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Abstract: Let G = (V, E) be a simple connected graph. The modified Sombor index denoted by mSo(G)
is defined as

mSo(G) = Z
uwveE V d2 + d2
where d, denotes the degree of vertex v. In this paper we present extremal values of modified Sombor index

over the set of trees and unicyclic graphs.
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1. Introduction

A topological index is a real number derived from a structure of a graph that is not dependent on
the way the vertices are labeled. A wide range of different topological indices have been employed
in QSAR (Quantitative Structure — Activity Relationship) and QSPR (Quantitative Structure —
Property Relationship) studies. Any topological indices belong to one of the two classes: they are
either bond-additive, or distance based. Typical representation of bond-additive indices are two
Zagreb indices, Harmonic index and Randi¢ index.

Let G = (V, E) be a simple connected graph. By the open neighborhood of a vertex v of G we
mean the set

Ng(v) ={ueV:uw e E}

and by the closed neighborhood,
N¢[v] = Ng(v) U {v}.

The degree d,, of a vertex v is the cardinality of its open neighborhood. We denote by F,, and C), a
path and a cycle with n-vertices, respectively. A length of a cycle is the number of edges contained
in the cycle. A star of order n > 2, denoted by S, is a tree with at least n — 1 leaves. A contraction
of an edge e = ww is the replacement of u and v with a single vertex such that edges incident to
the new vertex are the edges other than e that were incident with w or v and the resulting graph
is denoted by G.uwv.

Recently, a degree based topological index called the Sombor index was introduced by Ivan

Gutman in [4]. It is defined as
> o Va+d

weE(G)
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and further studied in [1-3, 6, 9, 10]. A variant of Sombor index namely, modified Sombor index,
denoted by mSo(G), is defined as

So(
mio(C MZG;E Va2 +d2

In [8], a lower bound on a Modified Sombor index of unicyclic graphs with a given diameter is
presented. In [7], bounds of modified Sombor index in terms of spectral radius and energy is given.
A study on modified Sombor index matrix is done in [11]. An extreme value of the product of the
Sombor index and the modified Sombor index is studied in [5].

In [7], to determine the extremal trees, unicyclic graphs, bicyclic graphs with respect to modified
Sombor index were proposed. We determine the extremal graphs for the class of trees and unicyclic
graphs, which answers the problem posed in [7]. In particular, we show that star and paths are
the graphs with minimum and maximum modified Sombor index among all trees, and for unicyclic
graphs we show that U, (n—1,2,2) and cycle are the graphs with minimum and maximum modified
Sombor index.

2. Graph transformations

To begin with we present some graph transformations which will be useful to determine the
extremal trees and unicyclic graphs.

Transformation A (see Fig. 1). Let G be a nontrivial connected graph and u,v € V(G), such
that d(v) > 3 in G and P; : uujus ... u, and Py : vv1vs...vs be two paths in G. Now we denote
the graph H obtained from G by concatenating the paths P; and Ps.

e, uy A
e Us—1
\ o

UQ'-.“ Vs_1

; ' .
ur_\__/w

Uy U1

Figure 1. Transformation A.

Theorem 1. Let H be the graph obtained from G wusing Transformation A, then
mSo(G) < mSo(H).

P r oo f. The vertex v; in path P, is made adjacent to vertex u,. Then

1

1 1
Vb VB VR \/d2
a€eN(v)\v1 a aeN(v)\v1 V d _1 +d2

mSo(H) =mSo(G) —
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50(G) — 1 2 L, < 1 1 >
=mdo — -
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mSo(H) > mSo(G) — — + Z ( - )
\[ VR VI3 N\ Vidy =124+ d2 /& +d2
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Transformation B (see Fig. 2). Let G be a nontrivial connected graph and u € V(G), such that
d(u) > 3 in G and P : uujuy...u; be the path in G. The H is constructed from G by removing
the leaf u; in the path P and attaching it to the vertex v by an edge uu;.

u (751 U9 Up—2 U1 U

%

Figure 2. Transformation B.

Theorem 2. Let H be the graph obtained from G wusing transformation B, then
mSo(H) < mSo(G).
P r oo f. Applying Transformation B to graph G, we have

1 1 1 1
mSo(H)ZmSO(G)—ﬁ—%JF%Jr (dy +1)2+1

1 1
Y ey
aeN(u) d%—ng{ aeN(u) (dU+1)2+dg‘

1 1 1
=me(G) - (dy +1)2 ae%: <\/(du—1)2+d§_ \/dg+dg>
mSo(H) < mSo(G) — \/, \/_ < mSo(G).

O

Transformation C (see Fig. 3). Let G be a nontrivial connected graph, uwv € E(G) with
N(v) N N(u) = . We denote the graph H obtained from G.uv and making the vertex v adjacent
to u by an edge uv.
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Figure 3. Transformation C.

Theorem 3. Let H be the graph obtained from G wusing transformation C, then
mSo(H) < mSo(G).

P r o o f. From the definition of Transformation C, we have d,,d, > 2. Then

mSo(H) =mSo(G) - — —

! s> Ly L
d% + d% a€N(u)\v Vv d% + da a€N(v)\u V d% + dgé

+ > . + =
—1)2 2 —1)2 )
NN fuy V(o T du =12+ /(dy +dy— 1) +1

Since,

1 1 1
Sy Loy Ly <o
2 2 Z 2 2 —_1)2 2
a€N (u)\v du + dc“ a€EN(v)\u d” + dc“ a€N(v)UN (u)\{u,v} \/(dv tdy 1) + dc“

1 1
— + <0 forany d,,d, > 2.
VEZ A+ \(dy+d,—1)2+1
Thus mSo(H) < mSo(G). O

Transformation D (see Fig. 4). Let G be a unicyclic graph with cycle of length «, denoted by
Cy and u € C,, such that d(u) = 3in G and P : uujus...u; (t # 2) be the path in G. Let w be the
neighbour of v in Cy,. The graph H is constructed from G by removing the leaf v; and including it
in the cycle C, between the vertices u, w.

Theorem 4. Let H be the graph obtained from G wusing transformation D, then
mSo(G) < mSo(H).

P r o o f. From Transformation D, we have d, = 3. Then

Case 1: t >3
1 1 1 1 1 1
So(H) =mSo(G) - —= - —+ 2 L L 1 _ s
mSolH) =mSolG) = == Bt E-m T ym T e T Ml
Case 2: t =1
So(H) = mSo(G) — —— — —2— + 2 > mSo(@)
moo = Mmoo _— e — —— moo .
V10 V13 V8 T
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Figure 4. Transformation D.

Lemma 1. Let G be a unicyclic path with cycle of length n — 2, say Cp—o and u € Cp_o with a
path uuius. Let H be the graph obtained from G by removing the vertices w1 and uo and included
in the cycle C—o. Then mSo(G) < mSo(H).

Proof. Letthed,=31in V(G). Then,

)
mSo(H) =mSo(G) — VAN VT + NG > mSo(G).

0

Let U, (n1,n2,n3) be the family of n-vertex unicyclic graph obtained from attaching nq—2,no—2
and n3—2 pendent vertices to the three vertices of a triangle respectively, where ni+ns+mng = n+3
and ny > ng > nz > 2.

Lemma 2. For anyn>5,ni+ngs+n3=n-+3 andny > no > ng > 3,
mSo(Up(n —1,2,2)) < mSo(Uy(ni,n2,n3)).
P roof. Since n; > ny > ng > 3, we need to prove
mSo(Up(n + 1,n2 —1,n3)) < mSo(U,(n1,n2,n3))

for no > 3. Let
T —2

T)=—, x2>3.
Then )
—4x* —3x + 2
" _
f (x) - ($2 4 1)5/2 <0

implies that f(x + 1) — f(z) is decreasing function for # > 3. Thus
mSo(Up(n1 + 1,n2 — 1,n3)) — mSo(Uy(n1,na,n3))
=mSo(Uy(n1 + 1,n2 — 1,n3)) — mSo(Up—1(n1,n2 — 1,n3))
—(mSo(Uyp(n1,n2,n3)) — mSo(Up—1(n1,n2 — 1,n3)))

N 7”L2—2 7”L2—3 4 1 1 4 1 1
Vni+1l e —12+1  Vni+nd i+ (ne—1?2  Vnd+ni  V(na—1)2+n3
ny—1 ny — 2 1 1
= 2 N 2 + 2 2 2 5+
Vin+1)?2+1 yni+1 n+1)2+n3  /ni+n3
1 1

Vi A 02+ (na— 12 /02 + (n2 — 1)2).
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Since
1 1 <0
N N B CP S L
1 1 <0
\/n%—i—n% \/(ng—l)z—i-n% ’
1 1 <0
Vi +1)24+n2  /n? +n?
1 1 <0
V(1 + 12+ (ngy — 1)2 \/nl ng—12
then

mSo(Uy(n1 + 1,n9 — 1,n3)) — mSo(Uy,(n1,ng,n3))
< f(n2) = f(ng —1) = (f(n1 + 1) = f(n1)) <0.

3. Extremal trees and unicyclic graphs

In this section, we determine the extremal values of the modified Sombor index on the class of
trees and unicyclic graphs.

Theorem 5. Let T be a tree with n-vertices, where n > 3. Then
mSo(S,) < mSo(T) < mSo(P,).

P r o o f. By repeated use of the Transformation A, any tree T" can be transformed into a path.
Thus by Theorem 1, mSo(T) < mSo(P,).

Now by repeated use of the Transformation C' on T, we obtain a star. Thus by Theorem 3,
mSo(T) > mSo(S,). O

Corollary 1. Let T be a tree on n vertices, where n > 3, then
n—1 2 n—2

— < mSo(T) < — + .
\/n2—2n+2_m0()_\/5 V8

Theorem 6. Let G be an unicyclic graph with n-vertices, where n > 4. Then

mSo(Up(n —1,2,2)) < mSo(G) < mSo(C,,).

P r o o f. By repeated use of the transformation A, any unicyclic graph G can be transformed
into a comet. Thus by Theorem 1, mSo(G) < mSo(COy—q,). Furthermore by using Theorem 4
and Lemma 1, we get mSo(COy—q,q) < mSo(Cy).

Now by repeated use of the Transformation B on G, we obtain a unicyclic graph G’ with a cycle
and remaining vertices as leaves. Thus by Theorem 2, mSo(G) > mSo(G’). Furthermore repeating
the transformation C' on G’ we get U, (n1, na,n3). By Theorem 3, mSo(G’) > mSo(Uy(n1,n2,n3)).
Furthermore using Lemma 2, we get mSo(Uy,(n1,n2,ng)) > mSo(Uy(n —1,2,2)). O

Corollary 2. Let G be an unicyclic graph on n vertices, where n > 4, then

n—3 n 2 < S( )<
moo
VnZ—2n+2 VnZ-2n+5 \f‘ -

N
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Figure 5. (a) Comet COp_g.o  (b) Up(n —1,2,2).

4. Conclusion

Bounds on modified Sombor index in terms of graph parameters are determined and various
topological indices are compared with modified Sombor index in [7]. In [7] an open problem was
proposed to determine the extremal trees, unicyclic graphs and bicyclic graphs with respect to
modified Sombor index. Extremal trees and unicyclic graphs are determined here, which answers
a part on the problem.
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