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Abstract: Some inequalities between the best simultaneous approximation of functions and their interme-
diate derivatives, and the modulus of continuity in a weighted Bergman space are obtained. When the weight
function is y(p) = p%, a > 0, some sharp inequalities between the best simultaneous approximation and an mth
order modulus of continuity averaged with the given weight are proved. For a specific class of functions, the
upper bound of the best simultaneous approximation in the space B2 ~,, 71(p) = p%, a > 0, is found. Exact

values of several n-widths are calculated for the classes of functions W;T)(wm, q).
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1. Introduction

Extremal problems of polynomial approximation of functions in a Bergman space were studied,
for example, in [8, 13-15]. Here, we will continue our research in this direction and study the
simultaneous approximation of functions and their intermediate derivatives in a weighted Bergman
space based on the works [4-6, 10]. Note that the problem of simultaneous approximation of
periodic functions and their intermediate derivatives by trigonometric polynomials in the uniform
metric was studied by Garkavi [1]. In the case of entire functions, this problem was studied by
Timan [12].

To solve the problem, we first will prove an analog of Ligun’s inequality [2].

Let us introduce the necessary definitions and notation to formulate our results. Let

U:={z€C:|z| <1}

be the unit disk in C, and let A(U) be the set of functions analytic in the disk U. Denote by B,
the weighted Bergman space of analytic functions f € A(U) such that [§]

wm«:ngQywwwwwfﬂ<w (1)

do is an area element, v := 7y(]z|) is a nonnegative measurable function that is not identically zero,
and the integral is understood in the Lebesgue sense. It is obvious, that the norm (1.1) can be

written in the form
1 1 2 - 1/2
10 = (52 [ [ o @lstoeyPapat)
™Jo Jo
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In the particular case of v = 1, B, := B, 1 is the usual Bergman space. The mth order modulus of
continuity in By  is defined as

Wm(f, t)2,’y = Sup{HAm(fa "'ah)H2,’Y: |h| S t} =

1 1 g 1/2
—sw{ (5= [ [ @lan(sipumPdpan) i<
T™Jo Jo

m
Am(f;pu,h) =D (=1)FCh f(pel™ M),
k=0
Let P, be the set of complex polynomials of order at most n. Consider the best approximation of
functions f € Bs :

where

En1(f)2ny =mf{|If —pn-illay: Pao1 € Po1}
Denote by %’é?f and ,%’ér), r € N the class of functions f € A(U) whose rth order derivatives
fO ) =d f/dz"
belong to the spaces By and Ba, respectively. Define
apr=n(n—1)---(n—r+1), n>r.

It is well known [7, 8] that the best approximation of functions

F=3e(f)2 € By,
k=0

is equal to
) 1 1/2
Bus(fa = (L0 [ #a0dp)
k=n
(s) N ' (k—s) i -
s _ 2 2 2(k—s)+1
) )2,7— (g\ck(f)\ ak,s/o p ’Y(P)dp> :
and the modulus of continuity of f € B, is
1 1/2
o (£0.1), =272 sup {Zamk( (1 = cos(e ~ oy | p2<’f—r>+w<,o>dp} (3)
2,y |h|<t 0
Denote by
1
s (7y) :/0 v(p)p®dp, s=0,1,2,... (1.4)

the moments of order s of the weight function v(p) on [0, 1]. According to notation (1.4), we write
equalities (1.2) and (1.3) in compact form:

1/2
En (Z\Ck )12 pore1 ( )) )
1/2
En_s1 (f(s)) <Z|Ck I s e s)+1(7)> ; (1.5)

1/2
r m/2 m
Wi <f( )’t)Zv — om/ sup {Zakr]ck( )] (1 —cos(k —r)h) /,LQ(k_r)+1(’)’)} .

n<t Li=
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2. Analog of Ligun’s inequality

For compact statement of the results, we introduce the following extremal characteristic:

2m/2Enfsfl (f(s))2 v

c%/m,n,r,s,p(% 7> h) = Sup h 1/p’
reat) ( / W (1, 0o alt)at)

0

where mn e Nyr€Zi,n>r>s,0<p<2, 0<h<nw/(n—r),and ¢(t) is a real, nonnegative,
measurable weight function that is not identically zero on [0, h].

Theorem 1. Let kkmneN, rs€Z, k>n>r>s50<p<2 0<h<z/(n—r), and let
q(t) be a nonnegative, measurable function that is not identically zero on [0,h]. Then

1
inf gk,r,s,p(q, v h) ’

n<k<oo

< Hnnr,sp(@:7,h) < (2.1)

gn,r,s,p(q, s h)

where

Lol h) = S5 (“ 2““""’“”)>1/2 ( / " (1 - conth r>t)m”/2q<t>dt> "
k,r,s IR = - - .
ek s \ H2(k—s)+1(7) 0

P roof. Consider the simplified variant of Minkowski’s inequality [3, p. 104]:

</Oh (Iilgk(t)l2>p/2dt> b > <§ (/Oh ng(t)|pdt> 2/p> 1/2, (2.2)

which is hold for all 0 < p <2 and h € Ry. Setting

g =frd"? (0<p<2)
in (2.2), we get

( /0 h <I§;L|fk(t)|2>p/2q(t)dt> l/p > (;: ( /0 h| fk(t)|Pq(t)dt>2/p> 1/2, (2.3)

=N

From (1.3) with respect to (2.3), we get

{ /Oh w%(f(r)’%”q(t)dt}l/p - { /oh (win(f, t)2,v)p/2q(t)dt}1/p

' 3 P 1/p
- { /0 (& ;Lai,rlc;g(f)ﬁ(l = cos(k = 1)) "z 41 (7)) /QC](t)dt}
3 " »Y 1/2
> {];1 {Qmp/2o¢£7r’0k(f)’p/0 (1 —cos(k — r)t)mz)/2 (M2(k77~)+1(’y))p/2 q(t)dt] 2/ }

=22, S () Py 0o, [ (1 conth ety

k=n

= Qm/z{ Z ’ck(f)‘Qai,s M2(kfs)+1('7)ﬂ2(kfr)+1(7) (M2(kfs)+1(7))71
k=n

1/2
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[ G%)p /oh(l — cos(k — i)™/ 2q(t)dt] 2/p}1/2

> 9m/2 inf {ak,r <M2(k—r>+1(7)>1/2 </0h(1  oosi — T)t)mp/Zq(t)dt> 1/,,}

n<k<oo ( Ok,s M2(/~c—s)+1(’7)

1/2
< Z ‘Ck ak s M2(k s)+1(7)> = zm/QEn—s—l(f(S))Q inf gk: T s,p(q v, h)7

n<k<oo

and this yields the inequality

omi2p. (f(s))zv 1

; T S Il Berglan
([ e, tmaatyae) " st Theor @7
0

1

n<ll£:1£ gkrs,p( q,7, h)

(2.4)

or

Hnrsp(@:7, 1) < (2.5)

To estimate the value in (2.1) from below, consider the function
fo(z) =2" € e%’gz

Simple calculation leads to the following relations:

1/2

1
En_s_l(fés))m = Qs (/0 pz("sm’y(p)dp) = s (oo 11 (M) %,

1
wh, (fér),lf)Qv =2"a? (1 — cos(n — r)t)m/ P2y (pVdp
0

= 2" %LT(]‘ - COS(TL - T')t) m:u'2(nfr)+1('7)a

using which, we get the lower estimate

Qm/QEn,s,1 (fOS))z,»y

h 1/p
( / w%(fér)at)mq(t)dt>

Qm/204n,s (/1'2(nfs)+1(7))1/2 L

h 1/p B gn,r,s, (Qa v h) .
(2mp/2a%,r (Ham—ry 11 (1) / (1 - cos(n - r)t)mp”q(t)dt) ’
0

Ji/m,n,?’,p(Qa ’7’ h) Z

(2.6)

Comparing the upper estimate (2.5) and the lower estimate (2.6), we obtain the required two-sided
inequality (2.1). This completes the proof of Theorem 1. O

Corollary 1. The following two-sided inequality holds for ~1(p) = p®, a > 0, in Theorem I

1 1

0 < X, q,71,h) <
Trrsgalai) = e O S g Ry

(2.7)

where

/p
oy (2(k—s+1)+a 1/2 h m !
G rspalds h) = o <2§ P 13 — a) /0 (1 —cos(k —r)t)™ 2 q(t)dt ) . (2.8)
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The following problem naturally arises from (2.7): to find an exact upper bound for the extremal

characteristic
2m/2En—s—1 (f(s) )2771

v%/m,n,r,s,p(% V1, h) - SQP) h 1/p’
fe%35, </ wfn(f(r), t)gmﬂq(t)dt)
0

where mn e N, r,s €Zi,n>r>s50<p<2,0<h<z/(n—r),n(p) =p* and a > 0.

Theorem 2. Let a weight function q(t), t € [0,h], be continuous and differentiable on the
interval. If the differential inequality

r—1
P 2p(r —s) 1 o
(lzgk—l TRk-r+D+ak-s+1)ta) k—r>q(t)_ﬁtq ®=z0 (29

holds for allk e N, r,s € Zy, k>n>r>s, 0<p<2 and o > 0, then the following equality
holds for allm,n € N and 0 < h < w/(n —r):

1/p

ans (2n—r+1)+« 1/2 h m
Honmraaltono) = 22 (FEEGTON T[T cos(o— ™R aar) 210

P r oo f. To prove equality (2.10), it suffices to show that the following equality holds in (2.7):

n<1££oo gk,r,s,p,a(‘]a h) = gn,r,s,p,a(‘]a h) (211)
We should note that a similar problem of finding a lower bound in (2.11) for some specific weights
for p = 2 was considered in [2]. In the general case, this problem was studied in [9], where it was
proved that, if the weight function ¢ € C)[0,h] for 1/r < p < 2,7 >1, and 0 < t < h satisfies the
differential equation
(rp — 1)q(t) —tq'(t) = 0,

then (2.11) holds.
Let us now show that, under all constrains on the parameters k, r, s, m, p, a, and h in Theo-
rem 2, the function

(i) (=rsa) [ oo o e

increases for n < k < oo. Indeed, differentiating (2.12) and using the identity

! i(l — cos(k — r)t)™P/2,

d
Yy o mp/2 __
(1 —cos(k —r)t) =T @

dk

we obtain

)P 2 —s a\P/? [h
-2 8 (B2 [ o

P p/2-1 h
arr \'p (20k—s+1)+a 4s — 4r / /2
s P 1 — . mp
—i—(akﬁ) > <2(k—7°+1)+04 R—r+ 1) +al J, ( cos(k — r)t) q(t)dt

p p/2 rh
g r 2(]’{3 — s+ 1) + « i B - o/
! <%s> <2U€ —r+1)+a /0 o, (1= cos(k —r)t)"™ = q(t)dt
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= /h(l—cob(k‘ )™ gt )dt{ <a:>pl_zl k:ziz @EZ:RK)W

2p(r —s) 2k—s+ 1)+« p/2
aks> 2k—r+1)+a]2k—s+1)+a) <2(k—7°+1)+04> }

-
+<akr> (3 R >p/2/0 kir%(1—008(’f—7”)’5)mp/2q“)dt

A, s _T+1)

<ZZ> (2 :ii > {k —T)h)mp/Qq(h)+/Oh(1_cos(k_r)t)mp/z

X[(ik—l_2k—r+l c(y )_8+1 o —kir>q(t) kirtq'(t)]dt}.
I=s [2( )+ a](2(k ) +a)

This relation and condition (2.9) imply that (k) > 0, &k > n > r > s, and we obtain equal-
ity (2.10). Theorem 2 is proved. O

Qg r

Denote by W,E” (Wm,q) (r € Z4, 0 < p < 2) the set of functions f € ,%’g,)yl whose rth derivatives
f) satisfy the following condition for all 0 < h < /(n —r) and n > r:

h
/ Wl (f,1), q(t)dt < 1.
0 s

Since, for [ € %’é %1,

of the value E,,_s_1 (f(s))2 for some classes M) %’é?ﬂ, n>r>sneN and r,s € Zy, is of
interest. More precisely, it is required to find the value

szn,s(f)ﬁ(r)) = sup {En_s_l(f(s))gﬁ1 : fe ,’Jﬁ(r)}.

its intermediate derivatives f(*) (1 < s < r—1) also belong to Ly, the behavior

Corollary 2. The following equality holds for allm e Nyn >r >s, 0<p <2, and 0 < h <

w/(n—r):

1
JZZn,s (ngr) (W Q)) ‘= Sup {Enfsfl(f(s))lﬂﬂ : fE ngr) (Wm,Q)} =

2m/2 gn,r,s,p,a(q, h) ‘

(2.13)

Moreover, there is a function gg € WIST) (Wm,q) on which the upper bound in (2.13) is attained.

P roof. Assuming that v = vi(p) = p® in (2.4), with respect to (2.8), we can write

Enfsfl(f(s))Q Y1 < =
> m/2 m/2
2 n<1££ L r,sp(@ 71, h) 2m/z <1]1g£ Gersp,al@: )

Using equality (2.11) and the definition of the class WIST) (Wm,q), we get
1

En s 1(f®)ar < : (2.14)
o 2m/2 gn ,TyS,D,& (q7 h)
From (2.14), it follows the upper estimate of the value on the left-hand side of (2.13):
1
Ay s (W(” i, ® ) < . 2.15
) P (W q ) — 2m/2 gn7r7s7p7a(q7 h) ( )
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To obtain the lower estimate for this value, consider the function

-1/p

n—r o ["
go(2) = VA D+ (/0 (1 — cos(n — r)t)™/? q(t)dt) 2"

2m/2an,r

and show that gy belongs to WIET) (Wm, q). Differentiating this function r times, we obtain

, ) _ 1 h -1/p
g((] )(z) = \/ (n TQI ) +a (/ (1 — cos(n — r)t)™P/? q(t)dt> 2"
0
Using this equality and formulas (1.3), we get
m/2
(r) B [1 — cos(n — r)t]
wm (go Y t> 2’71 - l/p .

(/Oh (1 — cos(n — r)t)™P/? q(t)dt>

Raising both sides of this inequality to a power p (0 < p < 2), multiplying them by the weight
function ¢(t), and integrating with respect to ¢ from 0 to h, we obtain

h
/ WP (g8 o a(t)dt = 1
0

or, equivalently,
1/p

" (r)
</ wg’b(g(] ,t)Q,fyl q(t)dt) =1.
0

Thus, the inclusion gy € WIET) (Wm, q) is proved.
Since the relation

-1/p

o (z) = \/2(n—r+1)+aan,s </Oh(1_Cos(n_r)t)mp/zq(t)@ s

2m O

holds for all 0 < s <r <n,n €N, and r,s € Z,, according to (1.5), we have

h —-1/p
(s) 1 ans [2(n—1+1)+« / mp
En—s— - 1- —r)t t)dt
! <go >27'y1 2m/2 an,r \/Q(n — s+ 1) + 0 [ COS(TL T) ] Q( )
_ 1
Com2g, ol h)
Using this equality, we obtain the lower estimate
s 1
sup { o1 (f D)oy [ € W Qs @)} = Busmr(967 )20y = (2.16)

2m/2 gn,r,s,p,a(% h) .

Comparing the upper estimate (2.15) and the lower estimate (2.16), we obtain the required equal-
ity (2.13). O
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3. Exact values of n-widths for the classes W," (Wm,q) (r€Zy, 0<p<2)

Recall definitions and notation needed in what follows. Let X be a Banach space, let S be
the unit ball in X, let A,, € X be an n-dimensional subspace, let A™ C X be a subspace of
codimension n, let .Z : X — A,, be a continuous linear operator, let £+: X — A,, be a continuous
linear projection operator, and let 2 be a convex centrally symmetric subset of X. The quantities

bp(MM, X) = sup{sup {e>0; eSNAp1 CTM}: Ay C X},
dp (O, X) = inf {sup {inf {||f —gllx : g € An}: f €M} : A, C X},
6 (M, X) = inf { inf {sup {||f — ZLf|lx : f e M} : LX C A} : A, C X},
d"(OM, X) =inf {sup {||fllx : f € MNA"}: A" C X},
IL, (9, X) = inf { inf{sup{||f — L fllx: feM}: LEX C Ay} A, C X}
are called the Bernstein, Kolmogorov, linear, Gelfand, and projection n-widths of a subset 9 in

the space X, respectively. These n-widths are monotone in n and related as follows in a Hilbert
space X (see, e.g., [3, 11]):

bp(M, X) <d"(M, X) < d, (M, X) =5,(0M, X) =II,(M, X). (3.1)
For an arbitrary subset 91 C X, we set
Ep 1 (M)x :=sup{Ep_1(f)2: f € M}.

Theorem 3. The following equalities hold for all mn € N, r € Zy, n > r, and 0 < h <

w/(n—r):

An(Wzgr) (wma Q)’ B2,’YI) = Enfl(W;Sr) (wma Q)a B27’Y1)

— - b —1/p (3.2)
— 1 \/2( 1)+ </0 [1 —cos(n —r)t]"? q(t)dt> )

- 2m2q,, \| 2(n+1)+a

where A, (+) is any of the n-widths by,(-), d, (), d*(-), dn(-), and IL,(-).

Proof We obtain the upper estimates of all n-widths for the class W,E” (Wm,q) with s =0
from (2.14) since

En (W (@ms @)y, = sup {En-1(f)2 : f € WS (wm, )}

n—r o h i/
< 2m/21an,r \/2(2(n +T)14)-Z (/0 [1 — cos(n — r)t]"" q(t)dt>

Using relations (3.1) between the n-widths, we obtain the upper estimate in (3.2):

A (W (@ms @) < Enet (W (@i @) 5.,

1L [2a—r+hta/ (" , mp o (3.3)
_2m/2an,r\/ 2n+1) +a (/0 [1 — cos(n — r)t] q(t)dt) )

To obtain the lower estimate on the right-hand side of (3.2) for all n-widths in the (n + 1)-
dimensional subspace of complex algebraic polynomials

Prt1 = {pn(z) tpn(2) = Zakzk, ag € (C},
k=0
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we introduce the ball

—1/p
2(n—r+1)+a [ ("
=3Pn n ot Pl < — cos(n — e )
Bpt1 {P (2) € Py« |Ipnll < om0, \| 2(n+1) + o </0 [1 = cos(n —r)t] C](t)dt> }

where n > r, n € N, r € Z,, and show that B, C W,Sr) (Wm, q). Indeed, for all p,(2) € Bj,41,
from (1.3), we write

<pgzr ) > = sz akr’ak (NF (1 —cos(k —r)h)™

—r+1) 4+«
. | (3.4)
ak
<2m (1-
<2 ma {od, (1 osth ="} 3o

We have to prove that

rr<n]?<xn{akrl cos(k —r)h)™} = oy (1 —cos(n—r)h)", 0<h<z/(n—r)

Consider the function

o(k) = a%ﬂ,(l —cos(k—m)h)™, r<k<n, 0<h<w/(n—r).
We will show that the function (k) is monotone increasing for all accepted values k and h. To
this end, it suffices to show that ¢/(k) > 0. In fact

¢ (k) = 20 - Z k‘— (1 —cos(k—r)h)™ + mhoziﬂ, sin(k — 7)h(1 — cos(k — r)h)™ 1 > 0.
=0

Hence, we can write (3.4) in the form

[e.9]
wgn(p(r),t) <2ma? (1 —cos(n —r) mZQ lax(f

Yn.r —~ —7"—1—1 +a
- a)P (3.5)
<2ma? (1 —cos(n—r) mz 20— ]; D ta = 2ma%7r(1 — cos(n — T)h)menH%m-

=0
From (3.5), we have
i (P,1),,,, < 2P (1= cos(n— 1)) ™2 ||pu |2,
Raising both sides of this inequality to a power p (0 < p < 2), multiplying them by the weight

function ¢(t), and integrating with respect to ¢ from 0 to h, we obtain

h h
/ wh, (p(r)7t)2 qu(t)dt < 2’””/2@%7"\\]9”\\3 " / (1 —cos(n — r)h)mP/Qq(t)dt <1
0 ’ " Jo

for all p, € B,y1. It follows that B,11 C W,E” (Wm,q). Then, according to the definition of the
Bernstein n-width and (3.1), we can write the following lower estimate for all above listed n-widths:

)‘n(WIST) (Wm,Q)a B2m) > bn(WIST) (Wma Q),B2m) > bn(BnJrl,BZ'yl)

n—r « h —l/p (3.6)
> 2m/21an,r \/2(2(11 +_'1_)1j__; (/0 [1 — cos(n —r)t]"" q(t)dt) .

Comparing the upper estimate (3.3) and the lower estimate in (3.6), we obtain the required equal-
ity (3.2). Theorem 3 is proved. O
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4. Conclusion

Upper and lower estimates have been proven for extremal characteristics in a weighted Bergman

space. In the case of a power function considered instead of a general weight, the values of n-widths
have been calculated for a specific class of functions.
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