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Abstract: In this paper, we consider the following £-difference equation
@(@)LPnt1(x) = (§nz + In)Pot1(@) + AnPr(z), n 20,

where @ is a monic polynomial (even), deg® < 2, &, ¥n, An, n > 0, are complex numbers and L is either
the Dunkl operator T}, or the the g-Dunkl operator T{g 4. We show that if £ = T}, then the only symmetric
orthogonal polynomials satisfying the previous equation are, up a dilation, the generalized Hermite polynomials
and the generalized Gegenbauer polynomials and if £ = T{g ), then the q?-analogue of generalized Hermite

and the g2-analogue of generalized Gegenbauer polynomials are, up a dilation, the only orthogonal polynomials
sequences satisfying the £-difference equation.
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1. Introduction

The classical orthogonal polynomials (Hermite, Laguerre, Bessel, and Jacobi) have a lot of use-
ful characterizations: they satisfy a Hahn’s property, that the sequence of their monic derivatives
is again orthogonal (see [1, 8, 14, 16]), they are characterized as the polynomial eigenfunctions of
a second order homogeneous linear differential (or difference) hypergeometric operator with poly-
nomial coefficients [4, 15, 16], their corresponding linear functionals satisfy a distribution equation
of Pearson type (see [11, 13, 15]).

Another characterization was established by Al-Salam and Chihara in [1], in particular they
showed that the sequences Hermite, Laguerre and Jacobi are the only monic orthogonal polynomial
sequences {P,},>0 that satisfy an equation of the form:

m(z) Py 1 (z) = (anz + by) Pog1 + ey Po(z), n >0, (1.1)

where 7 is a monic polynomial, deg 7 < 2.
Recently, Datta and J. Griffin [9] studied the g-analogue of (1.1). More precisely they studied
a g-difference equation of the form:

m(2)DyPpy1(z) = (anx + by) Poy1 + cnPo(x), n >0, (1.2)
where 7 is a monic polynomial, degm < 2 and D, is the Hahn operator defined by
Dyf(x) = (f(qz) — f(x))/(¢ — Dz, feP.

In particular they showed that the only orthogonal polynomials satisfying (1.2) are the Al-Salam-
Carlitz I, the little and big g-Laguerre, the little and big ¢-Jacobi and the ¢-Bessel polynomials.
The aim of this paper is to study the equation of the form:

O(2)LPpi1(x) = (€nx + ) Poyi1(x) + Ay Po(z), n >0, (1.3)
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where @ is a monic polynomial (even), deg® < 2 and £ € {7y, T(g,¢)}-

This paper is organized as follows. In Section 2, we introduce the basic background and some
preliminary results that will be used in what follows. In Section 3, we show that the only symmetric
orthogonal polynomials satisfying (1.3), are, up a dilation, the generalized Hermite polynomials
and the generalized Gegenbauer polynomials if £ = T}, and the q*-analogue of generalized Hermite
polynomials and the g?-analogue of generalized Gegenbauer polynomials if £ = Ti0,q)-

2. Preliminaries and notations

Let P be the vector space of polynomials with coefficients in C and let P’ be its dual. We
denote by (u, f) the action of u € P’ on f € P. In particular, we denote by (u),, = (u,z™), n > 0,
the moments of u. For any form wu, any polynomial f and any a € C\ {0}, let fu and hgu, be the
forms defined by duality:

(fu,p) = (u, fp), (hau,p) = (u,hap), pEP,

where hgp(z) = p(ax).

Let {P, }n>0 be a sequence of monic polynomials (MPS, in short) with deg P, = n, n > 0. The
dual sequence associated with { P, },,>¢ is the sequence {uy, }n>0, un € P’ such that (u,, Pp) = 65m.,
n, m > 0, where d,, , is the Kronecker symbol [14].

The linear functional v is called regular if there exists a MPS {P, },>0 such that (see [8, p. 7]):

<u7 PmPn> - 7nnfsn,nw n,m > O, Tn 7é O, n > 0.
Then the sequence {P,},>0 is said to be orthogonal with respect to w. In this case, we have
-1
Uy = ((uo,P3>) Poug, n>0.

Moreover, u = Aug, where (u)o = A # 0 [17].

In what follows all regular linear functionals u will be taken normalized i.e., (u)g = 1. Therefore,
U = ugp.

A polynomial set {P, },>¢ is called symmetric if

P, (—z) = (-1)"P,(x), n>0.

According to Favard’s theorem [8], a sequence of monic orthogonal polynomials { P, () }n>0 (MOPS,
in short) satisfies a three-term recurrence relation

{ Po(z )2)1, Pi(z) =z, (2.1)

n+2( (1‘ - /8n+1) n+1( ) ’Yn-i—lpn(x% n = 07 Tn+1 7é 07 n > 0.
with ) ( 2 )
{ug, zPy;) o, Py
— , = s n Z 0.

A dilatation preserves the property of orthogonality. Indeed, the sequence {ﬁn(x)}nzo defined by
P(z) =a"P,(ax), n>0, acC)\/{0}

satisfies the recurrence relation [16]

{ Ro(@)=1, Pi(x)=x— fo,
) =

n+2( (1' - /Bn—l—l) n+1( ) in—l—lﬁn(x)a n Z 07
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where

Tn+1

~ /8 _
577, = Tn+1 = (Z2 9 n > 0. (22)

n
a )

Moreover, if { P, },>0 is a MOPS with respect to the regular form ug, then {ﬁn}nzo is a MOPS
with respect to the regular form ug = h,-1ug.

Theorem 1 [8]. Let {P,}n>0 be a MOPS satisfying (2.1) and orthogonal with respect to a
linear functional w. The following statements are equivalent:

(i) the sequence {Py}n>0 is symmetric;
(ii) (w)2nt1 =0, n > 0;
(iii) B =0, n>0.

Next, we introduce the Dunkl operator 7}, defined on P by [10, 18]

(Tuf)@) = F'@) + jHA (&), p> -3, [eP,

where
f(a) ~ f(=2)

(H-1f)(x) = oy

For the Dunkl operator, we have the property [6]
T,(£9)(2) = (Tuf)(@)g(x) + F(@)(Tug)(@) — Apa(H 1)) (H19)(x), f.g € P.
In particular,
T (xPot1) = (1 +2u(=1)""™) Pyi1 (@) + 2(TuPos1)(x), n >0, (2.3)
We define the operator T, from P’ to P’ as follows:
(Tyu, [y = —(u,T,f), fEP, ueP.

In particular,
(Tuu)n = _Mn(u)n—h n >0,

with the convention (u)_; = 0, where
o =0+ (1= (—1%), n>0.
We introduce also the g-Dunkl operator T(g 4 defined on P by [2, 5, 7]

flgz) = f(x)

(T @) = =0

+0H_f(z), feP, 6cC.

Remark 1. Note that when ¢ — 1, we again meet the Dunkl operator.

From the last definition, it is easy to prove that

Tio,q)(f9) = (Lo, + (he f)(Ti0,909) + O(h—1f — hef)H 19, f,9€P.
In particular,

1— (_1)n+1

TP = (14000 + )75

)Pn+1(x) + qx(T(g,q)Pot1)(z), n>0. (2.4)



112 Y. Habbachi

We define the operator T{y g from P’ to P’ as follows:

<T(67q)ua = —<U7T(9,q)f>7 fer, ueP.

In particular,

where (u)_; = 0 and

1—(=1)"
On.q = [nlg + 97(2 ) , n>0, (2.5)
here [n]y, n > 0, denotes the basic g-number defined by
1—q" n—1
[n]qzl_qzl—i—q—i—...—i—q , n>1, [0],=0.

According to the definitions of T}, and T(g 4), we have

T, (z") = pnx™ Ti9,9) (") = 6n7qx”*1.
3. The main results

In this section, we will look for all symmetric MOPS satistying (1.3). We distinguish two cases.
The first case is when £ =T, and the second one is when £ =T(g ;.

3.1. First case: when £ =1,
Theorem 2. The only symmetric MOPS satisfying a T),-difference equation of the form
q)(x)TuPnJrl(x) = (gnx + 19n)Pn+1(x) + )‘nPn(x)’ n >0, (3'1)

where ® is a monic polynomial (even), deg® < 2, are, up a dilation, the generalized Hermite
polynomials and the generalized Gegenbauer polynomials.

Proof Let {P,}n>0 be a symmetric MOPS satisfying (3.1). Since ® is a monic, even and
deg ® < 2, then we distinguish two cases: ®(z) =1 and ®(z) = 2% +c.

Case 1. ®(z) = 1, then (3.1) becomes
Ty Prii(x) = (€nx + 90) Prgr () + M Pu(z), n>0.

By comparing the degrees in the last equation (in "*? and 2"*!), we obtain &, =9, =0, n >0
and then
Ty Prti(z) = X\ Pp(x), n>0. (3.2)

Identifying coefficients in the monomials of degree n in the last equation, we obtain
An = fin+1, n>0. (3.3)
On the other hand, applying the operator T}, to (2.1) with 3,1 = 0 and using (2.3), we get
T, Paea(®) = (14 26(— 1)) Pass (&) + 2(Tu P 1) (@) =yt (TuP) (@), 1> 0.
Substituting (3.2) and (3.3) in the last equation and taking into account the fact that

L4 20(=1)"" = i — s,
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we get
fn+1Pn+1(2) = pinp12P0 (%) — pin Y1 Poa1(x), 1 > 0.
From (2.1), the last equation is equivalent to
P17V Pa—1(z) = pnyns1Po1(x), n >0,

hence,
Pn+1Vn = fnYnt1, 1 =1
Therefore,

1
Tn+1 = lﬂn+la n > 1.
M1

Since the last relation remains valid for n = 0, then we have
!
T+l = —pn+1, 1 =0
H1

Using (2.2), where a? = 271 /p1, we obtain

= ~ 1
Bn =0, Ypy1= ,U'n;- , n=>0.

So, we meet the recurrence coefficients for the generalized Hermite polynomial sequence (see [8]).

Case 2. ®(x) = 22 + ¢, then (3.1) becomes
(2 + )Ty Pri1(2) = (£ + 90) Pry1 () + A\ Pou(x), n >0, (3.4)

Identifying the coefficients of higher degree in both sides of (3.4), we obtain &, = pp+1, n > 0.
Therefore, (3.4) becomes

(22 + )Ty Pot1(2) = (nt12 + D) Pry1(x) + Ay Po(x), 1> 0. (3.5)
Applying the operator T}, to (2.1) with 8,411 = 0 and using (2.3) and the fact that

1+ 2u(=1)" = pgo — pina,

we get

T Pry2(r) = (Hnt2 — it 1) Poga(z) + x(TuPN-I—l)(w) - 'Yn-l-l(TMPN)(m)? n > 0.

Multiplying the previous equation by 22 + ¢ and using (3.5), we get

(Hn+2% + Int1) Poga(®) + Ang1 Poga (7) = (pnt2 — l‘n+1)($2 + ¢)Pota(7)+
(,U'n—l—lx2 + 1971-%')1371-‘,-1(1') + )\nxpn(x) — Tn+1 ((,U'nx + 1971—1)1371(-%') + )‘n—lpn—l(x))a n > 17

or, equivalently,

(1911+1 - ﬁn)xpnqu(x) - C(Nn+2 - MnJrl)PnJrl + )\n+1Pn+1($)

APy (@) + A (557 + D) Pole) — (tin + D) Pa(@) = AnsPos(a))s n>1. OO

Comparing the degrees in the last equation, we obtain ¥,11 = 9¥,, n > 1. But, from (3.5) and the
fact that {P,}n>0 is symmetric, where n = 0 and n = 1, we get, respectively,

vo =0, Ao :C(1+2,U),

3.7
v =0, A\ =2(y1+c). (8.7)
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Thus,

Therefore, (3.6) becomes

c(pnt1 = pnt2) Pos1 () + Anp1 Py ()
= M2 P (2) + Yt ((Nn+2 — )2 P () — )‘nflpnfl(x)), n > 1.

Taking into account (2.1), we get

(>\n+1 + C(NnJrl - Mn+2))$Pn($) — Tn ()\n+1 + C(HnJrl - ,U/n+2))Pn71(x)
= ()\n + (Nn+2 - ﬂn)’ynJrl)xPn(x) - )\n71'7n+1Pn71($)a n > 1.

Then,
A1+ (g1 — pny2) = Ao+ (Bnt2 — o)1, n>1, (3.8)

(Ans1 4 c(tns1 = n+2))¥n = An—1Vng1, n > 1 (3.9)
Since fin4+2 — pn, = 2, then, substitution of (3.8) in (3.9) gives

()\n + 2’7n+1)7n = )\n717n+1a n > 1.

Therefore,
An Aol g
Tn+1 Tn
So,
Ap = %%H, n> 1. (3.10)

It is clear that (3.10) remains valid for n = 0. Then, we have

Ag—2
Ap= 20— >0 (3.11)
M
Substitution of (3.11) in (3.8) gives
A —2(n—1
Ant1 = - ( i An + c(pnt2 = fing1), n> 1
)\0 - 277/)/1
By virtue of fourth equality in (3.7), we obtain that the previous equation remains valid for n = 0.
Hence,
A —2(n—1
P— 0 " _( 2n71)71 An + c(pint2 — piny1), n>0. (3.12)

We will distinguish two situations: ¢ =0 and ¢ # 0.

e If ¢ =0, then from (3.7) we have A\g = 0. Therefore, A, = 0, n > 0. Consequently, according
to (3.11) and the fourth equality in (3.7), v,4+1 = 0, n > 0. This contradicts the orthogonality

Of {Pn}nzo.
e If ¢ # 0, using a dilatation, we can take ¢ = —1. Putting

14+ 2p

71:3—{—2#4—20/
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then (3.12) becomes

2n+2a+4+2p+1
A = A — , > 0. 3.13
n+1 M+ 20 + 21 + 3 n T Un+l — Bnt2, N2 ( )

From (3.13), we can easily prove by induction that

_ fnt1 (1 + 2a) n
2n 4+ 2+ 2u + 17 -

An =

Thus, (3.11) gives

g1 (Bt + 20) 0

o1 = Cn+2a+2p+1)2n+ 20+ 20+ 3)’

So, we meet the recurrence coefficients for the generalized Gegenbauer polynomial (see [3, 8]). O

Remark 2. Notice that when g = 0in (3.1), we again meet (1.1) for the symmetric case.

3.2. Second case: when £ = Ty
Theorem 3. The only symmetric MOPS satisfying a T(g 4 -difference equation of the form:
®(2)T(9,9) Prt1(x) = (§nx + Un) Pry1(z) + A Pr(x), n >0, (3.14)

where ® is a monic polynomial (even), deg ® < 2, are, up a dilation, the q*-analogue of generalized
Hermite polynomials and the ¢*-analogue of generalized Gegenbauer polynomials.

Proof Let {P,},>0 be a symmetric MOPS satisfying (3.1). As in proof of Theorem 2, we
distinguish two cases: ®(x) =1 and ®(z) = 2% +c.

Case 1. ®(z) = 1, then (3.14) becomes
Ti0,9)Pnt1(2) = (€2 + Un) Prsa () + An Po(z), 02 0. (3.15)
By comparing the degrees in (3.15), we obtain &, = ¢, =0, n > 0. Then,
T9,9)Pri1(z) = M\ Pr(x), n>0.

The comparison of the coefficients of z™ in the previous equation leads to A, = 0,414, n > 0.

Therefore,
T9,9) Prni1(z) = Opy1,4Po(x), n>0. (3.16)

Now, applying T(g 4 to (2.1) with 8,41 = 0 and using (2.4), we get

- (!
Tio.q) Prr2(x) = (1+6—0(q+ 1)f Poyi(x)
+q ﬂJ(T(e,q)Pnﬂ)(x) - 7n+1(T(9,q)Pn)(g;), n > 0.

Substituting (3.16) in the last equation, we get

_ (_1\n+1
buszaPralo) = (1+0- 06+ DGV P

+q0n+41,9 2P (x) — Yn416ngPr—1(z), n>0.
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Using the fact that
2Py = Poy1 + bPa-1,

we obtain

1— (_1)n+1
Ouizg =1 =0+ 0(q+ 1) = Bns1q ) Pusi(@)

= q9n+1,q7npn—1(x) - Hn,q')/n—i—lpn—l(x)a n > 0.
After easy calculations from (2.5), we have

1— (=1t

9n+2,q—1—0+9(q+1) 5

—@Ont14=0, n>0. (3.17)

Therefore,
(004147 = Ong¥nt1)Poo1(z) =0, n>0.

Hence,
qan—i—l,q’)/n = an,q')’n—l—l; n > 1.

Then, we can deduce by induction that
M
Yntl = 140 q" Opg1q9, n>1
Moreover, the previous identity remains valid for n = 0, thus
Ny
= — s n > 0.
Tn+1 140 q Unitlyg =

Then, according to (2.2), with the choice

2 it
= 1
a dq+)1+0
and putting
1+6 1
W=———= "3,
qg+1) 2
we obtain )
~ :0, . _n n+1,q , n> 0,

which are the recurrence coefficients for the g¢2-analogue of generalized Hermite polynomial

HY) [12], with
1+6 1

p=—-—r=.
qg+1) 2

Case 2: ®(x) = 22 + ¢, then in this case (3.14) becomes
(z* + )T (9,9) Prr1(x) = (§n + Vn) Pry1(z) + A Pr(x), n>0. (3.18)
By comparing terms of higher degree in the previous equation, we obtain
gn = 0n+1,q7 n > 0.
Then, equation (3.18) becomes

(z% + AT 9,9) Prr1(z) = (Ont1,47 + On) Pag1(x) + M Po(x), n>0. (3.19)
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Applying the operator Ty q) to (2.1) with 8,41 = 0 and using (2.4), we get

1— (_1)n+1
T(97q)Pn+2($) =(1+6-— 9((] + 1)f Pn+1($)
+q2(L(0,g) Prt1)(®) — s1(L(9.9)Pn) (@), 1> 0.
By (3.17), the last equation becomes
Tio,9Prt2(x) = (Ons2,g — qOnt1,9) Py ()
+q2(TL(g,9)Pr+1)(®) — Ynt1(L(g,9 Pn)(z), n >0,
Multiplying the above equation by 22 + ¢ and substituting (3.19) into the result, we get
(Onr2,62 + Dn1) Pata(2) + A1 Pag1 (2) = (Bnr2,g — @0nt1,0) (@ + ) P (2)
+q<9n+1,q$2 + 19nx)Pn+1(x) + qAnxPn(x) — Tn+1 ((Hn,qx + 19n71)Pn(x) + )\nflpnfl(x))a n > 1.

Substituting of (2.1) in the previous equation, we get
(Un+1 — qUn)x Py (z) + (ATH’l —c(Ont2,4 — q9n+1,q))Pn+1(x) =
q)‘nxpn(x) + Yn+1 (((9n+2,q - Hn,q)x + "9n+1 - ﬂnfl)Pn(x) - Anflpnfl(x))a n > 1.
n+2

The comparison of the coeflicients of x in the previous equation gives 9,11 = q¥,, n > 1 and
putting n =0 and n =1 in (3.19), we get respectively

vg = 0, )\026(1—{—9),

(3.20)
v1 =0, A& =(1+g)(n+o).
Hence, ¢,, =0, n > 0.
Therefore, the last equation becomes
(Ant1 = c(Ons2,q — @Ons1,q)) Pasi(a)
= @M@ Po(2) + Ynr1 (On42,g = Onig)2Pn(2) = A1 Prci(@)), n > L
Using the fact that P11 = xP,(x) — v, P,—1, the above equation is equivalent to
(An+1 — c(Ont2,4 — q9n+1,q))xpn($) —Tn ()‘n+1 — c(Ont2,4 — q9n+17q))Pn71(35)
= (q)\n + (9n+2,q - Hn,q)'YnJrl)xPn(x) - )\n71'7n+1Pn71($), n > 1.
Then, we deduce
)\n+1 - C(9n+2,q - q9n+1,q) = q)\n + (9n+2,q - 9n,q)’7n+la n>1, (321)
<)\n+1 - c(0n+2,q - q0n+1,q))7n = A-1Yn+1, n=>1 (322)

Since
0n+2,q - Hn,q = (1 + Q)qna

then the substitution of (3.21) in (3.22) gives

(q)\n + (1 + Q)qn')/n-i-l)')/n = Ap—1Vn+1, n=>1,

therefore,

Ay
qrn = ( f; ! —(1+q)q">’yn+1, n> 1.
n
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We can easily deduce by induction that

A
A — <7§) g+ 1>[n]qz>%ﬂ, 01

It is clear that the previous identity remains valid for n = 0. Then, we have

A
= (73 g+ 1>[n]qz>%+1, n>o0. (3.23)

Now, we will determine A,. By (3.23), we have
g
Ao — q(q + 1)yi[n],e

Ynt1 =q" An, n>0. (3.24)

Therefore, (3.21) becomes
gro — (¢ + Dm([nle — 1)
Ao —q(g + D)min]ge

By virtue of (3.20), we obtain that the previous equation remains valid for n = 0.
Then,

Ant1 = An + C(9n+2,q - q9n+1,q)a n > 1.

gro — (g + Dn([nle = 1)
Ao — q(q + 1)yi[n] e
We will distinguish two situations: ¢ =0 and ¢ # 0.
e If ¢ = 0, then from (3.20) A9 = 0. Therefore, A\, = 0, n > 0. Consequently, according to
(3.24) and the fourth equality in (3.20), y,4+1 = 0, n > 0. This contradicts the orthogonality

)‘n—f—l = )\n + C(6n+27q — qen-i-l,q)a n > 0. (325)

Of {Pn}nzo.
e If ¢ # 0, using a suitable dilatation, we can suppose that ¢ = —1. Putting
146

= . 3.26
N T30 qlg+ Da+1) (3:26)

Equation (3.25) becomes

+ (e + 1)+ 6g,—

Ant1 = ¢ alg + 1)( ) 2=l An = (On+2,g = @bnt1,4), 1= 0. (3.27)

gg+1)(a+1)+ 602414

Therefore, from (3.27), we can prove by induction that

L ea(dla D+ D) bagL 400 -0 (C)Y/2) ,
" ala+ D@+ 1)+ b1 R

By virtue of (3.24), (3.26) and (3.28), we get
Onsa(a(a+ 1)@+ 1)+ 0,141+ 01— )1 = (=1)")/2))

(ala+ 1)@+ 1)+ 02014 (ala + 1)(e +1) + a1y

Yrt1 = q" , n>0.

So, we meet the recurrence coefficients for the g-anlogue of generalized Gegenbauer polynomial

Sﬁba’ﬁ’q%, with
1+6

EarrESy
(see [12]). O

Remark 3. Notice that when ¢ — 1, we recover the result in Theorem 2 and when 6 = 0
in (3.14), we again meet (1.2) for symmetric case.
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4. Conclusion

To conclude this paper, we will present two tables in which we give the only symmetric MOPS
verifying the L-difference (1.3).

Polynomial P &n I An
2
Generalized Hermite Hy(l”’q ) 1 0 0 bnt1, m =0
2
Generalized Gegenbauer Sﬁla’ﬁ’q% 22 =1 | ppyr | O | — i1 Ut 1 + 20) n >0

2n + 2+ 2u + 17

Table 1: Case when £ =T,

Polynomial d &n I, An

¢*-analogue of generalized

1 0 0 Opn+1q, m>0
Hermite H,(fL’qQ) e

~ni1,0 (9(a D) (@) 01,4 (1+6(1—0) 1= (-1)") /2))
(@ fa?) q(g+1)(a+1)+b02n—1,4 ’
Gegenbauer Sy "1 n > 0.

¢*-analogue of generalized | 22 — 1 Ontiq | O

Table 2: Case when £ =1T(g

Remark 4. In this paper, we have studied only the symmetric case. The question for non-
symmetric case remains open.
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