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Abstract: The first and second Zagreb indices, since its inception have been subjected to extensive research
in the physio-chemical analysis of compounds. In [5], Hanyuan Deng et al. computed the first and second
Zagreb indices of four new operations on a graph defined by M. Eliasi, B. Taeri [6]. Motivated by [6], in this
paper we define a new operation on graphs and compute the first and second Zagreb indices of the resultant
graph. We illustrate the results with some examples.
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1. Introduction

A graph without loops and also without parallel edges is called a simple graph and if all the
pairs of vertices of the graph are connected by a path then it is said to be connected. Throughout
our discussion, we consider only connected simple graphs. The degree-based structural descriptors
have been a subject of detailed study since their induction from the first degree-based topological
index in 1972 by I. Gutman, N. Trinajsti¢ [11]. Later, in 1975 I. Gutman, B. Rus¢ié¢, N. Trinajsti¢,
C.F. Wilcox [12] defined another degree based index in connection with studying physical properties
of chemical compounds. At first, both these indices were named as Zagreb group indices [3], but
later I. Gutman named them as first and second Zagreb indices. The first Zagreb index M;(G) is
defined as the sum of squares of degrees of all the vertices and the second Zagreb index M (G) is
defined as the sum of product of degrees of end vertices of all the edges. That is,

M(G)= ) de(u)?, My(G)= Y dg(u)dg(v).
ueV(G) weE(G)

Various physical applications of these indices can be found in [8-10, 13, 19, 20]. A more unified and
general approach on degree based indices of graphs were considered by X. Li, H. Zhao in [17, 18]
which lead in defining generalized Zagreb index as

Mo(G) = Y da(u)™.

ueV(G)
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Various particular cases for this generalized Zagreb index were considered separately, one among
them is the Forgotten index F(G) (when o = 3) defined in 1972 [11] but resurged in 2015 through
the works of B. Furtula, I. Gutman [7]. For more works on topological indices, see [2, 15, 17, 18, 21].
The degree based topological indices of graph operations have been a subject of detailed study
recently [1, 5]. In [16], M.H. Khalifeh, H. Yousefi-Azari, A.R. Ashrafi computed the first and
second Zagreb indices of graph operations such as cartesian product, composition, join, disjunction
and symmetric difference of graphs. In [6], M. Eliasi, B. Taeri defined four new operations of graphs
related to subdivisions and computed the Wiener index. Motivated by [6], in this paper we define
a new sum related to the four subdivison graphs and compute the first and second Zagreb indices
of the new sum. We also find the Zagreb indices of some chemical structures and some classes of
bridge graphs using the expressions obtained. We refer to this new sum as F* sums of graphs.

2. I sums of graphs

Let G1, G2 be two graphs with vertex set V;, Vo and edge set Ey, Es respectively. The four
subdivision graphs S(G1), R(G1), Q(G1), T(G1) are defined as follows in [4]:

1. S(Gy) is the graph obtained from G; by replacing each edge e; of Gy with a vertex and
making the new vertex adjacent to the corresponding end vertices of e; for each e; € FEj.
That is, S(G1) is a graph with vertex set V(S(G1)) = Vi |J V;* where Vi* is the collection of
new vertices and the edge set

E(S(G1)) = {(v,h), (u,h) : e =vu € Ey,h € V{*}.

2. R(G1) is the graph obtained from G; by replacing each edge e; of G with a vertex and making
new vertex adjacent to the corresponding end vertices of e; for each e; € E; also keeping
every edge in Gy as well. That is, R(G1) is a graph with vertex set V(R(G1)) = Vi UV
where V)" is the collection of new vertices and edge set

E(R(G1)) = {(v,h), (u,h) : e=vu € Ey,h € V{'} U Ey.

3. Q(Gy) is the graph obtained from G by replacing each edge e; of G; with a vertex and
making new vertex adjacent to the corresponding end vertices of e; for each e; € E; along
with edges joining vertex in the ith copy of V|* to the vertex in the jth copy of V;* whenever
e; adjacent to e; in Gy. That is, Q(G1) is a graph with vertex set V(Q(G1)) = Vi J V;* where
V" is the collection of new vertices and edge set

E(Q(G1)) = {(v,h), (u,h) : e =vu € Ey,h € V{'} UEY,
Ef = {(ui,uj) s e; adjacent to ej in Ep,u;,uj € Vl*},
where u;, u; are the vertices corresponding to the edges e;,¢e; € Ej.

4. T(G1) is the graph obtained from G; by replacing each edge e; of G; with a vertex and
making new vertex adjacent to the corresponding end vertices of e; for each e; € E; along
with edges joining vertex in the ith copy of V" to the vertex in the jth copy of V" whenever
e; adjacent to e; in G and keeping every edge of G as well. That is, T'(G1) is a graph with
vertex set V(T'(G1)) = Vi U V;* where Vj* is the collection of new vertices and edge set

E(T(G1)) ={(v,h),(u,h) :e =vu € Ey,h € V{"} U ET,
E} = {(ui,u;) : e; adjacent to e; in Ey,u;,u; € Vi'} U By,

where u;, u; are the vertices corresponding to the edges e;,e; € Ej.
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In each of these new subdivision graphs the vertices V7 can be termed as black vertices and the
vertices V;* can be termed as white vertices. In [6], M. Eliasi, B. Taeri defined four new sums called
F sums with the operation cartesian product on black vertices on copies of subdivison graphs.
Motivated by this we define a sum on copies of white vertices related to the cartesian product. Let
F be any one of the symbols S, R, Q, T, then the F* sum of two graphs G; and G4 is denoted by
G1 xp Go, is a graph with the vertex set V(G1 *p G2) = V(F(G1)) x V5 and the edge set

E(G1 #p G2) = {(a,b)(c,d) :a=ce Vi and bd € Ey or ac € E(F(G)) and b =d € V5 }.

Fig. 1 is an example with G; = Py, Gy = P,

(a.) (b.) (c) (d.)

Figure 1. (a) P4 *g P(;, (b) P4 *R PS, (C) P4 *Q P(;, (d) P4 *7 P(;.

3. Zagreb index of F* sum

In this section we compute the first and second Zagreb indices of F™* sums of graphs.

Theorem 1. Let Gy and Ga be two connected graphs, then

(a) Mi(Gy*s Go) = [Va| M1(G1) + |Eq M1 (Ge) + 4| 1| (2| E2| + [Va]),
(b) Ma(G1 s G2) = 2|E1|M1(G2) + |E1|M2(G2) + 4| Eq| (2| Ea| + [Va) .

P r o o f. From the definition of first Zagreb index, we have

2
Ml (Gl *S GQ) = Z (d(Gl*SGQ)(a” b))
(a,b)EV(G’l*SG’g)
- Z (d(Gl*SGQ)(u7U) + d(Gl*st)(way))

(u,0)(w,y)€BE(G1x5G2)

Z Z (G1*xsG2) u U) +d(G1*sG2)(u y))

ueV* vyeFs

+ Z Z (d(Gl*SG2)(u’U) + d(G’l*sG2)(x7U))'

veVa uzeE(S(G1)
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Now we separately find the values of the each parts in the sum. Firstly we consider the sum in
which v € V" and vy € E»

Z Z (G1*x5G2) u U) +d(G1*sG2)(u y))

ueV* vyeFs

=3 > [dsen ) +de, (v) + (dsiay) (@) + da, () ]

ueVi* vye B

- Z Z [QdS(GI)(u) +dg,(v) + dg, (y)]

ueV* vyeFs

= > [4|Es| + Mi(Ga)] = A|Ey||Es| + |E1 | M (Ga).
ueVy

Now for each edge ux € E(S(Gy)), v € V,

Z Z (d(Gl*SG2)(u’v) + d(Gl*SGg)('I’IU))

veVe uz€E(S(G1))

=3 > [dsen @) + (day (v) + dsiy (@))]

veVe uxeE(S(G1)
ueVy, zeVy*

=Y (21B1|dg, (v) + Mi(Gr) +4|E;|) = 4|Ey || Bo| + [Va| My (G1) + 4| B || Val.
veVa

From the expressions we obtain
M (G xs G2) =|Va|M1(Gr) + |Ex | M1(G2) + 4 E1| (2| E2| + [Va]) -
Next consider

M>(Gy x5 G2) = Z (dGyxsGy (U, 0)dGy 56y (T, Y))
(u,v)(z,y)EE(G1x5G2)

Z Z dGl*SG2 U, v)dGy Gy (U ,Y)) Z Z (dG'l*sGb(uvv)dGﬂsG'z(x?U))

ueVy* vye kb2 veVe uzeE(S(G1)

Z Z ds (G (1) + day (v )] [dS(Gl)(u) + da, (y)]

ueVy* vy€e o

+Y > lds@n@) (da, (v) + dsey) ()]

veVa uze E(S(G1)),
ucVy, zeVy*

=3 > [A+2(dey(v) + dey (1) + day (v)de, )] + > (2(1E1]) day (v) + 4| Ey)
ueV* vyeFs veVa

= 4|E||Ey| + 2|E1 | M1 (G2) + | E1|M2(G2) + 4|Eq | (|E2| + [Va]) -
Thus,

Ms(Gy xs G2) = 2|Eq|M1(G2) + |E1|Ma(G2) + 4| E1| (2| Ea| + [V2]) .
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Theorem 2. Let Gy and Ga be two connected graphs, then

(a) Mi(Gy xR Go) = 4|Va|M1(G1) + |E1[M1(G2) + 4] Er[ (2| Ez| + [Va]),
(b) Ma(Gy xr G2) = 4M1(G1)(1 + [Ez|) + M2(G2)(4]Va| + | E1]) + 2| E1|M1(Ga2) + 4] E1|| Eal.

Proof. Wehave

2
Ml(Gl *R G2) — Z (d(Gl*RGQ)(a’ b))
(a,b)eV (G1xrG2)
- Z (d(Gl*RG’2)(u7 U) + d(Gl*RG’g)(x7 y))

(u,0)(z,y)EE(G1%rG2)

Z Z (d(GrinGa) (U V) (G i) (W) Z Z (d(GrwnGa) (U V) (G i) (T, 1))

ueVy* vye B veVe uze E(R(G1)

Now we separately find the values of each part in the sum. First we consider the sum in which
u € V" and vy € E»

Z Z (d(Gl*RGQ)(u’ U) + d(G1*RG2)(u’ y))

ueV* vy€Eo

=3 > [(drieny () + day (v) + (dry) (1) + das ()]

ueV* vyeFs

=Y D BHde(v) +de(y)] = Y [AEs| + Mi(Go)] = 4| E1||Es| + | E1| My (Ga).
ueV" vyel ueVy

Now for each edge ux € E(R(G1)), v € V,

Z Z (d(Gl*SG2)(u’v) + d(Gl*SGg)('I’/U))

veVe uze E(R(G1))

- Z Z (d(Gl*SG2)(u’ 1)) + d(G1*sG2)(x7 U))

veEVa uze E(R(G1)),
u,zeV]

+ Z Z (d(G1*st)(u’U) + d(Gl*SGQ)(CC,v)).

veVe uz€ E(R(G1)),
ueVy, zeVy*

Now we calculate the each sum separately

Z Z (d(Gl*RGQ)(u’U) + d(Gl*RGQ)(x7U))

veVa uze E(R(G1)),
u,x€V]

= Z (dr(ey) (1) + dray) (2))

veVa uze E(R(G1)),
u J:EVl

=3 > 2(dey(u) +do, (2) = 2|Va|Mi(Gh).

vEV2 uzeE(R(GY)),
u,z€V]



Zagreb Indices of a New Sum of Graphs

By considering the case where ux € E(R(G1)), u € Vi, x € V|

Z Z (d(Gl*RG2)(u U)+d(Gl*RGz z,v) Z Z dR(G1)(u) + (dg, (v) +2)

veV2 uz€ E(R(G1)), veV2 uz€ E(R(G1)),
ueVy*, zeV* ueVy, zeVy*

=Y > 2da,(u) +da, (v) +2 = 2[Va| My (Gh) + 4| Er| (| Es| + | Val).

veV2 uxe B(R(G1)),
ucVy, zeVy*

Thus we obtain
M, (Gy *R Go) = 4|Va| M1 (G1) + | E1 | M1 (Gz2) + 4] Eq | (2| Ba| + | Va]).
Similarly,

MQ(Gl *R G2) = Z (dGl*RGQ (u’v)dcl*RGQ (x,y))
(u,0)(z,y)EE(G1xRrG2)

Z Z (A1 rGe (U, 0)dG s pcs (U, Y) Z Z (d(Gl*RG2(u7U)d(Gl*RG2(x7U))'

ueVy* vye ks veVe uze E(R(G1)
Now we find the sums separately

Z Z dG1*RG'2 u U)dGl*RG2 U y Z Z dR(G1 +dG’2( )) (dR(G’l)(u) + dG2 (y))]

ueV* vyeFs ueV  vyeEs

Z Z dR(G1 + dR(G’l)( ) (dG'2 (U) +da, (y)) + da, (U)dG2 (y)]

ueVy vyc ks

= > > [A+2(de,(v) + da, (v) + day (v)de, (y)] = 4By || Ba| + 2|E1 | My (Ga) + | By [Ma(Gh).
ueVi* vyc ks

Also,
Z Z (dGl*RG2(u U)dGl*RG2 z,v) Z Z (dGl*RG2 (uav)dGHRGz(x?U))
veV2 uz€ E(R(G1)) veV2 uz€ E(R(G1)),

u,x€V]

+ Z Z (dGl*RG2 (uav)dGl*RGQ (x,v)).

veV2 uzx€ E(R(G1)),
u€Vi, zeVy*

Finding the sums separately, we get

Z Z (dGl*RG2(u 0)dGxpas (7, v) Z Z (dR(Gl)(u)dR(Gl)(x))

veVe uze E(R(G1)) veVe uxze E(R(G1))
u,x€V] u,x€VL

=Y Y dde, (w)de, (x) = 4|Va| Ma(Go).

veV2 ureE(R(Gh))

u,x€V]
Now,
Z Z (dGl*RG2 (u U)dG1*RG'2 z, U Z Z dR(Gl)(u) (dGz (U) +dR(G1)(x))
veVa uze E(R(G1)) veVe uxze E(R(G1))
ucVy, zeVy* ueVy, zeVy*

=> Y 4dg, (w) +2dg, (w)da, (v) = 4My(G1) + 4| Eo| My (Gh).

veVo uze E(R(G1))
ueVi, zeVy*
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Now collecting all the previous terms, we get

M3 (G R G2) = AMy(G1)(1 + | E2|) + Ma(Go)(4|Va| + |E1]) + 2| E1 | M1 (Ga) + 4| Er || Eal.

Theorem 3. Let Gy and Ga be two connected graphs, then
(@) Mi(Gyxq G2) = (|Va| + 2| E2|) M1 (Gr) + [EL[M1(Ga) + 2|V2|Ma(Gh)
+ |[Va|F(G1) + 2| B2| (2| E(Q(Gh))| + 3|E1 ),
(0)  M(G1xq G2) = |Ea|Ma(Gh) + |Er|[Ma(G2) + Ma(G1) Mz (Ga) + 2| Ez [ M1(Gh)
1
+ 5 (V2 Ma(Gr) + (21 Ea| + V2| F(G1))]
+ “/2’< Z rijda, (ui)da, (uj) Z de, ( uj Z dGl(ui))7
ui,uJ'EVl UJEV1 u,evl,uiujeEl
where 1;; denotes the number of neighbouring common vertices adjacent to both u; and u;.

Proof. Wehave

2
Mi(GixG)= D (dGiwgen(a:b)
(a,b)EV(Gl*SGg)
- Z (d(Gl*QGQ)(u?v) + d(Gl*QGQ)(%y))

(u,0)(%,y)EE(G1%qG2)

- Z Z (d(Gl*QGQ)(u’U) + d(G1*QG2)(u7y))

uGVl* vy€eE>

* Z Z (d(Gl*QGQ)(u7U) + d(Gl*QGQ)(DU,U)).

vEV: uz€ B(Q(Gh))

First we consider the sum in which u € Vj* and vy € E»

Z Z (d(Gl*QG2)(u7 U) + d(G1*QG2)(u7 y))

ueVy* vye o
= > > g @) + da, (v) + (do,y () + da, (v))]
ueV* vyeFs
= > Y [2dge () + day (v) + dey (y)]
ueVy* vye B
= Y 2[BEbl(dg, (p) +dey (@) + Y Mi(Ga) = 2| Ey| My (Gh) + | E1| My (Ga).
e=pqeE; ueVy*

For each edge uz € E(Q(G1)) and the vertex v € V4
Z Z (d(Gl*QGQ)(u’ v) + d(Gl*QGg)('I’ U))

vEV2 uz€E(Q(Gh))

=Y D (dGiegGn) (s v) + diGragas) (@)

veVa uze E(Q(Gh)),
ueVy, zeVy*

T Z Z (d(Gl*QG2)(u7U) + d(G’l*QG’Q)(x,U)).

veEV2 uz€E(Q(G1)),
u,zeVY
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Now we separately find both the sums. First,

> 2 (d(Gl*QGQ)(Ua V) + d(G1Gy) (2, v))

veVo uze E(Q(G1))

ueVy, zeVy*
=Y Y do@n@+ (da®) tdoen@) =D Y day(w) +de, ) + dgy (@)
veV2 uxe E(Q(G1)) veEVe uz€ E(Q(G1))
ueVy, zeVy* ueVy, zeVy*
=Y Mi(G1)+2BEilda,(v) +2) 0 > (da, (w) + de, (v:))
veEVs veVz e=u;v;€E(G1)

uq, v; EV1

= [Va|M1(G1) + 4| Er || Ba| + 2| V2| M1 (Gh).

The second part of the sum is the following

Z Z (d(Gl*QGz)(u7v) + d(Gl*QG2)(x7v))

veV2 uz€e E(Q(Gh)),
u,x€Vy*

=57 Y (dowen (W) + dey(v) + dgey (@) + de, (v))

veV2 uz€E(Q(Gh)),

u,zeV*
=> ( Y 2e,(v ) > < Y. (doen(w +dQ(G1)(96)))
veVe  wzeE(Q(Gh)), veVe  wzeE(Q(Gh)),
u,zeVy* u,x€Vy*
=> ( > 2dG2(v)> + ) ( > (doy (i) + da, (u)) + da, (ug) +dGI(Uk)))
veV2  uwz€E(Q(Gh)), veVa  wujujur€E
u,ze V"
= 4(|E(Q(G1))| = 2|E1[)| E2| + |V2] ( Y Cicwpdon(w) + Y (day(us) = 1) Y de (ui )
u]€V1 Uj€V1 uZEVl,
uu; €1
—4(BQG) 2B DIE VI T (o) ~den (w14 3 (e u) = 1) 3 dea(un))
u; €Vy u; €Vq uZ€V1E}
uUju; L1

= 4(|E(Q(Gh))| = 2|Ex|)|E2| + V2| (F(Gy) + 2M3(G1) — 2M:(Gh)).

Here u;u; is the edge corresponding to the vertex u and ujuy is the edge corresponding to the
vertex x.
Thus we obtain

Mi(G1*q G2) = (|Va| + 2|E2|) M1 (G1) + | E1|[M1(Ge) + 2[V2|Ma(Gh)
+|Va|F(G1) + 2| E| (2| E(Q(Gh))| + 3|E1)).

Similarly,

My(G1 xq Ga) = Z (d(G100Ga) (W 0) (G20 o) (5 Y))
(u, v)(x,y)eE(Gl*Q%)

Z Z d(Gl*QGz)(u v)d(G1 *QGQ 'LL y Z Z (d(Gl*QGz)(u? 'U)d(Gl *QGQ)(x7 'U)) .

ueV* vy€Eo veVz2 uze E(Q(G1)
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Now we separately find the values of each part in the sum

DD (e W 0)dGr e W)=Y D [(doen ()tda, (v) (do,) (w)+da, 1))

ueVy* vye B ueV* vyeFs
=Y > doen)()? + dgay) (1) (da, (v) + da, (1)) + da, (v)da, ()]
ueV* vye By
= Z Z (dey (ui) + da, ( uj Z Z (dey (i) + da, (u]))(dG'z( ) +dae, (y))
vy€ls uju €En ujuj €L vy€ Lo

+ Z Z dG2 dG2

uju; €1 vye B

= > > (day (w)? +da, (u5)” + 2da, (w)da, (uy) + Ma(G1) My (Ga) + | B[ Ma(Ga)

vy€Fl2 uiu; €

= |Es|F(G1) + 2| Eo|M2(Gh) + M2(G1) M2 (G2) + | E1[Ma(Ga).

Now,
DD (A6 V) A6 e (@ 0) =D D (diGraoen) (1 0)diG o) ()
veVa uze E(Q(Gh)) veEV2 uz€E(Q(G1)),

u€V1,m€V1

+ Z Z (d(Gl*QGQ)(u? U)d(Gl*QGQ)(l“, v))

veVe uze E(Q(Gh)),
u,x€V*

Now we find each sum separately

S D (dGreges) W 0)dGregan) (@ 0)= D Y doey () (do) () + da, (v))

veVa uz€ E(Q(Gh)), veVz uz€ E(Q(Gh)),
ueVy, zeVy ueVh, zeVy*

=3 > doenWdge (@) + da, (v)dgc,) (1)

veVa uz€E(Q(Gh)),

ueVy, zeVy*
= Z Z dGl( )dQ Gl ‘|‘ Z Z de, (u)dGQ (U)
veVa uze E(Q(G1)), veV2 uze E(Q(Gh)),
ueVy, zeVy* ueVy, zeVy

= [V2|(F(G1) + 2Ma(Gh)) + 2| E2| M1 (Gh).

The second part is

S8 (oo +de) (o) + dey(w) )
veVs uaﬁeuli(g‘(/?l)),
=3 > (doyWdgy (@) + day (v) (dgay) (1) + dgy) () + da, (v)?)

veVz uz€ E(Q(Gh)),
u,x€Vy*

-3 ( X uz+dal<uj>><dal<uj>+dal<uk>>)

veEVe “wuiu;€lT,
u]'ukEEl

+Y da (o) Y (d01(uz')+dcl(ug')+dcl(Uj)+dGI(Uk))>+(|E(Q(G1))|—2|E1I)Ml(G2)

vEVS ujuj€B,
ujur €
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= |V2|< Y Clytupden (W) + D rijdes (ui)de, (uj)+) ) (da, (uj)—1)dg, (u5) Y dal(uz‘)>

UjEV1 ui,uJ-EV1 UjE‘/l u?j;fggl
+2|Es| ( > ch (uy) 4G (u )+ (day (w)-1) > da, u) (IE(Q(G1))| — 2|E1|) M1 (G-)
uJ€V1 Uj %1 uZ€V1,
uiuj€E1
1
= l(5 X e (0)! ~ de (") 4 Y e w)den ()
UJ'GV1 ui,Ujevl
Wl X dowl S doy(u) - 200(G))
u;€V1 u; €V,
uiuJEEl
#2lBal( 5 (e ) )+ 3 (s () =1) Y s () )+ (BQUGL) |21 M G
u; €Vy u; €V1 u €V1,
uiuJ'GE'l
VIG5 PG X risden(uidan ()t S dey(uf X day (1) -200(G)
ul,u]'GV1 UJEVl u; €V1,

uu; €L
+2|Es| (F(G1) + 2M2(G1) — 2M1(Gh)) + (|E(Q(G1))| — 2|Ex|) M1 (Ga).

Here u;u; is the edge corresponding to the vertex u and ujuy is the edge corresponding to the
vertex x, 1;; denotes the number of common vertices adjacent to both u; and u;. Thus we obtain

M(G1xq G2) = |Ea|Ma(Gr) + | Ex|[Ma(G2) + Mo (G1) M2 (Ga) + 2| Ez|M1(Gh)
+3 [VAML(GY) + 2IE |+ VAl F(GL))

H‘/Z‘( Z rijde, (ui)da, (uj) Z de, ( uj Z dG1(ui)>-

ui,u]'GV1 u]€V1 ui€V1,
uju; €F

Theorem 4. Let Gy and Ga be two connected graphs, then
(@) My(Gyxr Go) = 2|E2|M1(Gh) + | E1[M1(Ga) + 2|Va|Ma(Gh)
+ |[Va|F(Gh) + 4(|E(T(G1))| = 3|Ex ) | E2l,
(b)  M>(Gy*r Ga2) = 5| Ea|Ma(G1) + (4Va| + | B1[) Ma(Ga) + Ma(G1) Ma(G2) — 2| Ea|Mi(Gh)
1
+ (IB(T(G1)| = 3|Ex[) Mi(Ga) + 5 [IVa| Ma(Gh) + (2| E2| + [Va]) P (Gh))]
+ "6’< Z 70Z]dG1(uZ de, ( uj Z de, ( u] Z dG1(ui)>'
ui,ujevl UJ€V1 uzevl,uinEEl
where 1;; denotes the number of common vertices adjacent to both u;,u;.

P roof We prove this theorem using Theorem 2 and Theorem 3. When u € V" and vy € E»

DY (dGrarea) (W ) + dGraren) (1) = D> (diGrigas) (1 0) + G igas) (1 1))

ueVy vye ks ueVy* vye ks
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From Theorem 3
Z Z (G1*7G2) (u,v) + d(Gl*TG’g)(u y)) = 2|Es| M1 (Gy) + |E1|M1(G2).
ueV* vyeEs
Also
Z Z (d(Gl*TGQ)(u’ 'U) + d(Gl*TGg) ('Ia /U))

veVe uz e E(T(G1))

- Z Z (d(Gl*TGQ)(u? U) + d(Gl*TGQ)(CU, v))

veV2 uz€ E(T(G1)),
ueVy, zeVy*

+ Z Z (d(Gl*TGQ)(u7U) + d(Gl*TGg)(x7U))

veVa uxe E(T(Gh)),
u,x€Vy*

+ Z Z (d(Gl*TG2)(u’v) + d(Gl*TG2)(x7U)) :

veVa uxe E(T(Gh)),
u,z€V]

Also from Theorem 2 and Theorem 3
Z Z (d(Gl *TGQ)(u7 U) + d(Gl*TGQ) (1’, U))
veV2 uz€e E(T(G1))
= 4(|E(T(G1))| — 3|E1|)| Ea| 4 [Va|(F(G1) + 2M2(Gy) — 2M1(Gh)) + 2|Va| M1 (Gh).
Thus,

Ml(Gl *T Gg) = 2|E2|M1(G1) + |E1|M1(G2) + 2|V2|M2(G1)
+[Va|F(Gh) + 4(|E(T(Gh))| — 3| Erl) | .

Similarly for Ms, from Theorem 3
Z Z GI*TG2 )d(Gl*TG2)(u7y))
ucVy vyeEs

= |E2|F(G1) + |E2|Ma(G1) + M2(G1) M2(Ga) + | E1|M2(Ga).

The second part of the sum is

Z Z (d(Grapca) (U, V)d (G p ) (2, 0) Z Z (d(Grapca) (U, V)d (G r ) (2, 0))

veVe uz€E(T(G1)) veVe uze E(T(Gh1)),
ucVy, zeVy*

+ Z Z (d(Gl*TG2)(u’/U)d(Gl*TGg)(xalv))

veVe uze E(T(Gh)),
u :BEVI

+ ) > (d(Grrp o) (U 0)d (G wp o) (2,0)) -
veVo uz€ E(T(G1)),u,z€V1
From Theorem 2 and Theorem 3 we get

SN (A (W 0)d(Gy o) (,0)) = [Val (F(G1) + 2Ma(Gh)) + 2| Ea| M (Gy)
veV2 uxeE(T(G1))

—HV2‘< M4(G1)—— (Gl) Z T'UdGl Uy; dG1 u] Z dG1 uj Z dGl(ui)—2M2(G1)>

uZ,UJEVl u]€V1 u; V1
uju; R

+2| Eo| (F(G1) + 2M2(Gh) — 2M1(Gh)) + (IE(Q(G1))| — 2|Ex|) M1 (Ga) + 4]Va| Ma(Gy),
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here r;; denotes the number of common vertices adjacent to both u;, u;. Thus we obtain
My (Gy 1 G) = 5|E2|Ma(Gy) + (4]Va] + |Er|) Ma(Ga) + Ma(G1)Ma(G2) — 2| E2| My (Gh)
1
+(IB(T(G1))| = 3| Eal) Mi(Ga) + 5[Vl Ma(Gh) + (21 Bs| + [V F(G1)]

—HV2’< Z T,jdgl(u, de, ( uj Z de ( u] Z dG’l(ui)>-

ui,ujevl ujevl uZEthiuJ'EEl

4. Applications with illustration

The above computational procedure can be used to find the respective indices for many classes
of graphs very easily. As an illustration we provide the following.

Ezxample 1.  When Gy = P,, Go = P,,, n,m > 3, using the theorem, we easily obtain the
following results

= 20mn — 22m — 14n + 14,

)
Ms(P, xs Pp,) = 32mn — 40m — 24n + 38,;
2. My(P, *r Py) = 32mn — 40m — 14n + 14,
Ms(P, xg P,,) = 64mn — 48m + 24n — 80;
3. My(P, *q Pp,) = 40mn — 64m — 22n + 30,
My (P, g Pp,) = 96mn — 184m + 18n + 134,
4. My(P, *p Py,) = 48mn — 82m — 22n + 30,
My (P, 1 Py,) = 136mn — 258m — 86n + 146.

Let T, m denote the torus grid graph obtained from the cycle C,, and Cy,. Using F* sums, we
can compute the Zagreb indices of torus grid graph 72, since Taym = Cy *5 Cpy.

Ezxample 2. When Gy = C,, Gy = Cy,, n,m > 3, using the theorem, we easily obtain the
following results

= 48mn;

We can also find the Zagreb indices of some chemical structures using the expressions of F™
sums.

Example 3. Let n > 3 be an integer, then Zagreb indices of the the zigzag polyhex nanotube
TUHC6[2n, 2]
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M, (TUHC6[2n,?2]) = 26n,
My(TUHC6[2n,2]) = 33n.
Since TU HC6[2n, 2] = C,, xg Py, then by Theorem 1.

Using F™ sums, we can also find the Zagreb indices of some classes of bridge graphs. Let
V1,2, ..., U, be vertices of graphs G1, G, . .., G, respectively. The bridge graph using vy, vs, ..., v,
is secured by joining the vertices v; of G; to v;41 of Gi41 for ¢ = 1,2,...n — 1 and it is denoted
by B(G1,Ga,...,Gp;v1,02,...,0,). If G; =2 G417 = G and v; = vi41 = v for all ¢ = 1,2,...n,
then B(G,G,...,G;v,v...,v) = G,(G,v). Let B,, = G,(Ps,v) where the degree d(v) = 2 and
T3 = G, (C3,v) [14] be two class of bridge graphs.

Ezxample 4. Let n > 2 be an integer, then
Mi(By,) = 18n — 14,
My (B,,) = 24n — 28;

Ml(ng) = 24n — 14,
Mg(Tn,gg) = 36mn — 32.
Since B,, = P xg P, and T}, 3 = P> *g P, and by Theorem 1 and Theorem 2.

5. Summary and Conclusion

The F sum of graphs was a new sum defined by M. Eliasi, B. Taeri in [6], a lot of research
has been done on this to compute various topological indices of this F' sum. In this paper we
have defined a similar new operation and computed the first and second Zagreb index of this sum.
Computing other topological indices on these sums is an area which researchers may find helpful.

Acknowledgements

The authors are highly indebted to the anonymous referees for their valuable comments and
suggestions which led to an improved presentation of the results.

REFERENCES

1. Alex L., Indulal G. Some degree based topological indices of a generalised F' sums of graphs. Electron.
J. Math. Anal. Appl., 2021. Vol. 9, No. 1. P. 91-111.

2. Alex L., Indulal G. On the Wiener index of Fy sums of graphs. J. Comput. Sci. Appl. Math., 2021.
Vol. 3, No. 2. P. 37-57. DOI: 10.37418/jcsam.3.2.1

3. Balaban A.T., Motoc I., Bonchev D., Mekenyan O. Topological indices for structure-activity correlations.
In: Topics Curr. Chem., vol 114: Steric Effects in Drug Design. Berlin, Heidelberg: Springer, 1983.
P. 21-55. DOI: 10.1007/BFb0111212

4. Cvetkovi¢ D. M., Doob M., Sachs H. Spectra of Graphs: Theory and Application. New York: Academic
Press, 1980. 368 p.

5. Deng H., Sarala D., Ayyaswamy S. K., Balachandran S. The Zagreb indices of four operations on graphs.
Appl. Math. Comput., 2016. Vol. 275. P. 422-431. DOT: 10.1016/j.amc.2015.11.058

6. Eliasi M., Taeri B. Four new sums of graphs and their Wiener indices. Discrete Appl. Math., 2009.
Vol. 157, No. 4. P. 794-803. DOI: 10.1016/j.dam.2008.07.001

7. Furtula B., Gutman I. A forgotten topological index. J. Math. Chem., 2015. Vol. 53. P. 1184-1190.
DOI: 10.1007/s10910-015-0480-z

8. Gutman I. On the origin of two degree-based topological indices. Bull. Acad. Serbe Sci. Arts Cl. Sci.
Math. Natur., 2014, Vol. 146. P. 39-52.

9. Gutman I., Das K. C. The first Zagreb index 30 years after. MATCH Commun. Math. Comput. Chem.,
2004. Vol. 50. P. 83-92.


https://doi.org/10.37418/jcsam.3.2.1
https://doi.org/10.1007/BFb0111212
https://doi.org/10.1016/j.amc.2015.11.058
https://doi.org/10.1016/j.dam.2008.07.001
https://doi.org/10.1007/s10910-015-0480-z

Zagreb Indices of a New Sum of Graphs 17

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.
21.

Gutman I., Milovanovi¢ E., Milovanovi¢ I. Beyond the Zagreb indices. AKCE Int. J. Graphs and Com-
binatorics, 2018. DOI: 10.1016/j.akcej.2018.05.002

Gutman 1., Trinajsti¢ N. Graph theory and molecular orbitals. Total ¢-electron energy of alternant
hydrocarbons. Chem. Phys. Lett., 1972, Vol. 17, No. 4. P. 535-538. DOT: 10.1016,/0009-2614(72)85099-1
Gutman I., Rusci¢ B., N. Trinajsti¢, Wilcox C.F. Graph theory and molecular orbitals. XII. Acyclic
polyenes. J. Chem. Phys., 1975. Vol. 62, No. 9. P. 3399-3405.

Gutman I. An exceptional property of the first Zagreb index. MATCH Commun. Math. Comput. Chem.,
2014. Vol. 72. P. 733-740.

Imran M., Akhter S., Igbal Z. Edge Mostar index of chemical structures and nanostructures using graph
operations. Int. J. Quantum Chem., 2020. Vol. 120, No. 15. Art. no. €26259. DOI: 10.1002/qua.26259
Indulal G., Alex L., Gutman I. On graphs preserving PI index upon edge removal. J. Math. Chem.,
2021. Vol. 59. P. 1603-1609. DOI: 10.1007/s10910-021-01255-1

Khalifeh M.H., Yousefi-Azari H., Ashrafi A.R. The first and second Zagreb indices of some graph
operations. Discrete Appl. Math., 2009. Vol. 157. P. 804-811. DOI: 10.1016/j.dam.2008.06.015

Li X., Zhao H. Trees with the first three smallest and largest generalized topological indices. MATCH
Commun. Math. Comput. Chem., 2004. Vol. 50. P. 57-62.

Li X., Zheng J. A unified approach to the extremal trees for different indices. MATCH Commun. Math.
Comput. Chem., 2005. Vol. 54, P. 195-208.

Nikoli¢ S., Kovacevi¢ G., Milicevi¢ A., Trinajsti¢ N. The Zagreb indices 30 years after. Croat. Chem.
Acta., 2003. Vol. 76, No. 2. P. 113-124.

Stevanovi¢ D. Mathematical Properties of Zagreb Indices. Beograd: Akademska misao, 2014. (in Serbian)
Wiener H. Structural determination of paraffin boiling points. J. Am. Chem. Soc., 1947. Vol. 69. P. 17—
20. DOT: 10.1021/ja01193a005


https://doi.org/10.1016/j.akcej.2018.05.002
https://doi.org/10.1016/0009-2614(72)85099-1
https://doi.org/10.1002/qua.26259
https://doi.org/10.1007/s10910-021-01255-1
https://doi.org/10.1016/j.dam.2008.06.015
https://doi.org/10.1021/ja01193a005

	Introduction
	F* sums of graphs
	Zagreb index of F* sum
	Applications with illustration
	Summary and Conclusion

