that, for all s € R,

2k (s)

<
<< g(s)

IN

ug(s) < -+ <wg(s) <uy
(s) < < wi(s

- < < ug
SkS) -~ < wa(s)

<
<
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Now, let
pk = sup {p >0 ax(s) > pug(s) and yx(s) > pog(s), s € R}.

Then x(s) > pruk(s) and yr(s) > prvk(s) for all k > 0.
It follows that

Tr+1(8) > x(8) > prur(s) > prug+1(s),
Yr+1(8) = yk(s) = puvor(s) = pvg+1(s)

for all s € R, which implies that pg11 > pr and

e 0
— — | < <1 k> 0.
(58 cmen i

Therefore, (uy)x is a convergent sequence. Let us set p* = limg_, 1o g and prove that p* = 1.
Indeed, if we suppose to the contrary that p* < 1, then by (Hs) (), there exist v* € (0,1) such
that p* = £(v*). We distinguish two cases.

Case 1. There exists integer ko such that pg, = p*. Then, pp = p* for all k > ky. Hence, for
all £ > ky and all s € R,

mﬂzAm%wwnyhQWmi%)@zAﬂgfmm %>@zwmeH@.

1
§(r)
We also conclude that yxy1(s) > o(7*)vgs1(s) for all s € R.

Thus,

Py = p* > max{yr(v°), Y2 ()} > E(vF) = pt

This is a contradiction.

Case 2. For all integer k, pu < p*. Again, by (Hs) (i), there exist v € (0,1) such that

amzﬁewm

Then, for all s € R, we have

1 *1
Tri1(s) = Ag(xg, vg)(s) > Ay (Mkuk, E%) (s) =A; <%M*Uk, %Eyk> (s)

1

:%<NWWM@%JE%>@Z¢WM%WWWN$

Similarly, we obtain
Yk41(8) > o ()2 (Y ) vk (s).

Thus, by the definition of ug, we have

umlznmx@mwwwmfxwx%n%ww}Zme{§Wfo§%@ww}

Let £ — 400, then
> max{y(v*), Y2 (v)} > £(vF) = pt.

This is also a contradiction.
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On the other hand, using hypotheses (H;) and (Hs) combined with Lemma 2, Theorem 2, and
Lemma 4, one can show that g, ug, yx, vx € BPSAPE (R;R, p) for all integer k.
In addition, for integer ¢ and j such that ¢ > j and for all s € R, we have
0 < wi(s) —xj(s) < uils) —x;(s) < ujls) —x;(s) < (1 —py)u(s) < (1 —p;)M,
0 <wi(s) —w;(s) Swi(s) —y;(s) < wjls) —yi(s) < (1= py)vj(s) < (1—py)N.
It follows that
;= jllsp < (L= ps)M =0, |lyi —yjllsp < (L—p)N =0 (as j — +o0).

This means that (xy); and (y)x are Cauchy sequences in BPSAPE (R;R, p), and thus, there exist
x*,y* € BPSAPL (R;R, p) such that x; — 2* and y, — y* in BPSAPE (R;R,p) as k — +oc.
Also, one can easily see that u, — x* and v, — y* in BPSAPS (R;R, p) as k — +o00. Moreover,
for all integer k and all s € R,

24(s) < @*(s) wels) and yi(s) < y*(s) < oy

—~

s).
Finaly, we have

Tr+1(8) = Ar(@g, vi)(s) < A1(2*, y*)(s) < Ar(uk, yi) () = ug41(s),

Yre+1(8) = Aa(uk, yi)(s) < Aa(z™,y")(s) < Ao (wk, vk)(8) = vg+1(5).
If £ = +o00, we get

A('I*ay*) = (Al(x*ay*)a A2(x*ay*)) = (x*7y*)

That is, (z*,y*) is a positive solution of system (1.1) in BPSAPE (R;R, p) x BPSAPE (R;R, p).
The proof is complete. O]

Example 2. Let us choose
JE— 3 JE— 4 Pp— 1 Pp—
77_2’ V_?)’ ap = 10, Qg =

Consider functions a,b € PSAP£’1(]R,]R, p) such that

9 [12 . 8 /9
—— < inf a(s) < supa(s) <= PR
10V 19 ~ ser seR 5V 11
5 75\ 1/5 4 2\1/5
_(_) < inf b(s) < supb(s) < —<—)
2 seR seR 3\3

1 1
-, T =T2:=1.
6 1 2

6

1 1 1
f(s,0,2,y) = a(s — o) m+1+m’ g(s,0,2,y) :b(s—a)i/f.

1
Then, using the Mean value Theorem, one easily verifies that f and g satisfy (Hp)(i), furthermore
(Hyp)(i7) is obvious. Also, (H;) and (Hj) are easy to check.
Hypothesis (Hj) is satisfied for
5()‘) = )" #1 ()‘,x’y) = \/X, and @2(>‘axay) = W’

whenever A € (0,1) and z,y € (0, +00).
Finally, (H4) and (Hs) are satisfied fore =6 =1, M = N = 2,

93/2 94/3
ry = <1, and r9=
. 1
10infcr fo f(s,0,1/2,2)do

and take

- - <1
6inficr [y 9(s,0,2,1/2)do

Thus, all the assumptions of Theorem 3 hold. Therefore, system (1.1) with the above data has the
desired solution.
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5. Conclusion

We have extended for the first time the study of a nonlinear integral equation in certain spaces to

multidimensional systems in the space of weighted SP-pseudo S-asymptotically w-periodic functions.
Moreover, we have made a change to the definition of this type of function, especially in the domain
of definition, which we considered as R instead of RT. Our perspective in the future is to extend
such a study to the abstract case where the dimension is infinite.
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