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Abstract: According to the electronic Atlas [23], the group J2 has an absolutely irreducible module of
dimension 6 over F4. Therefore, a split extension group having the form 46:J, := G exists. In this paper, we
consider this group. Our purpose is to determine its conjugacy classes and character table using the methods
of the coset analysis together with Clifford-Fischer theory. We determine the inertia factors of G by analyzing
the maximal subgroups of J2 and the maximal of the maximal subgroups of Jo together with other various
information. It turns out that the character table of G is a 53 x 53 real-valued matrix, while Fischer matrices
of the extension are all integer-valued matrices with sizes ranging from 1 to 8.
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1. Introduction

Visiting the history of the classification of finite simple groups, one can see that it was only
a century after the establishment of the last Mathieu group that Z. Janko could construct a new
sporadic simple group in 1964. This simple group has been named in his honor, is denoted by
J1, and has order 175560. Then Janko predicted the existence of other sporadic simple groups;
namely, Jo, J3, and Jy, which later are all proved to exist. According to Wilson [22], the original
construction of the second Janko group Jo was due to Marshall Hall (and thus, in some other papers,
this group is referred to as Hall-Janko group HJ but here we use the more familiar notation Js).
Hall constructed this group as a permutation group acting on 100 points. Starting with the group
Us(3), the group J, appears as a maximal normal subgroup of index 2 of the automorphism group
of a graph I' associated with Us(3) (for further details on the vertices and how are they connected,
see the description given on page 224 of [22]).

The group J has order 604800 = 27 x 33 x 52 x 7. It has Schur multiplier and outer automorphism
groups both isomorphic to Zs. From the Atlas of Wilson [23], one can see that the group J; has
a 6-dimensional absolutely irreducible module over Fy4. Therefore, a split extension group of the
form 4%:J, := G exists. The present paper focuses on the group G. Our purpose is to determine its
conjugacy classes and the inertia factors of this extension with the fusions of their conjugacy classes
into the classes of Jo. We will also find the character tables of these inertia factors and, finally, the
full character table of the extension G under consideration. The methods used here to achieve the
previous purpose are the coset analysis technique and the theory of Clifford—Fischer matrices. The
most interesting part of this paper is the process of determining the inertia factor groups, where
there are three inertia factor groups; namely, H; = Jo, Hs, and Hs. The main technique used for
determining the structures of Hs and Hj is the analysis of the maximal subgroups of J and the
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maximal subgroups of these maximal subgroups. There are many possibilities for Hy and Hj, and
combining all of them leads to contradictions except for only one possibility where we find that
Hy = 221455 and Hz = 22 x As. We use a method of the coset analysis together with Clifford-
Fischer theory to construct the character tables of He and Hj, but we organize the columns of the
character tables of these inertia factors according to the centralizers sizes. This paper determines
all Fischer matrices of G; their sizes vary between 1 and 8. The character table of G is a 53 x 53
real-valued matrix, which will be divided into 63 parts corresponding to 3 inertia factors and 21
conjugacy classes of G = Js.

If G = N-G is a group extension (here, N is the kernel of the extension and G is isomorphic
to G/N), then the character table of G produced using the coset analysis and Clifford-Fischer
theory is in a special format that cannot be obtained by the direct computations using GAP [18]
or Magma [15]. Another interesting point is the interplay between the coset analysis and Clifford—
Fischer theory. This can be seen at the size of each Fischer matrix, where it is equal to the number
of G-classes corresponding to [g;]g obtained via the coset analysis technique. In other words,
computations of the conjugacy classes of G using the coset analysis technique will determine the
sizes of all Fischer matrices.

From the Atlas [23], we can see that Jo has an absolutely irreducible module of dimension 6
over the field F4. With « being a generator of the field Fy, the following two elements ¢g; and go are
6 x 6 matrices over [F4 that generates Js:

a®> &> 0 0 0 0 a 1 o> 1 o o

1 a2 0 0 0 0 a 1l a 1 1 «

1 1 a2 a2 0 0 a a a®> o> 1 0
N=l a1 1 a2 00| #2700 0 0o 1 1 |’

0 a®> a2 &2 0 « a®> 1 o o> a o

a2 1 o> 0 a® 0 a?2 1 o2 a o «a

where o(g1) = 2, o(g2) = 3, and 0(g192) = 7.

Using the above two generators of Jo together with few GAP commands, we were able to
construct our split extension group G = 45:.J; in terms of 7 x 7 matrices over F,. With « being a
generator of the field Fy, the following elements g, and g, generate the group G-

2

0 1 a a o2 0 0 a 01 1 0 a®> 0

a o2 0 a a o2 0 1 1 a2 a2 o2 1 0

0 0 a®> o> &> 0 0 1 a 0 a 0 o 0
1= 1 a 0 o> 1 1 0|, go=| 1 1 0 1 0 1 0|,

1 0 1 a 0 0 O > 01 0 1 0 0

a2 a 1 0 0 a2 0 a 1 a a 0 a2 0

a2 o2 a 0 o2 1 1 a 1 o2 1 o 1 1

where 0(g,) = 6, 0(g,) = 12, and 0(g,7,) = 10.

To make the computations easier, we used a few GAP commands to convert the matrix represen-
tation of G into permutation representation. We represented G in terms of the set {1,2,...,4096}.

Using GAP, we see that the group G possesses only one proper normal subgroup of order 4096.
This normal subgroup is an elementary abelian group isomorphic to N. In GAP, one can check for
the complements of N in G, where in our case we obtained four complements, all isomorphic to Jo,
and each of these four complements, together with IV, gives the split extension in consideration.

For the notation used in this paper and how Clifford—Fischer theory and the coset analysis
techniques are used, we follow [1-14, 17].
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2. Conjugacy classes of G = 45:J,

Here we compute the conjugacy classes of G using the coset analysis technique (see [2] by
Basheer, [5, 6, 8] by Basheer and Moori, or [20] and [21] by Moori for more details) since we are
interested in organizing the classes of G corresponding to the classes of J,. Note that J, has 21
conjugacy classes (see the Atlas [16] or Atlas of Wilson [23]). Corresponding to these 21 classes of
Ja, we obtained 53 classes in G.

In Table 1, we list the conjugacy classes of G, where in this table:

e k; represents the number of orbits Q;1, Qi2,. .., @ik, for the action of N on the coset Ng; =
Ng;, where g; is a representative of a class of the complement Jy of N in G. In particular, the
action of N on the identity coset N produces 4096 orbits each consists of a single element.
Therefore, for G, we have ki = 4096.

e fi; is the number of orbits fused under the action of Cg(g;) on Q1,Q2,. .., Q. In particular,
the action of C(lg) = G = Ja on the orbits Q1,Q2,. .., Q) affords three orbits of lengths
1, 1575, and 2520 (with corresponding point stabilizers .Jo, 22+4:S3, and 22 x As. Thus,
fir =1, fiz =1575, and fi3 = 2520.

e m,;; are weights (attached to each class of G). These weights are computed by the formula

NN o 1 1 Ca(gi)]
mi; = [Ng(Ng;) : Cg(g:5)] = |N|7|C§(g@'j)|’

where N is the kernel of an extension G in consideration.

Table 1. The conjugacy classes of G.

I lgle | ki \ fij | mi; | l9i]a] 0(gis) | lgilel]  1C&(gi)l]
fu=1 mi1=1{ gn1 1 1[2477260800
g1 =1A |k1 =4096 | fio =1575| mi2 =1575] gi2 2 1575 1570 864
f13 = 2520 mi3 = 2520 gi3 2 2520 983 040
foa=1 ma1 = 16| ga1 2 5040 491 520
g2 = 2A k?z = 256 f22 =15 moo = 240 g22 2 75600 32768
f23 =120 mo3 = 1920 ga3 4 604 800 4096
fos =120 mos =1920| gos 4 604 800 4096
far=1 ma; = 64| g31 2 161 280 15360
faz=1 may = 64| g3 | 4 161 280 15 360
f33 =1 mg33 = 64 gs3s 4 161 280 15360
g3 =2B | k3=64 faa=1 may = 64| gay 4 161 280 15360
f35 =15 mas = 960 gss 4 2419200 1024
fa6=15| mss =960 gs6 4 2419 200 1024
f37 =15 ma7 = 960 gsv7 4 2419200 1024
fas =15  msg =960 gss 4 2419 200 1024
gi=3A | ks=1 fii=1] my =409 gu 3 2293 760 1080
fsr =1 ms =256 gs1 3 4300 800 576
gs =3B | k=16 fso=4| msa =768 g5 6 12902 400 192
fs3=12| ms3 =3072| gs3 6 | 51609600 48
for=1 meg =256| ge1 | 4 1612800 1536

continued on the next page
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Table 1 (continued from the previous page)

e ki | fij | mij [ lgilglolgi) | loilal] 1G9l ]]
g6 — 4A | ke = 16 fo2 = 3] 1ex = T68] g2 | 4 4838400 512
fez=3| mez="T68| ge3 4 4838 400 512
fea=3| mes=T68| ges 4 4838400 512
fos = 6| mes =1536 ge5 | 4 9676 800 256
gr=5A | kr =16 frn=1] mn =256 gn 5 516 096 4800
fro=15| mz =3840| grp | 10 | 7741440 320
gs =5B | kg=16 far=1 mg1 = 256 | gs1 ) 516 096 4800
fro=15| mgo =3840| ggo | 10 7741 440 320
go = 5C' kg =1 for=1] mgr =4096| go1 ) 49545 216 50
gio = 5D kip=1 f1071 =1 mip,1 = 4096 g10,1 ) 49 545 216 50
g11 =64 | k=1 Jitg =1|mi11 =409 | g111 | 6 |103219200 24
f1271 =1 mi21 = 1024 g12,1 6 51 609 600 48
gl2=6B | kiz=4 | fioo=1|miss=1024| gias | 12 | 51609600 48
f1273 =1 miz3 = 1024 g12,3 12 51609 600 48
fi24=1|mi124=1024| g124 | 12 | 51609600 48
g13 = TA k‘lg =1 f1371 =1 mi3,1 = 4096 g13,1 7 353 894 400 7
fran=1|mug1 =1024] g1an | 8 | 77414400 32
Gia=8A | kia=4 flapg =1|mu2=1024| g1a2 | 8 | 77414400 32
f1473 =1 mig3 = 1024 9143 8 77414 400 32
fraa=1|migq =1024| g1ga | 8 | 77414400 32
f1571 =1 m1571 =1024 g1571 10 30965 760 80
gi5 = 10A| k15 =4 f15’2 =1 mi52 = 1024 g15,2 20 30965 760 80
f1573 =1 mis3 = 1024 915,3 20 30965 760 80
f15’4 =1 mis 4 = 1024 gi15.4 20 30965 760 80
f16,1 =1 m1671 = 1024 916,1 10 30965 760 80
gie =10B| kig=4 f16,2 =1 mig2 = 1024 916,2 20 30965 760 80
f16,3 =1 mie3 = 1024 916,3 20 30965 760 80
f16,4 =1 mie4 = 1024 g16,4 20 30965 760 80
gi7 = 10C k17 =1 f17,1 =1 miri1 = 4096 g17.1 10 247726 080 10
gis = 10D k‘lg = f18,1 =1 mig1 = 4096 g18,1 10 247726 080 10
g0 =12A[ ko =1 | fio1 =1|migs =4096| gro1 | 12 |206438400 12
goo = 15A k‘g(] =1 f2071 =1 moo,1 = 4096 920,1 15 165150 720 15
g1 = 15B| ko1 =1 | far1=1|mar1 = 4096 gor1 | 15 | 165150720 15

3. Inertia factor groups of G = 4./,

We have seen in Section 2 that the action of G on N produced three orbits of lengths 1, 1575,
and 2520. By a theorem of Brauer (see, for example, [2, Theorem 5.1.1]), it follows that the action
of G on Irr(N) will also produce three orbits of lengths 1, 7, and s, where

that is

1+7+s=|Irr(N)| = 4096;

r—+s=4095.

(3.1)
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The values of r and s will be determined through deep investigation on the maximal subgroups of
Jo or on the maximal of the maximal subgroups of J; together with various information including
sizes of the Fischer matrices, fusions of the conjugacy classes of some subgroups into the group Js,
and other information. In Table 2, we supply the maximal subgroups of Jy (see the Atlas [16]).
We will need these subgroups to determine Hy and Hs.

Table 2. The maximal subgroups of G = Js.

M, |M;| [Ty M)
Us(3) 6048 100

(3 Ag):2 2160 280
2+ A, 1920 315
22+4:(3 x S3) | 1152 525
Ay x A 720 840
As x Dy 600 1008
L3(2):2 336 1800
52: D1 300 2016

As 60 10080

First, since 1, r, and s are the lengths of the orbits on the action of G on N (which can be
reduced to the action of G on N), it follows that [G : Hy] = 1, [G : Hy] = r, and [G : H3] = s,
where Hy, Hy, and Hj are the inertia factors in G = Js. It follows that H; = G = Jy and 7, s | |G];
that is r, s|604 800. Now, 604 800 has 192 positive divisors, where 140 divisors are less than 4 095.
Out of these 140 divisors, only four pairs (r,s) satisfy (3.1). These are the pairs

(r,5) € {(63,4032), (315,3780), (945,3150), (1575,2520) }. (3.2)

Here, we do not distinguish between the pairs (r,s) and (s,7) and therefore we exclude the other
four pairs (4032, 63), (3780, 315), (3150,945), and (2520,1575) from our consideration and restrict
ourselves only to those in (3.2). Another point we put in mind is that since G is a split extension
of 4% by J, and 49 is an elementary abelian group, it follows that the three character tables of Hy,
H,, and H3, which we will use to construct the character table of G, are ordinary. From the Atlas
and Table 1, we have |Irr(G)| = 53 and |Irr(H;)| = |Irr(G)| = |Irr(J3)| = 21. Since

3
> [Ier(H;)| = |Iex(G)| = 53,

i=1
we have |Irr(H;)| + |Trr(Hz)| + |Irr(H3)| = |Irr(G)| = 53, that is
|Irr(H2)| + |Irr(H3)| = 32. (3.3)

Our next task is to show that (r,s) = (1575,2520) and the action of G on Irr(N) is dual to the
action of G on classes of N. This will be achieved by excluding the other possible pairs by getting
a contradiction to some fact in each case.

Proposition 1. (r,s) # (63,4 032).
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P r oo f. To obtain a contradiction, suppose that (r,s) = (63,4032), i.e., r = 63 and s = 4032
(or [Jo : Ho] = 63 and [Jo : H3] = 4032) and consequently |Ha| = 9600 and |Hs| = 150. Since
|Hs| = 9600 and the maximal subgroups of Jo are given in Table 2, it follows that |Hs| is bigger
than the size of any maximal subgroup of Jo, a contradiction. Thus, (7, s) cannot be (63,4032). O

Proposition 2. (r,s) # (315,3780).

Proof. To obtain a contradiction, suppose that (r,s) = (315,3780), i.e., » = 315 and
s =3780 (or [Jo : Ha] = 315 and [J2 : H3] = 3780) and, consequently, |H2| = 3840 and |H3| = 320.
Since |Hz| = 3840 and the maximal subgroups of J; are given in Table 2, it follows that Hy does
not sit in any of the maximal subgroups of J, a contradiction. Thus, (r, s) cannot be (315,3780). [

Proposition 3. (r,s) # (945,3150).

Proof. To obtain a contradiction, suppose that (r,s) = (945,3150), i.e., r = 945 and
s = 3150 (or [Ja : Ho] = 945 and [J2 : H3] = 3150) and, consequently, |Ha| = 1280 and |H3| = 384.
Since |Hz| = 1280 and the maximal subgroups of J are given in Table 2, we see that Hj is not
among the maximal subgroups of J, and does not sit in any of them. This contradiction proves
that (r,s) cannot be (945,3150). O

Proposition 4. The action of Jo on Irr(4%) is dual to the action of Jo on the conjugacy classes
of N =465,

P roof. We have seen in Section 2 that the action of Jy on the conjugacy classes of N = 46
produced 3 orbits of lengths 1, 1575, and 2520. From (3.1), we have r+s = 4095, where r and s are
the lengths of the second the third orbits on the action of Jo on Irr(4%). Further, by (3.2), we have
(r,s) € {(63,4032),(315,3780), (945,3150), (1575,2520)}. We also proved in Propositions 1, 2,
and 3 that (r,s) & {(63,4032), (315,3780), (945,3150)}. Therefore, (r,s) = (1575,2520) and the
action of .J; on Irr(49) is dual to the action of .J; on the conjugacy classes of N = 45, as claimed. OJ

Proposition 5. The inertia factor groups have the forms 2274:85 and 22 x As.

P r oo f. From Proposition 4, we can see that the orbit lengths on the action of Jo on Irr(49)
are 1, 1575, and 2520. It follows that [G : Hi| = 1, [G : Hy] = 1575 and [G : H3] = 2520
and, consequently, Hy = G = Jo, |Ha| = 384, and |H3| = 240. By (3.3), we also have |Irr(H2)| +
|Irr(H3)| = 32. Now we investigate the maximal subgroups of Jy to locate Hs and Hj. Since
|Hs| = 384 and the maximal subgroups of Jo are given in Table 2, it follows that Hj is either an
index 5 subgroup of 217445 or an index 3 subgroup of 22+4:(3 x S3). If Hy < 2174 A5 is such
that [2174:45 : Hy] = 5, then Hy must be a maximal subgroup in it since the index is a prime
number. Now, 2174: 45 has 4 maximal subgroups of orders 384, 320, 192, and 120. The maximal
subgroup of order 384 has the structure 22t4:6 and 19 ordinary irreducible characters. Also, if
Hy < 22+4:(3 x S3) is such that [2274:(3 x S3) : H] = 3, then Hy must be a maximal subgroup
in it since the index is a prime number. Now, 22%4:(3 x S3) has 4 maximal subgroups of orders
576, 384 (twice), and 72. The two maximal subgroups of order 384 have structures 22*4:53 and

21+4: A4, where [Irr(22+4:93)| = 12 and [TIrr(2!+4:44)| = 15. Thus, we have
Hy € {2274:6,2%T1.55 2174 4, (3.4
[Trr(2214:6)| = 19,  |Trr(2274:83)| = 12, [Irr(2'74:A44)| = 15. '

Next, consider Hs. Since |Hs| = 240 and the maximal subgroups of J, are given in Table 2, we
deduce that Hg is either
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e an index 9 subgroup of (3" Ag):2,
e an index 8 subgroup of 2174: 45, or
e an index 3 subgroup of A4 x As.

Consider each of these cases. Using GAP, one can see that the group (3 4g):2 has four maximal
subgroups of orders 1080, 216, 60, and 48. Therefore, Hs cannot be a subgroup of (3 Ag):2
since [(3'A¢):2 : H3] = 9, which is impossible. Next, consider the case where H3 is an index 8
subgroup of 2174: A5, Checking the order of all maximal subgroups of 2'74:45, which can be
done using GAP, shows that 2!7*:A5 has four maximal subgroups of orders 384, 320, 192,
and 120. Therefore, Hy « 214 A, Finally, we turn to the last case where we consider Hs to
be a subgroup of A4 x Ay of index 3. The group A4 x As has five maximal subgroups of orders
240, 180, 144, 120, and 72. The maximal subgroup of order 240 has the structure 22 x As and 20
ordinary irreducible characters. We deduce that Hz has the structure 22 x A5 and |Irr(H3z)| = 20.
Using this together with (3.4), we conclude that (Hs, H3) = (2274:53,22 x Aj) is the required
pair of inertia factor groups since it consists of (3.3), and all other possibilities are exhausted
and each lead to a contradiction, except (Ha, H3) = (2214:53, 2% x A5). Hence, we have the result. [J

Next, we construct the character tables of Hy, Hy, and H3 and determine the fusions of the
conjugacy classes of these groups into the classes of H; = G = J,. The character table of the simple
Janko group Jo can be found at the Atlas. As subgroups of G = Js that generated by ¢g; and g
given in Section 1, and a being a generator of 4, the two inertia factor groups Ho = 2274:S5 and
Hj = 2% x Ajy are generated as follows: Hy = (ay, ) and Hz = (B, 32) , where

NS}

1 1 aa o o O a 1 o 1 « Q

a2 a2 1 a a o 0O 1 0 0 0 «

a = a2 a o2 o2 o o2 g = a 0 1 0 o 1
1 « 1 1 1 0 ’ a a 1 o o® « ’

a2 a a o2 a o a a2 a a a o?

a2 a a o o «a a 1 o o2 0 o?

1 a o> 0 1 1 a 0 a®> 0 1 o?

0 0 > 1 1 1 1 &> a a a 0

. 0 a2 0 1 o a? _ o2 a1 0 1 1

Pr= a o 1 1 1 1 , Pa= 0 a o2 a 0 a2

1 0 a2 o> 0 0 0 a o> 1 1 0

01 o> 0 o 0 0 1 a o 0 o

We recursively use Clifford—Fischer theory to construct the character table of Hs. The action
of S3 on the set Irr(2274) produced 6 orbits of lengths 1, 3, 3, 3, 3, and 6 with the corresponding
inertia factor groups Ss3, Zs (four times), and the identity group. Also, Hj is the direct product of
the elementary abelian group 22 by As. Thus, the character table of Hj is easy to construct since
we know the character tables of both 22 and As. In this paper, we list the full character tables of
Hjy and H3 and organize the columns of the character tables according to the orders and the sizes
of the centralizers.

Recall that Hy and Hj are not maximal subgroups of Jo, but they are maximal of some maximal
subgroups of Jo (Hy is a maximal subgroup of 22+4:(3 x S3) while Hj is a maximal subgroup of
Ay x As). We determined the fusions of the conjugacy classes of Hy and Hs into the classes Jo
using the permutation characters of Jo on 2274:(3 x S3) and A4 x As; the permutation characters of
2274:(3 x S3) and A4 x As on Ho and Hg, respectively, together with the sizes of centralizers. The
following proposition plays a great role in determining the fusions; its proof can be found in [2].
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Proposition 6. Let K1 < Ky < Ks, and let ¢ be a class function on Ki. Then,
(Q,Z)Tgf)ng = ¢T§f More generally, if K1 < Ko < --- < K, is a nested sequence of subgroups

of K,, and 1 is a class function on K, then (¢T§i)T§g g = Q,Z)Tg?
P roof. See Proposition 3.5.6 of [2]. O

We supply the full character tables of the inertia factor groups Hs and Hg together with the
fusions of their conjugacy classes into the classes of Jo in Tables 3 and 4.

Table 3. The character table of Hy = 2274:55.

| l9lm, | 1la 2a 2b 2c 3a 4a 4b 4c 4d 8a 8b 8|
[1Cu,(g)]]384 128 16 16 3 32 32 32 16 8 8 3]

| =& |1A 2A 2B 2A 3B 4A 4A 4A 4A 8A 8A B8A|
X1 1 1 1 1 1 1 1 1 1 1 1 1
X2 1 1 1-1 1 1 1 1-1-1-1-1
X3 2 2 2 0-1 2 2 2 0 0 0 0
X4 3 3-1-1 0 3-1-1-1-1 1 1
X5 3 3-1-1 0-1 3-1-1 1 1-1
X6 3 3-1 1 0-1 3 -1 1-1-1 1
X7 3 3-1 1 0 3-1-1 1 1-1-1
Xs 3 3-1-1 0-1-1 3 -1 1-1 1
Xo 3 3-1 1 0-1-1 3 1-1 1-1
X10 6 6 2 0 0-2-2-2 0 0 0 0
X11 12 -4 0-2 0 0 0 0 2 0 0 0
X12 12 -4 0 2 0 0 0 0-2 0 0 0

4. Fischer matrices of G = 4%..J,

We now calculate the Fischer matrices of G = 45:J5. Following Section 3 of [5], we label the
top and bottom of the columns of the Fischer matrix F; corresponding to g; by the sizes of the
centralizers of g;j, 1 < j < ¢(g;), in G and m;j, respectively.

The rows of F; are partitioned into parts F;r, 1 < k < t, corresponding to the inertia factors
Hy, Hy,...,Hy, where each Fj; consists of ¢(g;x) rows corresponding to the a;l—regular classes
(those are the Hy-classes that fuse to the class [g;]¢). Thus, each row of F; is labeled by a pair
(k,m), where 1 <k <t and 1 < m < c(gs). We list the values of |Cz(gi;)| and m;;, 1 < i < 27,
1 <j <e(g;), in Table 1. The fusions of classes of Hy and Hj into classes of G are given in Tables 3
and 4, respectively. Since the size of the Fischer matrix F; is ¢(g;), it follows from Table 1 that the
sizes of the Fischer matrices of G = 45:.J5 range between 1 and 8 for every i € {1,2,...,21}.

The Fisher matrices have interesting arithmetic properties (see Proposition 3.6 in [5]). We
used these properties to calculate some entries of these matrices and construct systems of algebraic
equations. We solved these systems of equations using the symbolic mathematical package Maxima
[19] and, hence, computed all of the Fisher matrices G that we list below.
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J1
g1 g1 g12 g13
O(glj) 1 2 2
|Ca(g15)] 2477260800 | 1570864 | 983040
(k7 m) ‘CHk (glkm)’
(1,1) 604 800 1 1 1
(2,1) 384 1575 39 —25
(3,1) 240 2520 —40 24
mi; 1 1575 2520
Jo
g2 g21 g22 923 924
o(g2;) 2 2 4 4
|C=(g2;)] 491520 | 32768 | 4096 | 4096
(k7 m) ‘CH]C (Qka)’
(1,1) 1920 1 1 1 1
(2,1) 128 15 15 -1 -1
(2,2) 16 120 -8 -8 8
(3,1) 16 120 —8 8 -8
maj 16 240 | 1920 | 1920
J3
g3 g31 g32 933 934 935 936 937 938
o(9g3;) 2 4 4 4 4 4 4 4
|C=(935)] 15360 | 15360 | 15360 | 15360 | 1024 | 1024 | 1024 | 1024
(k7 m) ‘CH]C (QBkm)’
(1,1) 240 1 1 1 1 1 1 1 1
(2,1) 16 15 15 15 15 -1 —1 —1 -1
(3,1) 240 1 -1 -1 1 -1 -1 1 1
(3,2) 240 1 -1 1 -1 -1 1 1 -1
(3,3) 240 1 1 -1 -1 -1 1 -1 1
(3,4) 16 15 —15 15 —15 1 -1 1 -1
(3,5) 16 15 —15 —15 15 1 —1 —1 1
(3,6) 16 15 15 —15 —15 1 1 -1 -1
m3; 64 64 64 64 960 960 960 960
F5
Fy 95 g51 | 952 g53
g4 ga1 o(gs;) 3 6 6
0(945) 3 |Cx(g55)] 576 | 192 48
|Cq(g4))] 1080 (k,m)  |Chy(g5km)]
(k,m)  [Cu,(9arm)| (1,1) 36 11 1
(1,1) 1080 1 (2,1) 3 12| —4 0
My 4096 (3,1) 12 3 3 -1
ms; 256 | 768 | 3072
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Je6
g6 gel | g62 | 963 | Y64 ge65
O(gﬁj) 4 4 4 4 4
1C(96)] 1536 | 512 | 512 [ 512 | 256
(k,m)  |Cw, (g6km)|
(1,1) 96 1] 1| 1] 1 1
2,1) 32 3] -1 -1 3| -1
(2,2) 32 30 3] -1] -1| -1
(2,3) 32 3] -1 3] -1 -1
(2,4) 16 6| —2| —2| -2 2
mg; 256 | 768 | 768 | 768 | 1536
Fr F3
gr gm gr2 gs gs1 gs2
o(g75) 5|/ 10 o(gs;) 5| 10
1C(977)] 4800 | 320 | [[Cs(gsy)] 4800 | 320
(k>m) |CHk (g7km)| (k>m) |CHk (g8km)|
(1, 1) 300 1 1 (1, 1) 300 1 1
(3,1) 20 15| -1 (3,1) 20 15| -1
mry; 256 | 3840 ms; 256 | 3840
Fo9 F1o
g9 991 g10 g10,1
0(go;) 5 o(g105) 5
|C7(g95)] 50 | | [Cz(g105)] 50
(kvm) ‘CHk(g9km)‘ (k7m) ‘CH]C (glokm)‘
(1, 1) 50 1 (1, 1) 50 1
myj 4096 mioj 4096
Fi2
Fi 912 g12,1 | 9122 | 9123 | g124
o(g12;) 6 12 12 12
I 11,1 |C§(912j)| 48 48 48 48
o(g115) 6
C—= . 24 (k‘, m) |CHk (912km)|
|Cz(g115)]
(1, 1) 12 1 1 1 1
(k,m)  |CH, (g11km)| B B
(3, 1) 12 1 1 1 1
(1,1) 24 1 B B
' 1006 (3, 2) 12 1 1 1 1
M1; (3,3) 12 1| -1 -1 1
mi2; 1024 | 1024 | 1024 | 1024
F14
Fis g14 9141 | 914,2 | 914,3 | G144
0(g14;) 8 8 8 8
g13 g13,1 .
’ \05(914]-)\ 32 32 32 32
0(g13;) 7
C (s - (k,m)  |Chy(91486m)|
| G(913J)|
(1, 1) 8 1 1 1 1
(k,m)  |Ch, (913km)] _ B
) - : (2,1) 12 1 1 1 1
! : 1096 (2,2) 12 1 1 -1 -1
M3 (2,3) 12 1] —1| -1 1
mi4; 1024 | 1024 | 1024 | 1024
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Fi1s5
gdi5 g151 | 9152 | 9153 | 9154
O(g15j) 10 20 20 20
|C§(g15j)| 80 80 80 80
(k,m)  |Ch, (g15km)]
(1,1) 8 1 1 1 1
(3,1) 12 1 -1 1 -1
(3,2) 12 1 1 -1 -1
(3,3) 12 1 -1 -1 1
mys; 1024 | 1024 | 1024 | 1024
Fi6
d16 g16,1 | 9162 | 916,3 | J164
0(gl6j) 10 20 20 20
|C§(g16j)| 80 80 80 80
(k,m) |CHk (g16km)|
(1,1) 8 1 1 1 1
(3,1) 12 1 -1 1 -1
(3,2) 12 1 1 -1 -1
(3,3) 12 1 -1 -1 1
mi6; 1024 | 1024 | 1024 | 1024
Fi7 Fi18
g1 g17,1 g18 g18,1
o(g17;) 10 o(g1s;) 10
1Cal9175)] 10 1Cz(g18;)| 10
(k,m) |CHk (917%m)| (k,m) |CHk (g18km) |
(1,1) 10 1 (1,1) 10 1
mi7; 4096 mig; 4096
F19 F20
g19 g19,1 920 g20,1
O(glgj) 12 O(gg(]j) 15
|Ca(g195)] 12 | | |Ca(g205)] 15
(k,m) |CHk(gl9km)| (k,m) |CHk(.920km)|
(1,1) 12 1 (1,1) 15 1
mig; 4096 ma2o; 4096
Fo1
921 921,1
o(go15) 15
|Cz(g21,)| 15
(k,m) |C,, (9218m)|
(1,1) 15 1
mglj 4096

5. Character table of G = 4°..],

In Sections 2, 3, and 4, we have determined:
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e the conjugacy classes of G = 4°%:.Jo (Table 1);
e the inertia factors Hy, Ho, and Hs;

e the character tables of all inertia factor groups of G (the Atlas together with Tables 3 and 4);
in these two tables, we also supplied the fusions of the classes of the inertia factors Hy and
Hj into classes of G;

e the Fischer matrices of G (see Section 4).

Following [2, 5], without any difficulties, one can construct the full character table of G in the
format of Clifford—Fischer theory. The table will be composed of 63 parts corresponding to 21
cosets and three inertia factor groups. The full character table of G is a 53 x 53 R-valued matrix,
and we give it in the format of Clifford—Fischer theory in Table 5. We conclude by remarking that
the accuracy of this character table has been tested using GAP.
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Table 4. The character table of Hg

0 0 0 0 0 0 I 11— 0 O I1I— 1 1I— 1 1I— § ¢— ¢— ¢ e X

0 0 0 0 0 0 -1 1 O O I— 1 I— 1I— 1 S ¢ G— g 6IX

0 0 0 0 0 0 I 1- 1 o0 O I— 1 1T 1I— I— G G ¢ G SIX

0 0 0 0 0 0 - 1- 1-0 O I— 1 T T 1T § G G G X

T T - I— 1 T - -1 1-—1I-1 0 O 0 0 ¥ ¥%¥ ¥ ¥ 9TxX

I T I I I - 1 I— 1I-1- 11 0 0 0 0 ¥ ¥ ¥ ¥ aIX

T - 1 I - 1 -1 I—-—1-1-1 0 0O 0 0 ¥ ¥V ¥ ¥ VX
- I1- - 1I- 1- 1 1 1T 1I-1-1 0 O o o0 ¥ v v ¥ eIx
e A 4 V— s&%— 0 0 0 VvV W o0 I1I— 1 11— T ¢ ¢— ¢— ¢ erx
V— Vv v W= Vv- 0 0 0 < ¥V 0 11— 1 1I1I—- 1 &€ ¢— ¢ ¢ X
V- V- vV- v—- w o0 0 0 vV W o 1I— 1 I I— € ¢ e— ¢ orx
V— V- V- V=V o o0 0 W v o 1— 1 1 TI- ¢ ¢ e— ¢ 6X
YV WV V=V /=0 0 0 V W o0 1I— 1— 1 1 ¢ € ¢ e 8X
vV V- &W— W% v—- 0 0 0 W ¥V o I1I— 1I— 1 T € € ¢ ¢ X
M A 4 v 0 0 0 VvV W o 1I— I1I— I— I— ¢ g g g X
vV vV NN A 4 o o0 0 wWw v o I— I1— I— I— ¢ ¢ ¢ ¢ €X
- 1 T - I- 1-— 1- 1 1 1T 1T 1 1I— 1 11— 1 - 1I— 1 X
- 1I- I— 1I- 1 I 11— 1-1 1 1T 1 1= 1I— 1 1I— 1 - 1 X
I - I—- 1 - I1- 1 I1-1 1 1 1T 1T I— I—- 1— 11— 1 I eX
I I I I I I 1 1 1 1 T 1T 1T 1T 1T 1 I I I X
g0 90T V0L VOI g0T g9 g9 &9 VS gS d¢ Ve dc¢ d¢ d¢ gt 9t gt vi | o |
0T 0z 0% 0z 0z gl el Tl 0c 0c & 91 9T 91 9T 0¥z 0¥z 0k 0¥ | [(6)Hol |
°0T PO 20T 90T P0T 929 99 ©»9 q¢ g vg bz [g 9g pz 2¢ qz »vng o1 | “H[F] |

(1 —=+/5)/2 and A* = (14 +/5)/2.

where in Table 4, A
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Table 5. The character table of G

o8ed 1xeu uo penuljuo)

T €= €— 0 v = 7= 48 0z— 0z— 09 0z— 8— 8 8— 0zt 0zt 00— 00921 eax
T €= €— 0 48 = = v 0z— 09 0z— 0z— 8— 8 8— 0zt 0zt 00— 00921 eax
T €= €— 0 = 48 7= v 09 0z— 0z— 0z— 8— 8 8— 0zt 0zt 00— 00921 Tex
T €= €— 0 v 7= 43 v 0z— 0z— 0z— 09 8— 8 8— 0zt 0zt 00— 00921 08X
- € € 0 = = = 48 = 7= 43 = 0 0 0 0 96 09T— 080 0T 67X
- € € 0 48 = = = = 48 = 7= 0 0 0 0 96 09T— 080 0T 8TX
- € € 0 = 48 7= = 48 = = = 0 0 0 0 96 09T— 080 0T LvX
- € € 0 = = 4 = = = = 4 0 0 0 0 96 09T — 080 0T oYX
0 0 0 0 i = = 48 48 48 9e— 4 8 8— 8 0TT— TL 0TT— 09¢ L S¥X
0 0 0 0 i = = 48 48 48 9e— 4 8 8— 8 0TT— TL 0TT— 09¢ L rXx
0 0 0 0 48 = = = 48 9e— 4 4 8 8— 8 0TT— TL 0TT— 09¢ L EYX
0 0 0 0 48 = = = 48 9e— 4 4 8 8— 8 0TT— TL 0TT— 09¢ L erXx
0 0 0 0 = 48 = = 9e— 48 4 4 8 8— 8 0TT— TL 0TT— 09¢ L rX
0 0 0 0 = 48 = = 9e— 48 4 4 8 8— 8 0TT— TL 0TT— 09¢ L orXx
0 0 0 0 = = 4 = 48 48 4 9e— 8 8— 8 0TT— TL 0TT— 09¢ L 6eX
0 0 0 0 = = 4 = 48 48 4 9e— 8 8— 8 0TT— TL 0TT— 09¢ L 8eX
- € € 0 0 0 0 0 91— 91— g 91— 8— 8 8— 0zt %4 ov— 0T8T LEX
- € € 0 0 0 0 0 91— 87 91— 91— 8— 8 8— 0zt %4 ov— 0T8T 9EX
- € € 0 0 0 0 0 87 91— 91— 91— 8— 8 8— 0zt %4 ov— 0T8T gEX
- € € 0 0 0 0 0 91— 91— 91— 8¥ 8— 8 8— 0zt %4 ov— 0T8T reEX
0 0 0 0 0 0 0 0 0 0 0 0 T1— 0z Pr— 00€— 00e— 89% 006 8T €EX
0 0 0 0 0 0 0 0 0 0 0 0 0z TI— 9L— 08T 00€— 89% 006 8T ceX
0 0 0 0 z— T— T— z— o€ o€ o€ o€ 9— 9— 06 06 08T— $€T 0S¥ 6 TEX
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0 0 0 0 1 T T 1 ST— ST— ST— ST— T1— < €9 GL— GL— LTIT STLY 6eXx
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0 0 0 0 1 T T 1 ST— ST— ST— ST— g - L€ g91 GL— LTIT STLY 9TX
0 0 0 0 1 T T 1 ST— ST— ST— ST— T1— < €9 GL— GL— LTIT STLY gex
0 i TT— 0 z— z— T— z— o€ o€ o€ o€ z— z— o€ o€ 05— 8L 0ST € rex
0 = 48 0 1— 1— 1— 1— ST ST 3 3 6— L €T SO0T— ST— 6¢ QLG T €eX
0 y— 41 0 1— 1— 1— 1— ST ST St St L 6— L Get Gz— 6¢ GLGT eeX
0 0 0 9— 0 0 0 0 0 0 0 0 9T 9T 91 91 9g¢e 9g¢€ 9g¢€ TeX
0 0 0 ST— 0 0 0 0 0 0 0 0 0z— 0z— 0z— 0z— 00€ 00¢€ 00¢€ 0gXx
€= €= €= 0 I i I 4 i i i i 0 0 0 0 88T 88T 88T 61X
€ € € 0 < g g < g g g g ST— ST— ST— ST— §TT §TT et 44 8TX
- 1— 1— 8 v = = = = = = = 0 0 0 0 444 (44 44 LIX
- 1— 1— 8 v = = = = = = = 0 0 0 0 444 (44 44 9TX
0 0 0 0 £— £— £— £— £— £— £— £— £— £— £— £— 68T 681 681 STX
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1 1 1 91 2 4 4 2 4 4 4 4 0 0 0 0 09T 091 091 erx
0 0 0 6— 9 9 9 9 9 9 9 9 i i At At 921 9z1 921 TIX
0 0 0 6 9 9 9 9 9 9 9 9 0t ot 0t 0t 06 06 06 01X
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15(1—+/5)/2, F = 5(1 —+/5)/2, G

some a,b € R and m € N, then K* denotes the number a — b\/m.

where in Table 5, A = 3(1 —+/5)/2, B = (7 —
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