URAL MATHEMATICAL JOURNAL, Vol. 9, No. 1, 2023, pp. 49—63
DOI: 10.15826/umj.2023.1.004

STATISTICAL CONVERGENCE
IN A BICOMPLEX VALUED METRIC SPACE

Subhajit Bera’, Binod Chandra Tripathy'f

Tripura University,
Suryamaninagar-799022, Agartala, India

Therasubhajit0@Qgmail.com fTtripathybc@gmail.com

Abstract: In this paper, we study some basic properties of bicomplex numbers. We introduce two different
types of partial order relations on bicomplex numbers, discuss bicomplex valued metric spaces with respect to
two different partial orders, and compare them. We also define a hyperbolic valued metric space, the density
of natural numbers, the statistical convergence, and the statistical Cauchy property of a sequence of bicomplex
numbers and investigate some properties in a bicomplex metric space and prove that a bicomplex metric space
is complete if and only if two complex metric spaces are complete.
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1. Introduction

The concept of statistical convergence for real numbers was introduced by Fast [6], Buck [2],
and Schoenberg [12] independently. Later, the concept was studied and linked with summability
theory by Salat [11], Fridy [7], Tripathy [17, 19], Rath and Tripathy [8], Tripathy and Sen [18],
Tripathy and Nath [16], and many others.

The concept of bicomplex numbers has been investigated from different aspects by Segre [13],
Wagh [20], Srivastava and Srivastava [15], Sager and Sager [10], Rochon and Shapiro [9],
Beg et al. [3], and Singh [14]. In this paper, we study different types of partial order relations
on bicomplex numbers and discuss the concept of statistical convergence in bicomplex valued met-
ric spaces.

Das et al. [5] and many other researchers discussed the statistical convergence in a metric
space. In this paper, we investigate statistically convergent and statistically Cauchysequences in a
bicomplex valued metric space.

In what follows, Cy, Cq, and C5 denote the set of real, complex, and bicomplex numbers,
respectively.

2. Definitions and preliminaries

2.1. Bicomplex numbers

The concept of bicomplex numbers was introduced by Segre [13]. A bicomplex number is defined
as
§ =1 + 1m0 + i2x3 + G112y,

where x1,x9,x3,24 € Cy and the independent units 4; and 49 are such that 2% = z% = —1 and
1119 = i271. The set of bicomplex numbers C5 is defined as

Cy = {€: & =m1 + 1wy + inxs +irisxy, x1,72,23,24 € Co},
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ie.,

Co={¢:&=z1+i2z, 21,2 €Cr}.

There are four idempotent elements in Cy, they are 0,1, e; = (1 4 i1i2)/2, and es = (1 — iyi2)/2,
two of which, e; and ey, are nontrivial such that e; + es = 1 and ejes = 0.

Every bicomplex number £ = z; + 4929 can be uniquely expressed as the combination of e
and es; namely,

=21 +i920 = (21 — i122)€1 + (21 + 1'122)62 = pie1 + pses,

where 1 = (21 —i122) and ps = (21 + i122).

A bicomplex number £ = x1 + 129 + i2x3 + 91024 is said to be a hyperbolic number if x5 =0
and x3 = 0. The set of hyperbolic numbers is denoted by H.

The Euclidean norm ||.|| on Cj is defined as

2 2
1?4+ |2
l€llcs = /23 + 3+ 23 + 23 = VP + af? = %

where
§ =1 +i1m2 +i2x3 + i172%4 = 21 + 1222 = p1€1 + p2€2
and . .
1+ 4119 1— 4119
=—0, e=—F7—.
2 2
With this norm, C5 is a Banach space, also Cs is a commutative algebra.
The product of two bicomplex numbers satisfies the inequality

M1 =21 — 1122, 2 =21 +1i122, €1

H§ : 77HC2 < \/5“5”02 ’ HnuCz'

Definition 1.

(1) The i1-conjugate of a bicomplex number & = zy + igz9 is denoted by £* and is defined as
& = 21 +i92s for all z1,29 € Cy; here zZ1 and Zs are the complex conjugates of z1 and zs,
respectively, and i3 = i3 = —1.

(ii) The ig-conjugate of a bicomplex number & = z1 + 29 is denoted by & and is defined as
& = 2z1 —igzy for all z1, 29 € C1, where z% = z% = —1.

(tit) The is-conjugate of a bicomplex number & = z1 + igze is denoted by ¢ and is defined as
5, = Z1 — 192y for all z1,z0 € C4; here z1 and Zo are the complex conjugates of z1 and zo,
respectively, and i3 = i3 = —1.

2.2. Partial order relation

Definition 2 [1]. The i1-partial order relation <;, on Cy is defined as follows: for z1,zy € C1,
21 =iy 22 if and only if Re(z1) < Re(z2) and Im (21) < Im (29).

Definition 3. Let 1,8 € Ca, {1 = 21 + 1220 and & = 2] + 1225. The ia-partial order relation
=i, on Cy is defined as follows: & =y, & if and only if 21 =4, 27 and 2o =4, 25, i.e., & 2i, n if one
of the following conditions is satisfied:

(1) 21 =2f and z9 = 23;
(17) 21 <4, 2] and z9 = 23;
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(191) 21 = 2§ and z2 <4, 25;
() 21 =4, 27 and z9 <4, 25.
In particular, we write § Zi, 1 if & =iy, n and £ # n, i.e., if one of (ii), (i), and (iv) is
satisfied, and we write & <;, n if only (iv) is satisfied.
For every two bicomplex numbers £, € Co, we can verify the following:
(1) &=n = [Ele, < lnlle,,
2) l€+nlc. < lEllc. + linlle, -

Definition 4. Let &1,& € Co, where
§1 = 21 +igzg = piey + pgeg  and &g = 27 + 925 = pier + paes.

The Id-partial order relation =;,, on Co is defined as follows: & =4,, &2 if and only if pu1 =4 pi
and po =4y py on Cy, i.e., § X;,, 1 if one of the following conditions is satisfied:
(1) = pi and po = pj;
(@) 1 =iy w7 and po = ps;
(t91) w1 = pi and 29 <4, 23;
() g <y 27 and po <, P
In particular, we write § Zi,, n if & 24, n and & # 0, i.e., one of (ii), (#4), and (iv) is satisfied,
and we write & <;,, n if only (iv) is satisfied.
For every two bicomplex numbers &, € Ca, we can verify the following:

§ Ripg 1 = |l€lles < lnllc,-

Remark 1. For ,n € Cy, the relation £ <;, 1 does not guarantee that { <;,, n. Similarly,
§ =i, m does not guarantee that  <;, 7.

2.3. Bicomplex valued metric space

Choi et al. [4] defined a bicomplex valued metric space as follows.

Definition 5 [4]. A function d : X x X — Cy is a bicomplex valued metric on X C Cy with
respect to the io-partial order if it has the following properties for all x,y,z € X:
(i) 0=, d(z,y);
(i) d(x,y) =0 if and only if = =uy;
(i4i)  d(z,y) = d(y, »);

The pair (X, d) is called a bicomplex valued metric space with respect to the ig-partial order. It
is denoted by (X, d;,).

Definition 6. A function d : X x X — Co is a bicomplex valued metric on X C Co with
respect to the iyq-partial order if it has the following properties for all x,y,z € X:
(i) d(z,y) = 0;
(i4i)  d(z,y) = d(y, »);
() d(z,y) =i, d(z,z) +d(z,y).

The pair (X, d) is called a bicomplex valued metric space with respect to the ijq-partial order.
It is denoted by (X,d;,,).
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Definition 7. A function d’* : X x X — H is a hyperbolic valued (D-valued) metric on X C Cy
with respect to the is-partial order (the irq-partial order) if it has the following properties for all
x,y,z € X, respectively:

(Z) 0=y, (jild) dH(xay);

(ii)  d"(x,y) = 0 if and only if x = y;

(ii7)  d"(z,y) = d*(y,z);

(Z’U) dH(x’y) jig (ji]d)dH(x’Z) +dH(Zay)'

The pair (X, dH) 1s called a bicomplex valued metric space with respect to the is-partial order
the irq-partial order). e metric space , with respect to the i9-partial order is denote
h [ ord Th X, d" h h l ord d d

by (X, d), and the metric space (X, d’) with respect to the irq-partial order is denoted by (X, dZ}‘d).

? g
2.4. Statistical convergence of a sequences of bicomplex numbers

The concept of statistical convergence depends on the notion of the natural density of the set
of natural numbers.

Definition 8. A subset E of N is said to have natural density §(E) if

S(E lim —
= ZXE
where xg is the characteristic function on E.
Definition 9. For two sequences (xy) and (yx), we say that xy = yi for almost all k if

d({k e N:ay #yp}) =0.

Definition 10. A sequence of bicomplex number (&) is said to be statistically convergent to
& € Oy with respect to the Euclidean norm on Cs if, for all € > 0,

0({k € N : |6 — Ellc, > €}) =0.
We use the notation stat-lim &, = €.

3. Statistically convergent and statistically Cauchy sequences
in a bicomplex valued metric space with respect to the i,-partial order

Definition 11. Let (X,d;,) be a bicomplex valued metric space, and let (&) be a sequence
in (X,d;,). The sequence (&) is said to be statistically convergent to § € X if, for all 0 <;, € € Cq,

O({k : d(&, €) =i, €}) = 0.
We use the notation stat-lim &, = &.

Definition 12. Let (X,d;,) be a bicomplex valued metric space, and let (&) be a sequence
in (X,di,). We say that (&) is a statistically Cauchy sequence if, for all 0 <;, € € X,

({k d(gkafm) g 5}) =0.

Definition 13. Let (X,dp) be a D-valued metric space, and let (§) be a sequence in (X, dp).
The sequence (&) is said to be statistically convergent to & € X if, for all 0 <;, € € D,

S({k = dn(&k, ) =ip €}) =
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4. Main results

Lemma 1. If a sequence (&) is statistically convergent in a bicomplexr valued metric space
(X,d;,), then (d(&,€)) is statistically convergent to O with respect to Euclidean norm on Cs.

Proof. Since (&) is statistically convergent in a bicomplex valued metric space (X, d;,), for
all € =;, 0, we have

O({k : d(&k, &) =ip }) =0 = d({k : ld(&, E)llc, > llellcs}) =0
= S({k : [|d(&,&)llc, > €'}) =0,

where ¢ = ||e||c, > 0. Thus, the sequences of bicomplex numbers (d(&, §)) is statistically conver-
gent to 0 with respect to the Euclidean norm on C9, and hence stat-lim d(&, §) = 0. ]

Lemma 2. Let (X,d;,) be a bicomplex valued metric space, then the inequality

d(&1,m) — d(&a,m2) =iy d(&1,&2) + d(n1,12)

holds for all &1,&2,m1,m2 € Cs.
P r o o f. By the triangle inequality, we have

d(&1,m) =iy (&1, &) +d(&2,m2) +d(n2,m) = d(&1,m) — d(&2,m2) =iy (&1, &) + d(n2,m1)
= d(&1,m) — d(§2,m2) R, d(&1,&2) + d(n1,m2)-

0

Theorem 1. Let (X,d;,) be a bi-complex valued metric space, and if the sequences (&) and
(nk) are statistically convergent to & and n, respectively, in (X,d;,). Then the sequence (d(&x, k)
is statistically convergent to d(§,m) with respect to Euclidean norm in Cs.

Proof.

{k 2 d(&k,me) — d(§m) =i, €} C {k 2 d(§k, &) =iy €} Ukt d(mi,y) =iy €}
= 6({k : d(&k, k) — d(&m) =iy €}) < 0({k : d(&k, &) =iy €}) + 6({k : d(nk, ) =i, €})
= d({k : d(&k,mk) — d(&,m) =iy €}) =0
= 0({k : [d(&k, k) — d(&,n)llc, = llelle,}) = 0.

Let us formulate the following theorem without proof.

Theorem 2. Let (X,d;,) be a bicomplex valued metric space, and let {,m € X. If (&) is a
sequence in X statistically convergent to € and statistically convergent to n, then £ = 1.

Lemma 3. Consider a bicomplex valued metric space (X,d;,) on Co. Suppose that

d(&k, &) = di(&, &) +i1d2(Ek, &) + t2d3(Ek, &) + 1iada (&, §).

The sequence (&) is statistically convergent (statistically Cauchy) in (X,d;,) if and only if (xy) is
statistically convergent (statistically Cauchy) in the real valued metric spaces (X,d;), j =1,2,3,4.
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Lemma 4. Consider a bicomplex valued metric space (X,d;,) on X. Suppose that
d(&k, ) = d1 (&, §) + i1da(Ek, &) + iad3 (&, §) + t1ida(Ex, §)-
Then A sequence (&), where
§k = T1 + 01T +i2x3 + G1iaTy,  T1,T2,73,74 € Cp,

is statistically convergent (statistically Cauchy) in (X,d;,) if and only if (x;) is statistically con-
vergent (statistically Cauchy) in the real valued metric spaces (Co,d;), j = 1,2,3,4.

Lemma 5. Consider a D-valued metric space (X, dz;‘) on X. Suppose that

d™ (&, &) = dit (&, ©er + dif (&, ea.

Then (X,d}') and (X, d}) are real valued metric spaces. A sequence (&) is statistically convergent
(statistically Cauchy) in (X,d™) with respect to the iz-partial order if and only if (&) is statistically
convergent (statistically Cauchy) in the real valued metric spaces (X, d}"), j=12.

Lemma 6. Consider a D-valued metric space (H,dg) on H. Suppose that

d™ (&, &) = dit (&, ©er + dif &k, )ea.

Then (Ca,d}t) and (Cy,d3') are real valued metric spaces. A sequence (&) € H, where
§k = Hike1 + pokes,

is statistically convergent (statistically Cauchy) in (H,dt) with respect to the is-partial order if
and only if (i) is statistically convergent (statistically Cauchy) in the real valued metric spaces

(Cg,d;ﬂ), j=1,2.

Theorem 3. If (&) and (ng) are statistically convergent in a bicomplex valued metric space
(X7 di2) and if
[ (&> )l < 1S 1)
for all k € N, then (di(&k,mk)) is also statistically convergent with respect to the Euclidean norm
m CQ.

Proof Using Lemma 2, for all € >;, 0 and k,m > ng, we obtain

{k 2 di(&rsmi) — di(EmsMim) =iy € € {k 1 d1(ky&m) Zip €3 UK 2 di(ks i) =iy €}
= {k : [|di (&) — di(Emsmm)llce > Nlelle, }
<Ak [ldi (& Emdlles = llellen } U LR (ldi (e, mm)lles > llelles }
= 6({k : [|[d1 (&, mk) — d1(Emymim)llc, = [lEllez )
<Ak ld(€ks Em)llc = llellen} U {E = ld(mg, nm)lles = llelles
= S({k : |d1 (&, k) — d1(§msmm)llce = lllle, }) = 0.

Thus, (d1(&k,nxk)) is a Cauchy sequence of bicomplex numbers and, hence, (d; (x, nx)) is statistically
convergent with respect to the Euclidean norm. O

Lemma 7. 6({k : d(&. &) =4, €}) = 0 implies that 6({k : d(&k, &m) =i, €}) = 0.
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Proof.

S({k : d(&r, &) miy e}) =0 = 6({k : d(&, &) =iy €/2}) =1 = 6({k: d(&m,€) =iy €/2}) = 1.
We have

{k : d(é,€) =iy €/2} CH{E (&, Em) <ip €} = 0({k : (&, 6m) =i €}) =1
—> 5({k : d(&s&m) =i, }) = 0.

Remark 2. The converse is generally not true. To justify this, consider the following example.

Ezample 1. Let
X = (0,1—|—’i1 —|—’i2—|—’i1i2]
with the metric
d(&n) = 1+ +i)[| —nllc,

for all &, e X.
Consider a sequence (&) in X defined as

TR
Utitiatiig) o0 2 jen,

_ k
Sk = (1 + i1 +dg + i12)
)

Then, we observe that (&) is a statistically Cauchy sequence but is not statistically convergent
in X.

otherwise.

Lemma 8. Let (X,d;,) be a complete bicomplex valued metric space, and let (&) be a sequence
in X. Then the following properties are equivalent:
(i) (&) is statistically convergent;
(13) (&) is a statistically Cauchy sequence.

Theorem 4. Assume that (§k) is a sequence in a bicomplex valued metric space (X,d;,) and

k
o({k Zd(&,&ﬂ) =iy €}) = 0.
i=1

Then (&) is a statistically Cauchy sequence in (X, d;,).

Proof. Wehave

k
({k: Zd(&,&ﬂ) =iy €}) =0
=1
k
— 5({k: ) dj(&, &) = g}) =0, j=1,2,34
i=1

= §({k : d;j(&, &+1) > ;1) =0, j=1,2,34.

Thus, (&) is a statistically Cauchy sequence in the real valued metric spaces (X, d;), j = 1,2,3,4.
Hence, (&) is a statistically Cauchy sequence in the bicomplex valued metric space (X, d;,). 0
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Theorem 5. Let (&), where
&k = 21k + 1222k,

be a sequence of bicomplex numbers in the bicomplexr valued metric space (X, d;,). Then the following
properties are equivalent:

(1) (&) statistically converges to a point £ = z1 + i229 € X;
(i) (z1x) and (z9r) statistically converge to zy and zo, respectively;

(i17) there are sequences (z1) and (zar) such that zi, = 2z, and zop = zb, for almost all k and
(21) and (z5,.) converge to z1 and z, respectively;

(iv) there is a bicomplex sequence convergent to & + isl, where & is the ig-conjugate of &;

(v) there are a statistically dense subsequence (z1x,) of (z1x) and a statistically dense subsequence
(z2k;) of (zak) such that (z1x,) and (22,) are convergent;

(vi) there are a statistically dense subsequence (z1,;) of (z1x) and a statistically dense subsequence
(zok,) of (zax) such that (z1x,) and (zar,) are statistically convergent.

Proof. (i) = (i) The sequence () is statistically convergent to £. Then for every
0<e=-¢€1+ 1289 € Co,

we have 1
§({k : diy (&, €) =iy €}) = ,}iféoﬁ‘ {k : diy (&, €) =iy €} | = 0.

There are two following cases.
Case 1. Consider

diy (Ek, &) = |21 — 21| + 2|22k — 22

or
diy (&, &) = di (218, 21) + i2d1 (228, 21),

where
dy(zk, 2) = |2k — 2|,

corresponds to a real valued metric space on Cy with the property
{k:diy (&, &) =iy €} = {k : |z1p — 21| + i2|206 — 22| =iy (61 +i282) }.
We have
5({k : ‘Zlk - Zl‘ Z ‘81’}) S 5({k : dl2(§k7§) iig 5}) - 07

which implies
5({k: e — 21 > |e|}) =0.
Similarly,
5({k: s |zok — 22| > |e|}) =0.
Hence, (z1,,) and (z2,) are statistically convergent in real valued metric spaces on Cf.

Case 2. Consider
di2 (ék,g) = (al + i2a2)‘|£k - 5”6’2,

where
0= ai,ag € Cl(il),
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or
diy &y &) = a1l|§x — &llc, +i2a2]|&k — €lloy
or
diy (&k» &) = ard1 (&g, &) + i2azdi (§, €),
where

d1(&k, &) = 1€k — &l

defines a real valued metric space on Cy. Then, (§) is statistically convergent in real valued metric
space on Cl.
We have

€k — €llcy = v/ (21x — 21)2 + (221 — 22)% = d3(218, 21) + d3 (20, 22),

and

|21k — 21| < V(21 — 21)2 + (221 — 22)2,

which implies that
{k |z — 21l 2 e} S {k: di(&, &) > €}

Hence, (z1x) is statistically convergent in a related real valued metric space. Similarly, (z9r) is
statistically convergent in a real valued metric space.

(19) = (i17) The sequences (z1;) and (zg) statistically converge to z; and za, respectively.
Then, for every 0 < ¢ € Cj, we have

5[k d(zipy 21) > €)) = lim 2| {k: d(zip21) > €} | =0

n—,oo N

and

§({k : d(zok,22) > €}) = lim l{ {k : d(zo,22) > e} | = 0.

n—oo M

Choose an increasing sequence of natural numbers (n) such that, for all n > ny,

1 1 1
ol dew ) = 5} < 5

Define a sequence of complex numbers (wy) such that
z1p itk < ng;
1

wig = § 21k if d(Zlk,Z)Z2k;

z1  otherwise.

The sequence (wyy) is convergent.
Now we have

{/{? AT wlk} D) {/{? : dil (zlk,zl) =iy 8}.
Therefore, z1p = wyk for almost all k. Similarly, zor = woy for almost all k.

(1i1) = (iv) The sequences (z1x) and (zax) converge to z; and za, respectively. Then the
bicomplex sequence (§;) = (z1x + i220k) converges to & = z1 + 229 and the bicomplex sequence
(Ck) = (z9k + i221k) converges to zo + ig21, i.e., to i2€. Hence, there exists a bicomplex sequence

(k) = (&k + Cr) converging to & + ia€.

(tv) = (v) Consider a bicomplex sequence (n;) converging to

§+ 1.25: (2'1 + 22) + 1'2(21 + 2’2).
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Let
M = 21, + G220
There exist (2/)) and (23)) such that
A =2k + 27 and  2h, = 20k + 25,

and as (z1x) and (z9x) are convergent we have

i "o . "o

im 27, =2 and lim zg, = 2;.

k—o0 k—o0
Let

M, = {k: s dy, (Zilk.,ZQ) =i 6} and My = {k s dyy (zé’k,zl) =i 8}.

Let
Ki=N-M; :{kilki<k3i+1} and KQZN—MQZ{]CQ:]C§<]C/'+1}.

(3
Then §(K1) =1 and §(K2) = 1. Thus, we have

lim 21, =21 and  lim 291, = 29.
i—00 1—00

(v) = (vi) A subsequence (z1y,) of the sequence (z1%) is convergent, hence, it is statistically
convergent. Similarly, (zo,) is statistically convergent.

(vi) = (i) Let there exist
Ky ={ki:ki <kipz1} CN and Ko={kj:ki<ki,,} CN

such that

lim 213, = 21 and  lim 29, = 2.
1— 00 1— 00

Then, for all
0 <y, € =¢€1 +igex € O,

we have
{k : diy(&k,€) =iy €} C {k : diy (1) =4y €1} U {k = di, (221) =4, €2}
- Kf @] {k e Ky: dil(zlk,zl) i1 81} @] K2c U {/{? € Ky di1(22k722) =i 52}.
Therefore, (&) is statistically convergent. O

5. Statistically convergent and statistically Cauchy sequences
in a bicomplex valued metric space with respect to the i;4;-partial order

Definition 14. Let (X,d;,,) be a bicomplex valued metric space, and let () be a sequence
in (X,d). The sequence (&) is said to be statistically convergent to & € X if, for all 0 <;,, € € Cy,

S({k = d(&r,€) migy €}) = 0.

We use the notation stat-lim &, = &.

Definition 15. Let (X,d;,,) be a bicomplex valued metric space, and let () be a sequence
in (X,di,,). We say that (§) is a statistically Cauchy sequence if, for all 0 <;,, € € Cy,

5({k : d(€ks&m) =iz €}) = 0.
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Ezample 2. Consider a metric d : Cy x Cy — Cy on C5 defined as

d(§,n) =[5+ 8i)er + (T+ 2in)ea] € —mllc, V&1 € Ca.
Consider a sequence (&) in Co defined as

- 14 i +i9+i1i9 for k=1i% ieN;
T 172022 otherwise.

Then we observe that (£) is statistically convergent in the metric space (C2,d;,,).

Lemma 9. Consider a bicomplex valued metric space (X,d;,,) on X. Suppose that

d(&k, &) = dy (&, §)er + dy(&r, §)ea.

Then (X,d}) and (X,d}) are complex valued metric spaces. A sequence (&) is statistically conver-
gent (statistically Cauchy) in (X, d;,,) if and only if () is a statistically convergent (statistically
Cauchy) sequence in the complex valued metric spaces (X, d;-), 7 =12

Lemma 10. Consider a bicomplex valued metric space (X,d;,,) on X. Suppose that

d(&r, &) = dy (&, E)er + d5y (&, &) ea.

Then (X,d}) and (X,d}) are complex valued metric spaces. A sequence (&), where

&k = kel + pokes,

is a statistically convergent (statistically Cauchy) sequence in (X,d;,,) if and only if (uji) are
statistically convergent (statistically Cauchy) sequences in the complex valued metric spaces (X, d;-),
j=1,2.

We formulate the following theorem without proof.

Theorem 6. Let (&), where
§k = pker + pakez,

be a sequence of bicomplex numbers in the bicomplex valued metric space (X,d;,,). Then the
following statements are equivalent:

(1) (&) statistically converges to a point & = pie; + pges € X;
(71) (u1x) and (per) statistically converge to py and pg, respectively;

(ii1) there are sequences (p1y) and (por) such that py, = ply, and pog = phy, for almost all k, and
(W) and (ps,) converge to py and po, respectively;

(iv) there is a bicomplex sequence converging to i + pa — (i — 1)(p1e2 + poer);

(v) there are a statistically dense subsequence (pig,) of (pik) and a statistically dense subsequence
(t2k;) of (uak) such that (pig,) and (pok,) are convergent;

(vi) there are a statistically dense subsequence (p1x,;) of (u1r) and a statistically dense subsequence
(pak;) of (nak) such that (pik;) and (pok,) are statistically convergent.
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Theorem 7. (X,d;,,) is complete if and only if (X,d’) and (X,d") are complete metric spaces
in C1, where

d(&,m) = d'(&n)er +d"(€,m))ea.

Proof Let (X,d;,) be a complete metric space, and let £ = (§) be a Cauchy sequence
in (X,d'). Therefore, for all 0 <;, ¢’ € C, there exists ky € N such that

d' (&, &m) <iy € Vk,m > k.
Consider
d(gk,fm) = dl(gkagm)el 4+0-e0€Cy and e= 5/61 +0-e9 € Ch.

Then
d(gk,gm) = d/(gk:aém)el +0-e2 <, 1€ +0-eo.

This implies that (§) is a Cauchy sequence in (X, d;,,). Therefore, by the completeness of (X, d;,,),
there exists € in (X,d;,,) such that & — £ as n — oo in (X,d;,,). We need to show that
& — & asn— ooin (X,d) and 2" = 0.

Now, & — € as n — oo in (X, d;,,), therefore, there exists a natural number k such that

d(ék, &) =i, e forall n>k
= d'(&,€)e1 +0-e3 <4, €e1+0-ex forall n>k
= d'(&, &) =i, € forall n> k.

Similarly, d”(&x, &) <4, € for all n > k. Hence, (X, d’) and (X,d”) are complete metric spaces
in Cl.

Conversely, let (X,d') and (X, d”) be complete metric spaces in C(i1).

Let (&) be a Cauchy sequence in (X, d;,,). Therefore, for € >;,, 0, there exists kg € N such
that Vm, k > kg

diy (Ekyém) <ipg € = d' (&g, &m)er + d" (Ex, Em)ea =iy, €'er +€7en
= d'(&,&m) =iy € and  d" (&, &m) =i, €7

Therefore, (§) is a Cauchy sequence in (X,d’) and (X, d”).
Since (X,d’) and (X,d”) are complete, there exist k), k{ € N such that

d' (&, &) =i, € forall k>kj and d"(&,€) <, " forall k> k.
Now, for all k > k; = max{k{, k{ },

d(&x, §) = d,(fkaf)el + du(fkaf)GQ <irg g'er +e’eq
= d(&, &) =i, €, where e=¢'e; +&"ey € Ca.

Hence, (X,d;,,) is a complete metric space. O

We formulate the following theorem without proof.

Theorem 8. Let (Cy,d;,,) be a bicomplex valued metric space. Then the class b%, of all bounded
statistically convergent sequences of bicomplexr numbers over Csy is complete.

Theorem 9. The metric spaces (X,d;,) and (X,d;,,) are not comparable.
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P roof. Consider a metricd: X x X — C5 on X defined as

d(€,m) = (5 + 6y + Tig +irio)||€ —1nllc, V& ne€X.

Then, all properties of metric space with respect to the ig-partial order holds and hence (X, d;,) is
a metric space. Now we have

d(&,m) = (5 + 6i1 + Tiy +i1i2) [|€ — nllcs
= [(=2+45ir)er + (12 + Tir)ea| |€ = nllc, V& ne X,

Then the property d(&,n) > 0 with respect to the Id-partial order does not hold. Therefore,
(X,d;,,) is not a metric space.
Next, consider a metric d : X x X — (5 on X defined as

d(&,n) = [(5+8i1)er + (7 +2i1)ea] [ —nlle, YV EneX.

Then all properties of metric space with respect to the Id-partial order hold and hence (X, d;,,) is
a metric space. Now we have

d(&,m) = [(548i1)er + (7T + 2i1)ea][|€ — nll¢,
= (6 + 5ip — 3ig — i1i2)]| — 77H02 VEneX.

Then the property d(&,n) = 0 with respect to the io-partial order does not hold. Therefore, (X, d;,)
is not a metric space. ]

6. Complete bicomplex metric space

Definition 16. A bicomplex valued metric space on Co is said to be a complete bicomplex
metric space if every Cauchy sequence of bicomplex numbers in Co converges to a point in Cs.

Theorem 10. Let (Co,d;,) be a bicomplexr valued metric space. Then the class bl of all
bounded statistically convergent sequences of bicomplexr numbers over Cs is complete.

Proof. Let (&) bea Cauchy sequence of bicomplex numbers in b%_ . For a given 0 <;, ¢ € Cs,
there exists ng € N such that

Sipd(@zﬂ,ﬁg) <i, € Vm,n > ny.

Then, for every fixed value of k,

A&, mi) <o % for all m,n > ny. (6.1)

Then (§i) is a bicomplex Cauchy sequence in (Ca,d;,). Since (Cq,d;,) is a complete bicomplex
metric space, (£) converges to & € Cy for all k € N.
Let

lim & = ¢.
k—o0
Let (5%) statistically converge to n™ € X for all j. Then

5<{k eN:d(E,n) <, g}) ~1.
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Let

Aj = {keN:d(gi,nj) < %} (6.2)

Let ng be chosen such that for k € A; N A, for all j,r > ng. Now,

A, n") =i, d(€], ) + d(&p,n") + d(&, 1)

— d(, ") =, % + g + g [using (6.1) and (6.2)]

= d(nj,nr) <y E-

Hence, (17) is a Cauchy sequence in (Cs, d;,), which is complete. Let

lim 7/ = 1.

Jj—o0

Now,

as 0(A;) =1 implies that,

O0({k : d(k,n) =iy }) = 1.

Hence, b, is a complete bicomplex metric space. This completes the proof. ]

7. Conclusion

In this paper, we have studied the statistical convergence in bicomplex valued metric spaces.

This is the first paper on this topic and is expected to attract researchers for further investigations
and applications.
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