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1. Introduction and preliminaries

Let O be a linear operator acting on the space of polynomials as a lowering operator (the
derivative [4, 18, 19], the g-derivative [4, 12, 14, 15], the divided-difference [1], the Dunkl [6, 8, 9,
11, 13], the ¢g-Dunkl [5, 7, 13], other [17, 21]), a transfert operator (see [20]) or a raising operator
(see [2, 3, 17]). Many researchers in this vast field cited above had the concern to characterize
the O-classical polynomial sequences that is those which fulfill the so-called Hahn property: the
sequences {P,}n>0 and {OP, },>0 are orthogonal.

By the way, in [20], the authors characterized the I, (q.w)~Classical orthogonal polynomials where
I(4.) is a transfert operator acting on the space of polynomials P and defined by [20]

Iigwy == Ip +why, weC\{0}, qeC,:= {z€C, z#0, 2L L] 14w #£0, n € N},

with Ip being the identity operator in P and (hqf)(z) = f(qx), f € P (homothety). Therefore,
our goal is to consider the following transfert operator M(, . acting on P and defined by

M(c,w) =1Ip—cT,, W%O, CGR—{O,l}, (11)
where

(ruf)(@) = f(z —w), [€eP,

(translation) and to characterize all sequences of orthogonal polynomials { P, },>0 having the Hahn
property; the resulting up an affine transformation (that is to say up a composition of a homothety
and a translation; see (1.4) below), is the Meixner polynomials of the first kind (see Theorem 2
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below). Indeed, in Section 2, firstly we deal with the Mcw)-character by presenting some char-
acterizations of it (see Theorem 1), secondly, we establish the system verified by the elements of
second-order recurrence relation for the sequences { P, }n>0 and {M. )P fn>0 and thirdly we solve
it to deduce the desired result (Theorem 2). Moreover, the divided-difference equation fulfilled by
its canonical form and the second order linear divided-difference equation satisfied by any Meixner
polynomial are highlighted.

Let P be the vector space of polynomials with coefficients in C and let P’ be its dual. We
denote by (u, f) the action of u € P’ on f € P. In particular, we denote by

(w)y = (u,z™), n>0

the moments of u. The form wu is called regular if we can associate with it a sequence of monic
polynomials {P, },>o with deg P, =n, n > 0 ((MPS) in short) [18] such that

(u, P Pp) = rndpm, n,m>0; r,#0, n>0.

The sequence { P, },,>0 is then called orthogonal with respect to v ((MOPS) in short). In this case,
the (MOPS) {P,},>0 fulfils the standard recurrence relation ((TTRR) in short) [10, 18]

{ Py(z)=1, Pi(z)=2-p, 12
Prya() = (@ = Bpt1) Patr () = Y1 Pu(x), n 20,
where
Bn = M, Y+l = I+l #0, n>0.
Tn n

Moreover, the regular form u will be supposed normalized that is to say (u)y = 1.
For any form wu, any polynomial g and a,w € C\{0}, b € C, we let 1pu, hou, gu, Du =", D,u
be the forms defined by duality [18] namely

(mu, f) = (w, 7 f),  (hatt, f) = (u haf), {gu, f) = {u, gf),
(W, f)=—(u.f), (Duu,f)=—(u,D_nf)

where
(Faf)@) = f@+0), (@)= Jlaz), (D-ufa) = TDTEZD -y
and due to the well known formulas [1, 18] we have
n(fu) = (), halfu) = (hesf) (he), weP', [P, (1)

Let &, be the Dirac mass at b defined by

(0, f) = f(B), bEC, [eP.
In addition, let {P,},>0 be the (MPS) defined by
Py(z) =a "Py(ax+b), n>0, a#0, beC.
If {P,}n>0 is a (MOPS) associated with u, then {ﬁn}nzo is a (MOPS) associated with

U= (hg—107_p)u
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and fulfilling the (TTRR) in (1.2) (8, + Brs Ynt1 < Ang1, 1 > 0) with [18]

~ —b R
5, - 5na s (1.4)

Let now {P, },>0 be a (MPS) and let {u,},>0 be its dual sequence, u,, € P’ defined by
(Un, Pm) = 0pm, mn,m >0.
Let us recall some results [18].

Lemma 1 [18]. For any u € P’ and any integer m > 1, the following statements are equivalent

(1) <u’Pm*1>7éOa <u’Pn>:0a n=>m,
(ii)) IN, €C, 0<v<m-—1, MNyp_1#0,

such that
m—1
u = Z AUy
v=0
As a consequence,
— the dual sequence {uy, }n>0 of {ﬁn}nzo is given by
Un = a"(hg-1 07_p)tUn, n >0,
— when {P,},>0 be a (MOPS) then u = ug. In this case, we have
Uy = r;anuo, n>0
and reciprocally. Lastly, when ug is regular and @ is a polynomial such that ®ug = 0, then
® =0.
The monic Meixner polynomials {M,,(.; a, ¢) }n>0 of the first kind are given by [10, 16]

c " —n,—T 1
. = _— ’ _— >
M, (x;a,¢) (a+1)n<c_1> 2F1< ot ‘1 c)’ n >0,

they are orthogonal with respect to the discrete weight

la+1),

' , z€N
x!

ple) =
for « > —1, 0 < ¢ < 1. Here, the Pochhammer symbol (z),, takes the form
n
(2o=1 @n=][[G+k-1, n>1,
and 9 F7 is the hypergeometric function deﬁl;:eld by
(P ]s) =y e
k=0 )

By describing exhaustively the D_,-classical orthogonal polynomials in [1], the authors redis-
cover the (MOPS) of Meixner {M,(.; @, ¢) } >0 orthogonal with respect to the D_;-classical Meixner
form M(a,c) for a« # —n—1,n >0, ¢ € C — {0,1} and the positive definite case occurring for
a+1>0, ce€ (0,00)—{1}; they establish successively the (TTRR) elements, the divided-difference
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equation, the modified moments, the discrete representation and the second order linear divided-
difference equation (see the following),

1+c c

C
Pn=1— (06+1)+1—” ’Yn+1:m(n+1)(“+a+1)a n =0,

D_i((z+a+1)M(a,c)) — (1 -cHz+a+1)M(a,c) =0,

(M(a,c))¢:< ¢ >"F(a+1+n)7 n>07 ceC—-{0,1}, a+1eC-(-N),

1—c¢ P(Oé-i-l) - (1.5)
1+ k)
M(a,c) = (1 - 0‘“2 a;_{_i— F&g, 0<lef<l, a#-n—-1, n>0,

k>0
(x4 a+1)(D_1 0 DiMyi1)(z;a,0) + (1= ¢ Ha + o+ 1) (D1 Mpy1) (250, ¢)

—(n+1)(1—cYHYMyy(2;0,¢) =0, n>0.
2. Main result

2.1. The M )-classical character

First of all, let w # 0 and ¢ € R — {0, 1}. By virtue of (1.1) we have

(M) )(x) = f(z) —cf(z —w), [feP. (2.1)

Particularly,

My D(@) =1-c, (Mw)§")(x) = (1 —c)z" + lower degree terms, n > 1. (2.2)

When ¢ =1, M(y ) is not a transfert operator but a lowering one since M ) = wD_,.
From (1.1), we have
M(c,w) = Ip — CTy-

The transposed tM(cw) of M. is

tM(c,w) =Ip —cTy = M(c,—w)a

leaving out a light abuse of notation without consequence.

Thus,
<M(c,7w)U, f> = <u’M(c,w)f>, u € P/a JeP.

Particularly, by virtue of (2.2) we get

(Me,—pyu)o =1—¢, (M _yu)p=(1-c) - CZ < > Fu)p, n>1.

Lemma 2. The following formulas hold

Mcw)(f9)(x) = f(2)(M(1,0)9)(@) + (T0g) (@) M(cw) /)(),  f,9€P, (2.3)
Me,—w)(f1) = (Tow f)M(e,—wyu) + (Ma oy flu, uweP, [feP, (2.4)

ha © M(cw) = M(ca-10) © ha 0 P, hq oM o) = M, _qu) © ha in P', a€C—{0}, (2.5)
0 My = Mewy o P, mpoM )y =M _pyom in P, becC. (2.6)
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P r o o f. The proof is straightforward since definitions and duality. O

Now consider a (MPS) {P,},>0. On account of (2.2), let us define the (MPS) {P,[L”(.; ¢, w) tn>0
by
(M(c,w)Pn)(x)

w#0, ceR-{0,1}, n>0. (2.7)
Denoting by {ug](c,w)}nzo the dual sequence of {PT[L”(.; ¢, w)tn>0, we have the result
Lemma 3. The following formula holds
M(c7,w)(unl](c,w)) =(1-cu,, n>0. (2.8)
P r o o f. Indeed, from the definition it follows

Wl (c,w), P(z;¢,0)) = pmy,  nym >0,

n

so we have
<(M(c,7w) (ULH(C,W)),Pm> = (1 - C)6n,m’ n,m > 0,

therefore,

(Mie—ay (Wl (¢, ), Pn) =0, m>n+1, n>0;
<M(c,7w) (u[l} (C,W)), Pn> g 1 - C, n Z 0

n

By virtue of Lemma 1, we get
n
M, —w) (ull(e,w)) = Z Anptly, 1> 0.
v=0

But,
<M(c,fw)(u£zl}(c7w))7pu> = )‘%M’ 0<p<n,

with A, =0, 0 < pp <nand A\, , =1 — c. The formula (2.8) is then established. O

Definition 1. The (MPS) {Py}n>0 is called M. -classical if {Py}n>0 and {P,Ll}(.;c,w)}nzo
are orthogonal.

Remark 1. When the (MPS) {P,},>0 is orthogonal, it satisfies the (TTRR) (1.2). When the
(MPS) {P,LH(.; ¢, w) >0 is orthogonal, it satisfies the (TTRR) (1.2) with the notations (8, < ﬁLl],
1
Yn+1 77[1—1—17 n = O)'

Theorem 1. For any (MOPS) {P,}n>0, the following assertions are equivalent.

a) The sequence {Pn}n>0 is M(c ) -classical.

b) There exist a polynomial ¢ monic, deg¢p < 1 and a constant K # 0 such that
M(c,—w) (gbuO) - K_l(l - C)UO =0, (29)
l—c—K¢'(0)wn#0, n>0. (2.10)
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c) There exist a polynomial ¢ monic, degd < 1, a constant K # 0 and a sequence of complex
numbers {\p tn>0, An # 0, n >0, such that

(KQS(x) -1+ C) (M(C,fw) o M(c,w)Pn)(x)

e~ D(K() — DMy Po) @) = MuPala). 1> 0. 2
Proof. a)=Db), a)=c).
From (2.8) and the regularity of up and ul}(c,w), we have
M) (PG e w)ug) (e,w)) = G Pag, 120,
e (g (e,w), (P (5 ¢,0))?)
(= (1—¢) == <;LO7;;3>’ ! . n>0.
By (2.4), we get
(T PY (5 ¢, w)) Moy (u (e, w)) + M1y P e, w))ub (e, w) = G Pawg, 1> 0.
In accordance with the definition of M, ), one may write
Me, ) (uf (0 0)) = ) (e,w) — el (,w)),
which yields
P (e, wpul (e, w) — e(r—o PH (e, w)) (Tl (e, w)) = ¢ Paug, 1m0 > 0. (2.12)
Taking n = 0 in (2.12) leads to
ul (e, w) — e(r_pul (e, w)) = (1 = )up. (2.13)

Injecting (2.13) in (2.12) gives
(PG ew) = (o PP (e, w) fup(e,w) = {6 P — (1= (7P (5 e,0) Jug,  n> 0. (2.14)
Now, taking n = 1 in (2.14), we obtain
up (c,w) = Ko(x)uo, (2.15)

where K be a normalization constant since ¢ monic and

1] 1]
l-c N " 1]
Ké(z) = -z +w+ L6 - .
o) = {0 e e+ gy - gy}
Applying the operator 7, to (2.15), we get
(Tt (e,w)) = K(7-00)(@)(rwuo). (2.16)

Replacing (2.16) and (2.15) in (2.13) leads to the desired result (2.9). By virtue of (2.15), the
formula in (2.14) becomes

{K(;S(PJL”(.; cw) — (T,MPJLH(.; c,w))) +(1- c)(T,wP,[LH(.; c,w)) — Cn Pn}uo =0, n>0.
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Therefore,
Ko(PIG ) = (ruPl(ew)) + (L= O wPl(56.0) = G P =0, 020,
thanks to the regularity of ug. Moreover, from (2.1) with the change w +— —w, we may write
(r—w Pl (s e,w)) = ¢! <P,[Ll}(.; c,w) — (M(c,_w)Pr[Ll](.; c,w))), n > 0.

Consequently, the last equation becomes

(Ko@) = 14 ¢)(M(e,—w) © M(c) ) () + (¢ = 1) (K p(2) — 1) (M) Pn) (2)

=c(1—c¢)(uPy(z), m>0. (2:17)

Writing into (2.17)

[ ¢(z) = ¢/ (0)z + $(0),
(Mcw)Pr)(x) = Po(x) — cPy(r — w),
(M(c,fw) o M(C,W)Pn)(x) = (1 + Cz)Pn(x) - C(Pn(x - w) + Pn(x + w))’

n
Pn(x) = Z an,kxka Qpn = 1, n>0,
k=0

and by comparing the degrees we obtain
l—-c—K¢0)wn=7¢(,#0, n>0.

Hence (2.10) and a) = b).
Finally, (2.17) is (2.11) with A, = ¢(1 — ¢)¢, # 0, n > 0. We have also proved that a) = c).

b) = a) Let us suppose that there exist a polynomial ¢ monic, deg ¢ < 1 and a constant K # 0
such that (2.9)—(2.10) are valid. From (2.9), we have

0= (Mg, —u)(uo) = K~ (1 = cJuo, 1) = (1 = ¢) ((uo, ¢) — K 1).

Thus,
K™ = (ug, ¢) = ¢'(0)Bo + ¢(0) = ¢(bo).

Necessarily, ¢(fy) # 0. Let v = K¢ug. We are going to prove that the (MPS) {P,LH(.; ¢, w) >0 is
orthogonal with respect to v. We have successively

(v, P (e, w)) = K (ug, ) = 1, (2.18)

for all n > 1,
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and for m > 1, n > 0,

(v, 2™ P (;c,w)) = % (pug, ™ (P (z) — cPy(z — w)))

K K

= ——— (duo,a" P (w)) — 17— (duo, (€ +w) " Pa(&)) ()

= 5 e (a)) -

1—c¢
K
= —{pug, (™ — (x + w)"™) P, (x)) + (ug, (x +w)™P,(x)),
A ey T (600, = @4 )™ Pa(o)) + 0, 2+ )P (2)

T (emw(@uo), (z + W)™ Po(x))

or equivalently, for m > 1, n > 0,

(0,27 Bl ) = _K;b—((c)) 2 (kil 1>“m_k+1<“07xkpn(w)>
k=1
K@(O) = m m— = m m—
C1-c l;) <k>w k<u0,xkpn(x)> + kzo <kz>w k<uo,$kPn($)>

from which thanks to the orthogonality of {P,},>0 and (2.10) we get

<v,mer[L1](.;c,w)> =0, 1<m<n-1, n>2,

<v,x"Pr[L1](.;c,w)> = <1 — Wnao (ug, P?) #0, n>1.

(2.19)

By the identities in (2.18)-(2.19), we see that {P,EH(.; ¢, w) tn>0 is orthogonal with respect to v. We
then obtain the desired result.

c) = b) Comparing the degrees in (2.11), we can deduce (2.10). Making n = 0 into (2.11), we
obtain

Ao = c(1 — )% (2.20)

Moreover, from definitions, (2.11) may be written as

O((Mew)Pr) = (Tw 0 M(e ) Pa)) + K711 = ) (7w 0 Mo ) Pr) = ¢ "K'\, Py, 0 >0,
then,
(10, S((M(e) Pr) = (T © Mooy Pa)) + K11 — ) (T o Moy P)) = ¢ 'K A (ug, P), n > 0.
Equivalently,
(Me, - (d110) = (Me, ) 0 7o) (d0) + K 11 =€) (M —yp) 0 Twstio), Pr) = ¢ "K' Ap(ug, Pa), n > 0.
By virtue of Lemma 1 and (2.20), we get

M- (610) = (M- © ) (G10) + K11 = €)M 0 7utto) — K 1(1 = ¢)2ug = 0.

A similar expression is

M(c,fw) (QSUO) - K71(1 - C)U(] = (M(C,fw) © Tw)(gbuO)

i i (2.21)
K7 (1= ¢)(Me,_y) o Twuo) — K™ (1 = ¢)cug.
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But, by (2.6) and definition of the operator (M, _.y, we have for the right side of (2.21),

(Me,—w) © ) (duo) — K11 =€) (M, © Twtio) — K~ (1 — ¢)cug
= 70 (M(¢, o) (dug)) — K~ 11— ) (( M, —w)U0) + CT—w o)
= Tw (M(c w)(@on) K~ 1(1 - C)UO)
Therefore, (2.21) becomes
M(l,w) (M(c,fw) (¢UO) — K71(1 — C)UO) = 0.

From the fact that the operator My ) is injective in P’ we get (2.9).

Lemma 4. If ug satisfies (2.9), then uy = (ha—l o T_b)uo fulfills the equation
M (¢, —wa-1) (@™ e (qx 4 b)) — a” deg® k=11 — ¢)tp = 0.

P roof. We need the following formulas which are easy to prove from (1.3)
g(mu) = n((Tpg)u);  g(hau) = ha((hag)u), g€P, ueP.

Now, with ug = (Tb o (ha)ﬂo, we have

~K 11— c)ug = (10 (ha) (K11 — e)tp).
Further,

M (e, —w) (Pu0) = M., o) (¢(76(halip))) o) Me,—w) (16 ((T—69) (halip)))
= (150 M(c,—0)) ((7-60) (hatio)) (™ ° M) (ha((ha o T_4¢)T00))

(2.6)
(;—))(Tb ohg o0 M(q_wafl)) ((ha o T—bgb)a(]).

Consequently, equation (2.9) becomes
70 ha (M(cﬁ,wa_l) (¢(az + b))iio) — K~1(1 — c)ao) —0.
This leads to the desired equality.
2.2. Determination of all M. ,-classical (MOPS)s

Lemma 5. Let {P,}n>0 be a M ,)-classical (MOPS). The following equality holds
(1]

1-c
Proof. From the (TTRR) (1.2) we have
Poy2(z) = (x = Bns1) Pot1 (%) — Y1 Pu(z), n>0.
Applying the transfert operator to (2.24), using (2.3) and (2.7) we obtain

(1= o) PMy(@ic,w) = (1= )@ — Bost) PLLy (@56,0) + cwPasa (2 — w)
~Ang1(1 — )P (25 c,w), n>0.

C
wPp1(r —w) = (B — 5£L1Jr1)Pr[LlJ]r1(ﬂf§ c,w) + (Yng1 — 7n+1)Pr[zl] (z5¢,w), n>0.

(2.22)

(2.23)

(2.24)

(2.25)
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But from the (TTRR) of {P,LH(.; ¢, w) >0, One may write
xPﬂ(.; c,w) = Pr[llj_Q(.; c,w) + ﬁy[LlilP,[Llil(.; c,w) + 'yr[ﬂ_lPﬂ(.; cw), n>0. (2.26)

Now, injecting (2.26) in (2.25) leads to the desired result (2.23). O

Proposition 1. The coefficients By, Yni1, 57[11]’ %ﬂl satisfy the following system

BB =w—. nx0, (2.27)

— C

C

Vb1 = Voby = —w? S(n+1), n>0, (2.28)

(1-0¢)

1+c
IBn+1 - IBn =w 1— ¢ n >0, (229)

n

W= e, n 1 (2.30)

P r oo f. Firstly, the higher degree test in (2.23) yields
c
Brt1 — ﬁr[ﬂq Wi > 0. (2.31)

Secondly, n = 0 in (2.23) gives

- =—w 1#_0 (w+ o — B (2.32)

Thirdly, applying the transfert operator M, to
Pi(z) =2 - fo
and by virtue of (2.7) and (2.31)—(2.32) we get (2.27) and

C
4 T ’A” = -’ m (2.33)

Thanks to (2.27), the formula in (2.23) becomes

cwPrii(z—w)=cw Pr[il(x; c,w)+ (1 —¢)(ynt1 — WT[LIL)P,L” (r;e,w), n>0. (2.34)
Moreover, multiplication of (2.24) by cw with the change x - x — w yields

cwPpio(r —w) = (x —w— Ppt1)cwPpi1(r —w) — YpyicwPp(z —w), n>0. (2.35)

Replacing (2.34) for the index n, n + 1, n + 2 in (2.35), using (2.26) for the index n, n + 1, the
formula in (2.27) and the fact that {P,LH(.; ¢, w)}n>0 is a basis , we obtain successively

C
(%[11}+2 — Yng2) — (%[LlJ]A — Vnt1) = WQW, n >0, (2.36)
(81 = e ){ (1= (B = fusr) + L+ 0w} =0, (2:37)
(W = el = G = s, > 1L (2.38)

Summing on (2.36) and taking into account (2.33) lead to (2.28) and (2.37) yields (2.29).
Lastly, (2.30) is a direct consequence of (2.38) and (2.28).
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Now, we are able to solve the system (2.27)—(2.30).
Summing on (2.29) leads to

1
Bn = Bo +w1—+cn, n > 0. (2.39)
—c
Injecting (2.39) in (2.27) yields
c 1+c
ﬁL”Zﬁo—wl_c+w1_cn, n>0 (2.40)
Also, injecting (2.30) in (2.28) gives
Tn+2 Tn+1 2 c
_nye  myl >0
nt2 n+l (1—¢)% "=
Summing the previous equality leads to
c
Vi1 = (n+1) <’71 +w2(1_ E n), n > 0. (2.41)
After replacing (2.41) in (2.30) we deduce the following
1 _ 1 2 c
Y1 = (n+1) (11 +w (1_6)2(71—1—1) , n>0. (2.42)
U

Corollary 1. Let {P,}n>0 be a M. y-classical (MOPS). The following statements hold.

1) The recurrence elements of {P,}n>0 are

1
5n:w<@+ 1+Cn>, n >0,
w —c
(1—c)? c w2/’ -
2) The recurrence elements of {Pr[ll](.;c,w)}nzo are
1
Br[}]zw<@— . +in), n >0,
w l—-c 1-c
] ) c (1 _ 0)2 v (2.44)
- - R > 0.
NPT STAEHIES EU R

Proof. The formula (2.43) is a consequence of (2.39) and (2.41). Also, (2.44) is a direct

result from (2.40) and (2.42).

Theorem 2. Up to an affine transformation, the only M 1y-classical (MOPS) is the Meirner’s

one of the first kind.

P roof. The classification of the canonical situations depends on the fact that Sy # 0 or

fo = 0.
Bo # 0. For (2.43)—(2.44), put

and
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Then,
bo_ ¢
w 1-c
Now, for (2.43), choosing a = w, b =0 in (1.4) and thanks to (2.5)—(2.6) this yields

(a+1).

~ c 1+c
= — 1
Bn 1—c(a+ )+1—c

n, n>0,

R c
fYn-i-l:(l_c)Q (n+1)(n+a+1)7 n > 0.

Therefore (see (1.5)),

~

P,=M,(;a,¢), n>0,
with & # —n — 1, n > 0. Next, for (2.44), choosing

n (1.4) and thanks to (2.5)—(2.6) this yields

= c 1+¢
T[Ll]zl—_c(a+2)+1—_cn, TLZO,
(1]

c
Vi1 = TEE m+1)(n+a+2), n>0.

Thus,
P =My(;a+1,¢), n>0,

with « # —n—2, n > 0.
Bo = 0. In this case, (2.43)—(2.44) become successively,

1
ﬁn=w1+cn, n>0,
—c
2 (2.45)
_.2_ € ( (1-¢ ﬂ) >
Yn41 w (1—6)2(n+1) n+ c w2)’ 0,
1
7[11} :w(—l c +1—+Cn), n >0,
—c —c
2.46
A2 © (n+1)(n+1+(1_6)21> n>0 240
n+l (1—c)? c  w?)’ -
For (2.45), putting
1— 2
(1= l; =a+1,
c  w
and choosing in (1.4)
we
a=uw, b:—1 (a+1),
we obtain "
~ c c
5n:1—_c(ca—|—1)—|— T n >0,
/y\nJrl:(l )2(n+1)(n+a+1), n >0
Consequently,
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with a # —n — 1, n > 0. For (2.46), putting

1— 2
( CC) 7_12 a4l
and choosing in (1.4)
b=——"(a+3)
a=w =—
b 1 —c )
we get
~ 1
1 _ L(a+2)—|— +Cn, n >0,
~[1 c
'Yr[w]rl = W(n—i—l)(n—i—a—i—?), n > 0.
Equivalently,
PN =M,(;a+1,¢), n>0,
with o # —n — 2, n > 0.
The theorem is then proved. O

Remark 2. On account of Theorem 1, Theorem 2 and after some easy calculations we get for
the divided-difference equation (2.9) fulfilled by the Meixner form M (q,c),

Mo (10

and also for the second order linear divided-difference equation (2.11) satisfied by any Meixner
polynomial M, (.;a,c), for all n > 0,

(o + 1))./\/l(a, c)) + (o + D) M(a,c) =0,

1—-c¢ 1-c
(5 +20) M1y o My Ma)(ws0,0) + (1= ) (S5 = ¢) (M) M) (a3 1, )
=¢(1—¢)? L.é—i_an(az; a, c).
a+1
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