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Abstract: For an arbitrary prime p, we prove that every algebraic lattice is isomorphic to a complete
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1. Introduction and formulation of results

A lattice is called algebraic if it is complete and each element is a join of compact elements. Im-
portant examples of algebraic lattices include subalgebra lattices of universal algebras, particularly
subgroup lattices of groups.

If a lattice L is complete and a subset M of L has the property that \/S, AS € M for every
nonempty subset S C M, then M is called a complete sublattice of L. It is well known that a
complete sublattice of an algebraic lattice is itself algebraic. This implies that complete sublattices
of subgroup lattices are algebraic as well. Conversely, we proved in [7] that every algebraic lattice
can be represented as a complete sublattice of the subgroup lattice of a suitable locally finite
2-group. It should be noted that every lattice can be embedded in some algebraic lattice, namely,
in the lattice of its ideals. It follows that every lattice is embeddable in the subgroup lattice of a
locally finite 2-group. For a given class K of algebras, we say that K is lattice-universal if every
lattice is embeddable in the subalgebra lattice of some algebra from K. In this sense, the class of
all locally finite 2-groups is lattice-universal. It must be said here that the lattice universality of
the class of all groups was first proved by Whitman in [12]. Other examples of lattice-universal
classes of algebras can be found in [3-5, 10].

The main theorem of the present paper generalizes the key result of the author’s paper [7] from
the case p = 2 to the case of an arbitrary prime number p.

Theorem 1. For an arbitrary prime p, let K be an abstract class of groups satisfying the
following conditions:

(1) K contains a group of order p;

(2) K is closed under restricted direct products, semidirect products and direct limits over totally
ordered sets.

Then every algebraic lattice is isomorphic to a complete sublattice in the subgroup lattice of some
group in K.

Since the class of all locally finite p-groups obviously satisfies conditions (1)—(2) of the theorem,
from here we get the following corollary.
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Corollary 1. For an arbitrary prime p, every algebraic lattice is isomorphic to a complete
sublattice in the subgroup lattice of a suitable locally finite p-group.

As a consequence, we get the following statement.
Corollary 2. For every prime p, the class of all locally finite p-groups is lattice-universal.

The proof of Theorem 1 is given in the next section. Technically, it is based on the concept of
so-called group valuations used by us in [7] when proving a specific case of this theorem for p = 2.
Here we essentially apply the ideas and constructions of the mentioned paper.

Below we give some additional concepts and notation.

Sub G is the subgroup lattice of a group G.

(X) is the subgroup generated by a subset X of a given group.

1,,—1 1

The commutator [u,v] of elements v and v of a group means v~ 'v™'uv and u” means v~ uv.
[I G. is the direct product of a set {G | A € A} of groups.

AEA

[] G, is the restricted direct product of a set {G | A € A} of groups; this group is a subgroup

AEA
of the corresponding direct product, and it can be regarded as the group of all functions from

fun(A, |J G,) with the property f(\) € G, and with finite supports.
AEA
For given groups G and T, let us consider the direct product [[ G” of isomorphic copies G*
heT
of the group G; here G' = G. This group is regarded as the group fun(7,G) of all functions from
T to G and is denoted by GT. The group T naturally acts on the group G7 in the following way:
fi(h) = f(th) for all f € GT and t € T. With respect to this action, one can consider the semidirect
product T' £ GT, which is denoted by G T and is called the wreath product of the group G by the
group 7. Here, for t1,t, € T and f1, fo € G, we have

(t1, f1) - (ta, f2) = (tata, f12f2).
For a prime p, the group
(u,v | P =P =[u, v’ =1, [u, [u,v]] = [v, [u,v]] =1)

is of the order p? and is isomorphic to the multiplicative unitriangular group of matrices of order 3
over the field of order p. So it will be denoted by UT3(p). Here the generating elements u and v
correspond to the matrices

110 1 00
010 and o1 1],
0 01 0 0 1
respectively. For p = 2, this group is isomorphic to the 8-element dihedral group

Dy = (u,v | u? =0® = (uv)* = 1).

Obviously, we have
UTs(p) = (u) £ (v, [u,v]),

where the group (u) acts by conjugation on the normal subgroup (v, [u,v]) in UT3(p) and

(0, [u,v]) = (v) x ([u, v]).

J(P) is the ideal lattice of a given V-semilattice P with zero. Recall that every algebraic lattice
is isomorphic to the ideal lattice J(P) of its V-semilattice P of compact elements.

The other definitions and notations used but undefined in the paper can be found in the books
[1, 2, 9].
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2. Concept of group valuation and the proof of the theorem

Let us give a key notion of the present paper. It was introduced by the author in [6] (see also
[7, 8, 11]).

Definition 1. Let P be a V-semilattice with zero. For a group G, we call a mapping
d0: G — P a group valuation if the following conditions hold:

(1) 6(1) =0;
(2) 6(g7") = d(g) for every g € G;
(3) 0(g192) < 6(g1) V 6(g2) for every g1,g92 € G.

For an arbitrary ideal I € J(P) and a € P, let us put Os(I) = 6 '(I) and Os(a) = Os(al),
where a] denotes the principal ideal generated by the element a. Obviously, Os(I) is a subgroup
of G and Os5(I) = ,c; Os(a).

The following simple proposition explains the role of the notion of group valuation in our
examination (see its proof, for example, in [7]).

Proposition 1. Let a valuation §: G — P satisfy the following conditions:
(1) for every a,be P and g € G, 6(g) < aV b implies g € (Os(a), O5(b));
(2) ¢ is a surjective mapping of G onto P.

Then the mapping Os: J(P) — SubG is a complete embedding of the ideal lattice J(P) in the
subgroup lattice Sub G, and so the lattice J(P) is isomorphic to a complete sublattice of the corre-
sponding subgroup lattice.

For groups GG, G’ and their valuations 6: G — P, §': G’ — P, we say that the pair (G',d") is
an extension of the pair (G,0) if G is a subgroup of G’ and ¢'|G = 4.
The following statement is key in proving our theorem.

Proposition 2. Let G be a group and 6: G — P a group valuation. Then, for arbitrary
elements a,b € P, there exists an extension (G',0") of the pair (G,0) such that, if 6(g) < a Vb for
an element g € G, then in the group G' the membership g € (Og(a),Ogs (b)) holds; moreover, for
an arbitrary prime p, one may take the group G1UTs(p) as G'.

This statement was proved in [7] for p = 2, and in this case the role of the group UTs(p) was
played by the dihedral group Dy isomorphic to UTs(2).

We will prove Proposition 2 at the end of the section. But now we will explain how the theorem
is derived from it. This derivation practically iterates a similar derivation for p = 2 in our paper [7],
but we will give it for the reader’s convenience.

Let L be an arbitrary algebraic lattice and P its V-semilattice of compact elements. Thus, we
have L = J(P). Let p be an arbitrary prime number and K an abstract class of groups satisfying
conditions (1)—(2) of the Theorem 1. Now consider the set {(w,) | @ € P} of groups of order p
generated by the elements w, indexed by elements from P. Let

6" = T wa)

aceP

be the corresponding restricted direct product of these groups. Then G* € K and each non-identity
element from G* can be uniquely represented (up to the permutation of the factors) as a term of
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the form wglwg? ---wgr (here n > 1, w,, # wq; for i # j and 1 < ¢ < p—1). Now we define
a mapping §* : G* — P by the following rule: §*(1) = 0 and, if g = wgwg? ---w§*, then
0*(g) =a1V ag V---Vay,. It is easy to see that the mapping §* is a group valuation.
Now let
{(ay,by) e Px P |0 <7 <x}

be the well-ordered set of all couples from P2. We define by induction on + a set

{Gw|0§’7<X}

of groups from K and a set
{0, 10<y<x}

of group valuations ¢, : G, — P in the following way.

Put Gy = G* and ¢y = 6*. If the ordinal v > 0 is not limit, then the pair (G, J,) is an extension
of the pair (G_1,8,-1) with the property g € (Os, (a,), Os, (by)) in G, for every g € G* satisfying
the condition d,_1(g) = 0*(g) < ay V by. Such an extension exists by Proposition 2, and in this
case G = G_1 1 UT3(p). If the ordinal v is limit, then put

Gy=JGcl¢<n) and 6, =[]0 ¢ <)

Further, put
GO =Gy [y <x) and oW =[], [v<x).

By construction, the mapping 6V : G() — P is a valuation and the pair (G(l),5(1)) is an extension
of the pair (G*,0*) such that, for any elements ¢ € G* and a,b € P with 6*(g9) < a V b, the
membership g € (05(1)(a), 05(1)(b)> holds in GV, In addition, we have UT3(p) € K, since K contains
all p-element groups and, by condition (2) of the theorem, is closed under direct and semidirect
products of any two of its groups and UT3(p) as mentioned above is a semidirect product of the
p-element group (u) with the direct product of the p-element groups (v) and ([u,v]). Therefore,
G € K because, by the same condition, the class K is closed also under direct limits over totally
ordered sets.

Next we construct the following increasing under inclusion chains of groups G™ € K and
valuations 6 : G — P (n € N):

G=GOcaMca®c.. ., §&#=569csVcs®c

such that, for every n > 1, 5(")|G("_1) = 6= and, for every ¢ € G™ Y and a,b € P, if
5D (g) < aVb, then g € (O (a), Osm) (b)) in G™; here the pair (G, 5() is constructed from
the pair (G(”_l),5(”_1)) as it was done in the first step corresponding to n = 1.
Put
G= U " |neN) and 5:U(5(”)\n€N).

Then, by construction, we have G € K and the mapping 6: G — P is a valuation with the
property: for all ¢ € G and a,b € P, the inequality d(g) < a V b implies g € (Os(a), Os5(b)), i.e.,
J satisfies condition (1) of Proposition 1. In addition, §* is surjective and §|G* = §*, whence we
deduce that the valuation 0 is surjective as well, i.e., it satisfies condition (2) of Proposition 1.
Therefore, by this proposition, there exists a complete embedding of the ideal lattice J(P) in the
subgroup lattice Sub G of the constructed group G € K. This means that the algebraic lattice L,
for which P is the V-semilattice of compact elements, is isomorphic to a complete sublattice of
Sub G. The derivation is over. O
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The following two constructions of the semidirect product and direct product of group valuations
were introduced by the author in [7]. .
If a group T acts on a group H, and if : T'— P and : H — P are group valuations such that

5(ht) < 6(t) v 6(h)
for any h € H and t € T, then the mapping 6§ £6: T A H — P defined by
(6 £8)(t,h) = d(t) v é(h)

is evidently a group valuation. It extends both 4: H — P and §: T — P under the canonical
isomorphic embeddings h + (1,h) and ¢+ (t,1) of H and T respectively into T' < H. Thus the
pair (T' K H,d K9) is an extension both of the pair (H,¢) and of the pair (T',0).

Definition 2. The valuation 6 £ 8 is called the semidirect product ofc§ and 6.

Definition 3. If §;: G; — P, i = 1,...,n, are group wvaluations, then the mapping
01 X o+ X 0p: Gy X - X G — P defined by

(01 X o+ X 0n) (915 9n) = 01(g1) V -+ V On(gn)

is evidently a group wvaluation extending each §; under the canonical embedding of G; into
G1 X -+ X Gy. It is called the direct product of the valuations J;’s.

Let G be a group, 6: G — P be a valuation, and let a,b € G. Consider the group
UTB(p) = <u’v | ul =P = [u,v]p =1, [ua [u’v“ = [’U, [u,v]] = 1>

Each of its elements can be uniquely written in the form u®v®[u, v]?, where o, 8,7 € {0,1,...,p—1}.
It is easy to check that the product of two such terms is

w1 pft [, o]t - w2 P2 [u, v]? = p1 a2, fitb2 [u’v]“/1+72—51a2,

where exponents are added and multiplied modulo p.
Now we define a mapping ¢: UT3(p) — P by the rule:

51)=0, du¥=a if 1<a<p-1, 6(0%)=b if 1<B<p-1,
5(t) =aVb for all other t e UTs(p).

It is easy to see that the mapping §isa group valuation.

Next we construct an extension ¢': G UT;3(p) — P of a group valuation ¢ desired in Proposi-
tion 2 from the group valuation 8: UTs(p) — P and from an additional valuation §: GUTs(®) — p.
The valuation 6 will be the direct product (see Definition 3) of group valuations d;: G — P defined
below for every ¢ € UT3(p). Their constructions generalize the corresponding constructions for
p =2 given in [7].

We set 6,(1) = 0 for any t € UT3(p). For a non-identity element g € G, we set

(1) 01(g) = 8(9),
(2) Oya(g) =aVi(g) if 1<a<p-—-1,

(3) d8(g) =bVi(g) if 1<B<p—1,
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0 if 0(g) <aVb,

4) Oy = if 1<~y<p-1,
1) Fpuor(9) {a\/b\/é(g) otherwise ' =P

a if d(g) <aVb,

i if 1<a<p—1 and 1<~y <p-1,
aVbVdi(g) otherwise

(5) 5u"‘[u,v]” (g) = {

b if 0(g) <aVhb,

if 1<g<p—1 and 1<~y<p-—1,
aVbVi(g) otherwise shsp ==

(6) 5v5[u,v]7 (g) = {

(7) dyousluap(9) =aVvbVvi(g) if 1<a<p-1 1<B<p-1 and 0<y<p-1

Checking that d; is a group valuation for every ¢ € UTs(p) is very simple and completely
identical to checking a similar statement in [7].

~

Lemma 1. For any w,t € UT3(p) and g € G, the inequality 0, (g) < 0(t) V du(g) holds.

P r o o f. From the definitions of the group valuations d;, it directly follows tAhat the equality
aVbVoy,(g) =aVbVi(g) holds for every w € UT3(p) and g € G. Therefore, if §(t) = a VV b, then
we have

Otw(g) <aVbVi(g) =aVbViu(g)=0(t)Viu(g):
The case §(t) # a \V b is true only if

te{l,u®, v’ |1<a<p—-1,1<pB<p-1}

In the case t = 1 the inequality d;,(g) < 0(t) V 6, (g) is evident.
Let t = u®, where 1 < a < p — 1. Then §(¢t) = a. Here, if b < §,,(g), then again

Stw(9) <aVbVvié(g) =aVbViu(g)=0(t)Viuw(g)

If b £ 6,(g), then the following four cases are possible:

(1)

(2) w=u", where 1 <« <p—1and d,(g) =aVig),

(3) w=[u,v]’, where 1 <y <p—1,6d(9) <aVband j,(g) =0,
(4)

w=u[u,v]?, where 1 <o/ <p—1, 1<y <p—1,68(g9) <aVband d,(g) = a.

In case (1), we have 0y (9) = dua(g) = a V 8(g) = a V 61(g) = 0(t) V 6u(g).
In case (2), we have dy,(g) = ua+a (g) <aVélg) =aVdu(g) =0)Viug).
In case (3), we have 04y (9) = dyajur(9) = a < aVow(g) = (t) V duw(g)-

In case (4), we have §4y(9) = 00t/ e (9) S a= 5(t) V 6u(g).

The case t = v°, where 1 < 8 < p— 1, is symmetric to the previous one and can be checked by
a parallel argument. O

Next, as noted above, we set 0: GUT3(®) — P as the direct product of the valuations 6,
t € UT3(p). This is a group valuation extending 6; = ¢ and

S(f): \/ or(f

teUT3(p)
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for any f: UTs(p) — G.

We then define &: G ¢ UT3(p) — P as the semidirect product of §: UTs(p) — P and
5: GUTs(P) — P (see Definition 2). This is an extension of &, hence also of §. To prove that
the semidirect product §' = 6 A4 is indeed a group valuation, we have to check that

S(f) < () vo(f)

for any f € GUTs(®) and ¢ € UT3(p). But this is easily accomplished using Lemma 1:

M=\ su(ffw)= \ du(ftw)= \ G, (ftt w))

welTs(p) weUT3(p) t=twelTs(p)
=V by < () veu(fw)
t—lwelUTs(p) t—lwelTs(p)

=8(t v Vo o) | =sev |\ su(f(w)

Thus, we proved that the mapping ¢': G UT3(p) — P is a group valuation and the pair
(G1UT3(p),d’) is an extension of the pair (G, d). Now it remains to note that this extension has
the required property, i.e., if 6(g) < a Vb for an element g € G, then, in the group G ¢ UTs(p),
the membership g € (Og (a), Oy (b)) holds. Indeed, by construction, & (u) = 6(u) = a and & (v) =
B (v) = b. In addition, the element g € G as an element of the group G ! UT3(p) means a function

flw) € GUT3(p)
such that

g, if w=1,
f(w):{1 it w1,

)

Therefore, for an arbitrary ¢t € UT3(p), we have ¢' = ft(w) = f(tw) and

() ==\ su(fw)= \ bu(ftw)

welTs(p) welTs(p)

= 5t—1(f(1)) v \/ 5w(f(tw)) = 041 (g) v \/ 511}(1) - 5t—1(g)'

w#t—1 w#t—1

From here we obtain that ¢'(glv¥) = ju,w)(g) = 0 for every element g € G such that d(g) < a Vb.
This implies that

g=[v,u]- g [u,v] € (O (a),0g (b), 05 (0)) = (O (a), Og (b))

The proof of Proposition 2, and with it the Theorem 1, is complete. O

Acknowledgments

The author wishes to thank Mikhail Volkov and anonymous referees for their comments and
kind help in preparing the final version of this paper.



134

Vladimir B. Repnitskii

10.

11.

12.

REFERENCES

Gratzer G. General Lattice Theory, 2nd edn. Basel: Birkhauser—Verlag, 2003. XX+4663 pp.

. Kargapolov M. 1., Merzljakov Ju.l. Fundamentals of the Theory of Groups. Translated from the second

Russian edition by Robert G. Burns. Grad. Texts in Math., vol. 62. New York-Berlin: Springer—Verlag,
1979. XVIII4-203 pp.

Repnitskii V. B. On the representation of lattices by lattices of subsemigroups. Russian Math. (Iz. VUZ),
1996. Vol. 40, No. 1. P. 55-64.

Repnitskii V. B. Lattice universality of free Burnside groups. Algebra and Logic, 1996. Vol. 35. P. 330-343.
DOTI: 10.1007/BF02367358

Repnitskii V. B. On lattice-universal varieties of algebras. Russian Math. (I. VUZ), 1997. Vol. 41, No. 5.
P. 50-56.

Repnitskii V. B. A new proof of Tuma’s theorem on intervals in subgroup lattices. In: Contrib. General
Algebra 16. Proc. 68th Workshop on General Algebra “68. Arbeitstagung Allgemeine Algebra”, Dresden,
Germany, June 10-13, 2004 and Summer School 2004 on General Algebra and Ordered Sets, Mald
Mordvka, Czech Republic, September 5-11, 2004. Chajda I. et al. (eds.). Klagenfurt: Verlag Johannes
Heyn, 2005. P. 213-230.

Repnitskii V.B. Lattice universality of locally finite 2-groups. Algebra Univers., 2020. Vol. 81. Art.
no. 44. DOI: 10.1007/s00012-020-00672-8

Repnitskii V., Tuma J. Intervals in subgroup lattices of countable locally finite groups. Algebra Univers.,
2008. Vol. 59, P. 49-71. DOI: 10.1007/s00012-008-2045-5

Schmidt R. Subgroup Lattices of Groups. De Gruyter Expositions in Mathematics, vol. 14. Berlin—New
York: Walter de Gruyter, 1994. XVI+572 pp. DOI: 10.1515/9783110868647

Shevrin L. N., Ovsyannikov A.J. Semigroups and Their Subsemigroup Lattices. Ser. Math. Appl. Dor-
drecht: Kluwer Academic Publishers, 1996. XI+380 pp.

Tuma J. Semilattice-valued measures. In: Contrib. General Algebra 18, Proc. 78rd Workshop on General
Algebra 2007 (AAA 73) and 22nd Conf. Young Algebraists. Klagenfurt: Verlag Johannes Heyn, 2008.
P. 199-210.

Whitman Ph. M. Lattices, equivalence relations, and subgroups. Bull. Amer. Math. Soc., 1946. Vol. 52.
P. 507-522. DOI: 10.1090/50002-9904-1946-08602-4


https://doi.org/10.1007/BF02367358
https://doi.org/10.1007/s00012-020-00672-8
https://doi.org/10.1007/s00012-008-2045-5
https://doi.org/10.1515/9783110868647
https://doi.org/10.1090/S0002-9904-1946-08602-4

	Introduction and formulation of results
	Concept of group valuation and the proof of the theorem

