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1. Introduction

In 1951, Fast [12] and Steinhaus [29] independently extended the concept of usual convergence
of real sequences to statistical convergence of real sequences based on the natural density of a set.
Later on, this idea has been studied in different directions and various spaces by many authors
such as [8-10, 13, 14, 25, 26, 28, 31, 35], and many others.

After the introduction of the fuzzy set theory by Zadeh [37], there has been an extensive effort
to find applications and fuzzy analogs of the classical theories and it is being applied in various
branches of engineering and science [4, 15, 17, 19, 24]. Later on, the notion of the fuzzy set theory
was developed effectively and generalized into new notions as its extensions like intuitionistic fuzzy
set [1], interval-valued fuzzy set [36], interval-valued intuitionistic fuzzy set [2], and vague fuzzy
set [3]. As a generalization of a crisp set, fuzzy set, intuitionistic fuzzy set, and Pythagorean
fuzzy set, Smarandache [32] studied the concept of neutrosophic set. Later, Bera and Mahapatra
introduced the notion of neutrosophic soft linear space [5] and neutrosophic soft normed linear
space [6]. Recently, Kirigci and Simsek [21] defined neutrosophic normed space and, in this space,
many summability methods such as statistical convergence [21], statistical convergence of double
sequences [18], ideal convergence [22], lacunary statistical convergence [23], deferred statistical
convergence [11] etc.

Mursaleen and Edely [26] defined and studied statistical convergence and statistically Cauchy
double sequences in R. Sarabadan and Talebi [35] studied the notion of statistical convergence of
double sequences in 2-normed spaces. Granados and Dhital [18] discussed statistical convergence
and statistical Cauchy property for double sequences in neutrosophic normed spaces. Recently,
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Murtaza et al. [27] introduced neutrosophic 2-normed space and studied statistical convergence for
single sequences. In the present paper, we study statistical convergence and statistically Cauchy
double sequences in neutrosophic 2-normed spaces and prove some associated results in the line of
investigations of them with respect to neutrosophic 2-norm.

2. Preliminaries

Throughout the paper, N and R indicate the set of natural numbers and the set of reals,
respectively; |A| denotes the cardinality of the set A. First, we recall some basic definitions and
notations.

Definition 1 [26]. Let X C NxN be a two-dimensional set of positive integers, and let K(m,n)
be the number of (j,k) in X such that j < m and k < n. Then, the two-dimensional analog of
natural density can be defined as follows.

The lower asymptotic density of the set X C N x N is defined as

92(X) = lim inf M
- m,n mn
In case the sequence (X(m,n)/(mn)) has a limit in Pringsheim’s sense, we say that K has double
natural density defined as
tim X1 _ 5 ).
m,n mn
Ezample 1. [26] Let
K = {(i%,5°) : i,j € N}.
Then,
82(%K) = lim K(m,n) < i YV _ 0;
m,n mn m,n Mn

i.e., the set X has double natural density zero, while the set {(i,2j) : i, 7 € N} has double natural
density 1/2.

Note that, setting m = n, we obtain the two-dimensional natural density due to Christopher [7].

Definition 2 [26]. A real double sequence {lpmy} is said to be statistically convergent to a num-
ber & if the set
{(man)am S ’L',TL S.] : |lmn _£| Z 6}

has double natural density zero for all € > 0.

Definition 3 [16]. Let Z be a real vector space of dimension d, where 2 < d < co. A 2-norm
on Z is a function ||.,.|| : Z x Z — R which satisfies the following conditions:

(1) ||z, y|l = 0 if and only if x and y are linearly dependent in Z;
@) lfe.oll = Iy, 2]| for all = and y in 2

(3) ||ax,y|| = |a| ||z, y|| for all a in R and for all x and y in Z;
4) |z +y, 2| < |z 2| + |y, 2| for all x,y, and z in Z.

Ezample 2. [34] Let Z = R2. Define ||-,-|| on R? by ||z, y| = |z1y2 — 22y1], where x = (x1, x2)
and y = (y1,y2) € R%. Then, (Z,],-]|) is a 2-normed space.
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Definition 4 [35]. A double sequence {lmn} in a 2-normed space (Z, |.,.||) is called statistically
convergent to £ € Z if, for all € > 0 and all nonzero z € Z, the set

{(m,n) e NXN: [|lpn — &, 2]| > €}

has double natural density zero; i.e.,

11m—|{mn)m<2n<j lmn — & 2]l > €}| =0.
VAR
Definition 5 [35]. A double sequence {lpmn} in a 2-normed space (Z, ||.,.||) is called a statisti-

cally Cauchy double sequence if, for all € > 0 and all z € Z, there exist ng, mg € N such that, for
all m,p > ng and n,q > myg, the set

{(m,n),m <i,n < i |\lmn — lpg, 2|| > 5}
has double natural density zero.

Definition 6 [30]. A binary operation [ : [0,1] x [0,1] — [0,1] is called a continuous t-norm
if the following conditions hold:
(1) @ is associative and commutative;
(2) O is continuous;
(3) z1 ==z for all z € [0,1];
(4) 28y < zBw whenever x < z and y < w for all x,y,z,w € [0, 1].

Definition 7 [30]. A binary operation x : [0,1] x [0,1] — [0,1] is called a continuous t-conorm
if the following conditions are satisfied:

(1) = is associative and commutative;

(2) * is continuous;

(3) xx 0=z for all z € [0,1];

(4) zxy < zxw whenever x < z and y < w for all z,y,z,w € [0, 1].

Ezample 3. [20] Here are examples of t-norms:

(1) By = min{z,y};
(2) 0y ==.y;
(3) 20y =max{r +y — 1,0}. This t-norm is known as Lukasiewicz t-norm.

Ezxample 4. [20] Here are examples of ¢-conorms:

(1) zxy =max{x,y};
(2) zry=z+y—mzy;
(3) z*y =min{z +y,1}. This is known as the Lukasiewicz ¢t-conorm.

Lemma 1 [33]. If [ is a continuous t-norm, * is a continuous t-conorm, and r; € (0,1) for
1 <i <7, then the following statements hold:

(1) if r1 > 1o, then there are r3,r4 € (0,1) such that r1 rg > ro and r1 > 1o * ry;
(2) if rs € (0,1), then there are rg,r7 € (0,1) such that r¢ rg > r5 and r5 > r7 7.

Now we recall the notion of neutrosophic 2-normed space.
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Definition 8 [27]. Let Y be a vector space, and let
Ny ={< (e, [),O(e, [),0(e, f), ¥(e, ) >: (e, f) € Y x ¥}

be a 2-normed space such that
Ny :YxY xRt —[0,1].
Suppose that 1 and * are continuous t-norm and t-conorm, respectively. Then, the quadruple
Z = (Y,No, [, %) is called a neutrosophic 2-normed space (N2-NS) if the following conditions hold
foralle, f,g € Z, n, >0, and B # 0:
(1) 0<O(e, fsm) <1,0<d(e, f;m) <1, and 0 < (e, f;n) < 1 for every n > 0;

2) O(e, fim) + (e, f3m) + (e, f;m) < 3;

O(e, fsm) =1 iff e and f are linearly dependent;
©(Be, f;m) = O(e, f3;1/|8]) for all B # 0;

O(e, f;m) B O(e, g;:¢) < O(e, f +gin +();

O(e, f;+) : (0,00) — [0,1] is a continuous nonincreasing function;
limy, 00 O (e, f; 77) =1

O(e, f;n) = O(f, e;n);

Y, f;m) =0 iff e and f are linearly dependent;
ﬂgﬁe,f;n) = (e, fin/|B]) for all B # 0;
e

(e, fim) x 9(e, g;¢) = (e, f + gin + C);
de, f;+) : (0,00) — [0,1] is a continuous nonincreasing function;

hmn%oo 79(6, f; 77) = 0;
e, fim) = (S, en);
Y(e, fsm) =0 iff e and f are linearly dependent;

Y(Be, fin) = (e, fin/|Bl) for each B # 0;
Yle, f3m) * (e, g;¢) = Yle, f +g;n+();

Y(e, f;+) : (0,00) — [0,1] is a continuous nonincreasing function;
hmn—)oo 1/}(67 f; 77) = O;

Ple, fim) = ([, esn);

) Ifn <0, (e, fin) =0, e, fsn) =1, and ¢(e, f;n) = 1.

In this case, Ny = (0,9,) is called neutrosophic 2-norm on Y.

Definition 9 [27]. Let {l,,}nen be a sequence in an N2-NS Z = (Y, Ny, [, *). Choose ¢ € (0,1)
and n > 0. Then, {l,}nen is called convergent if there exist ng € N and lyg € Y such that

®(ln - lO’ Z5 77) >1- €, ﬂ(ln - lOa Zﬂ?) <¢g, ¢(ln - lOa Zﬂ?) <e
for allm >ng and z € Z; i.e.,
nlLHgO O(l, —lo,z3m) =1, T}Lngo Il — lo,z5m) =0, nlLHgO U(l, —lo,z;m) = 0.

In this case, we write
Ny — lim I, =1ly or Iy 221
n—oo

and ly is called an No-limit of {1, }nen.

Definition 10 [27]. Let {lx}ren be a sequence in an N2-NS Z = (Y,Nq, [, x). Choose ¢ € (0,1)
and n > 0. Then, {lx}ren is called statistically convergent to & if the natural density of the set

Ale,n) ={k<n:O0(x—&2zn) <1—cord(py —&zn) >e and Yl — & 2;m) > €}

is zero for all z € Z, i.e., 6(A(e,n)) = 0.
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Definition 11 [27]. Let {l,}nen be a sequence in an N2-NS Z = (Y,Na,[,%). Choose € €
(0,1) and n > 0. Then, {l,}nen is called a Cauchy sequence if there exists my € N such that

®(ln_lmaz;"7) >1-—g¢, ﬂ(ln_lmaz;"?) <g, ¢(ln_lmaz;77) <e

for alln,m > mg and z € Z.

Definition 12 [27]. Let {l;}ren be a sequence in an N2-NSZ = (Y,No, [, %), e > 0, andn > 0.
Then, {li}ken is called a statistical Cauchy sequence if there exists ng € N such that

1
lim—|{k <n: Ol —lng,2;m) <1 —¢ or Wl — lng, 2;m) > € and (I — lng, 2;7) >6H—O
non
for every z € Z or, equivalently, the natural density of the set
Ale,n) ={k <n:0(l —lny, z:m) <1 —¢€ or Il —lny,2;m) > € and Yl — lny, 23m) > €}

is zero; i.e., 0(A(e,n)) = 0.
3. Main results

Throughout this section, Z and d2(A) stand for neutrosophic 2-normed space and double natural
density of the set A respectively unless otherwise stated. First, We define the following:

Definition 13. A double sequence {l,yn} in an N2-NS Z is said to be convergent to & € Z with
respect to Ny if, for all o € (0,1) and u > 0, there exists ng € N such that

O(mn — & z5u) >1—0, Hlpn —& z3u) <o, Yl —& 2zu) <o
for all m,n > ngy and nonzero z € Z; i.e.,

lim Oy, — &, z;u) =1, lim I(lpn — &, 2z;u) =0, lm (I — &, 2z;u) = 0.

m,n—o0 m,n— 00 m,n— 00

In this case, we write
No— lim Iy =& or ln, —E&.

m,n—00

Definition 14. A double sequence {lyn} in an N2-NS Z is said to be statistically convergent
to & € Z with respect to Ny if, for all o € (0,1), u > 0, and nonzero z € Z,

62({(m,n) e NxN: @(lmn_ga = u) <l-0cor ﬂ(lmn_gaZ;u) > o and ¢(lmn_£, = u) > 0'}) =

or, equivalently,

hmg‘{m<zn<3 O(lmn—E,z;u) < 1—0 or Wlpmn—E&, z;u) > o and Y(lypn—E, z; 1) >a}|—0
7-7

In this case, we write
sto (NQ)

stoNo) — lim Ly =& or lpy —— &

m,n—00

and £ is called an sta(Na)-limit of {ln}.

Lemma 2. Let {ln} be a double sequence in an N2-NS Z. Then, for all o € (0,1), u > 0,
and nonzero z € Z, the following statements are equivalent:
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(1) 5t2(N2) - hmm n—00 lmn = 57

(2) d2({(m,n) e Nx N: O(ln—E,2z;u) < 1—0}) = d2({(m,n) € NX N : ¥(lpn—E, z;u)>0}) =
52({(m,n)€NXNZ¢( mn g,z U)ZU}):

(3) 62({(m,n) e NxN: O, —& 2z;3u) > 1— ,0lmn—§,z;u)<a, V(b — &, z3u) < o}) =1,

(4) 52({(m,n) e NxN: @( mn—&,z;u)>1—0}) = d2({(m,n) € Nx N: d(ln,—§, zu) < o}) =

do({(m,n) e NX N: (I — & 2;u) < 0}) =

(5) sta(N2) — limp, 00 O(lmn — &, 23u) = 1, stg(Ng) — limy, oo V(lmn — &, 2;u) = 0, and

5t2(N2) - hmm,n%oo ¢(lmn - 5, 2 u) =0.

Theorem 1. Let {l,,,} be a double sequence in an N2-NS Z. If

Nop — lim Ly, =€,

m,n— 00
then
5t2(N2) — lim lmn = 5
m,n—00
Proof. Let

Ny — lim  lpp = €.

m,n—00

Then, for all o € (0,1) and u > 0, there exists ng € N such that
O(lyn — &, z5u) > 1—0, Hipn — & 2z3u) <o, and Y(lpn —§,2z5u) <o
for all m,n > ng and nonzero z € Z. So, the set
{(m,n) e NXN:O(lyy — & 25u) <1 =0 0or Vlmn — & z3u) > 0 and Y(lpn — &, 25u) > 0}
has at most finitely many terms. Since double natural density of a finite set is zero,
62 ({(m,n) e Nx N: O(lyp—&, 23u) < 1—0 or H(lyp—E, 2z3u) > 0 and Y(lpp—E, z3u) > 0}) =
Therefore,

StQ(NQ) — lim lmn = §

m,n—00

This completes the proof. O

But in the general case, the converse to Theorem 1 does not have to be true, as shown in the
following example.

Example 5. Let Y = R? with ||z,y|| = |z1y2 — 22y1|, where © = (z1,22),y = (y1,32) € R%
Define a continuous t-norm [ and a continuous ¢-conorm * as a [1b = ab and a xb = min{a + b, 1}
for a,b € [0,1], respectively. Take o € (0,1), z,y € Y, and u > 0 such that u > ||z, y||. Consider

u syl .yl
Oz, y;u) = ——— Iz, yu) = ) = .
(@, y;u) e L (@, y;u) e Y(x, y;u) "

Then, Ny = (©,1,) is a neutrosophic 2-norm on Y and the quadruple Z = (Y, Ny, [, x) becomes
a neutrosophic 2-normed space. Define a double sequence {l,,,} € Z by

T (mn,0), m=s2 n=t> stcN;
" (0,0), otherwise.
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Then, for nonzero z € Z, we have

Ksi(o,u) = {m <s,n <t:O(lnn,zu) <1 =0 or Wi, z;u) > o and (L, 2;u) > a}
l l
is,ngt:#Sl—aorMZUandMZU}
U+ [[lmn, 2| U+ [[lmn, 2 u

:{mgs,n§t2||mnaz||>1

o
or |[lmn, 2| > ua}
o

={m<s,n<t:lp, =(mn,0)}
={m<sn<tim=s* n=t steN}

and

1 1 t
—|Kst(o,u)| < —ngs,ngt:m:sz, n =t s,t eN}| < VsV 8,1 — o0;
st 7 st st

ie.,

StQ(NQ) —  lim lmn =0.

m,n—00

But {l;u,} is not convergent with respect to No.

Theorem 2. Let {l,,,} be a double sequence in an N2-NS Z. If {l,nn} is statistically convergent
with respect to No, then an sta(Na)-limit of {l;n} is unique.

P roof. Suppose that

StQ(NQ) — lim lmn = 51, StQ(NQ) — lim lmn = 52,

m,n—00 m,n—00
where &; # &5. Given o € (0, 1), choose A € (0,1) such that

1-XMNEA-A)>1-0, AxA<o.
Now, for all v > 0 and z € Z, we define the sets

A@l()\,u):{( m,n) € NXN: Oy, — &1, 2; u/2)<1—)\},

Aez(N,u) = {(m,n) € Nx N: O(lmn — &2, 2;u/2) < 1— A},
Agi(\u) = {(m,n) e Nx N: ﬁ(mn &1,2;5u/2) > A},
Aga(Mu) = {(m,n) € N X N: O(lpn — €9, 2;u/2) > A},
Apt (A u) = {(m,n) € N X N: ¢o(lyn — &1, 2u/2) > A},
Apr (A u) = {(m,n) € N X N : ¢h(lnp — &2, 2;u/2) > A}

Since
Stz(Nz) — hm lmn = 51, Stz(Nz) — hm lmn = 52,

m,n—00 m,n—00

using Lemma 2, we get

52(A@1()\,u)) = 52(%[191()\,11)) = 52(A¢1(A,u)) =0

and

(52(/[@2()\, u)) = 52(Ag2(A, u)) = 52(‘/41/,2()\, u)) = 0.
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Now, let
Ae9,p(Au) = [Ae1(A, u) UAea (A u)] N [Agt (A, u) UAga (X w)] N [Aypi (A, w) U Ay (A, u)].

Then, clearly, d2(Aev,p(A,u)) = 0 e, d2(AG » (A, u)) = 1.
Let (p,q) € AG y,,(A, u). Then, the following three cases are possible.

Case i. If (p,q) € Ag (A, u) N AG, (A, u), then
O(& — &, z3u) > O(lpg — &1, 2u/2) HO(lpg — &2, 23u/2) > (1 —N)EH(1—-X) >1—o0.
Since o € (0,1) is arbitrary, we have O(§; — &2, z;u) = 1, which yields & = &.
Case . If (p,q) € AG (A, u) NAG, (A, u), then
D€ — €, 53) < Wlpg — 1,7 0/2) 5 DIy — €3, 5:0/2) < A<\ < o

Since o € (0,1) is arbitrary, we have ¥(&§; — &2, 2z;u) = 0, which yields & = &s.
Case tii. If (p,q) € Afpl()\,u) N Asz()\,u), then, similarly to Case ii, we get & = &s.
Hence, an sto(Ng)-limit of {l,,,} is unique. This completes the proof. O

Theorem 3. Let Y be a real vector space, and let {lyn} and {wpy} be two double sequences
in an N2-NS Z. Then, the following statements hold:

(1) if sta(N2) — limy, o0 limn = &1 and sta(Na) — limy, 500 Winn, = &2, then

5t2(N2) — lim lmn + Wy, = 51 + 52;

m,n—o0
(2) if sta(N2) — limy, pn—yo0 lmn = &1 and ¢ # 0, then sta(N2) — limyy, p—yo0 Climn = ¢&1.

Proof Itiseasy. So, we omit the details. O

Theorem 4. Let {l,,n,} be a double sequence in an N2-NS Z. Then,

StQ(NQ) — lim lmn = 5

m,n—o0
if and only if there exists a subset

K={mi<ma<---<mp<---in<ng<---<nmg<---}CNxN
such that 02(X) =1 and Ny — limy g—o0 lnyn, = &-

Proof First, suppose that sta(Na) — limy, p—soo lmn = . Now, for all w > 0, k € N, and
nonzero z € Z, define

1 1 1
A, (k, u) = {(m,n)ENXN:@(lmn—g,z;u)>1—g, Wlmn =€, 230) <7 w(zmn—g,z;u)ﬁ}, (3.1)

and

J

wIH

B, (k,u) = {(m,n)eNxN :O(ln—E, z3u) < 1—% or V(lpmn—E&, z;u)> % and Yy, — &, z;u)>
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Then, clearly, Ay, (k + 1,u) C A, (k,u) and, by our assumption, we have d2(By, (k,u)) = 0.
Also, from (3.1), we get d2(An, (k,u)) = 1. Now, let us show that, for (m,n) € Ay, (k,u),

Ny — lim  lypp = €.

m,n— 00

Suppose that {lmn}(m,n)e Ax, (ku) 18 1Ot convergent with respect to Nz. Then, for some o € 0,1),
we have

@(lmn —5a2§u) <1l-o, ﬁ(lmn _5a2§u) >0, T;Z)(lmn -&,z u) >0

except for at most finite number of terms (m,n) € Ay, (k,u) and nonzero z € Z.
Define

C, (o, u) = {(m,n)eNxN :O(lnn—&, z;u) > 1—0 and I(lpn—E&, z3u) < 0, Y(lpn—E, z;3u) < a},

where o > 1/k. Clearly, d2(Cn,(o,u)) = 0. Since o > 1/k, we have Ay, (k,u) C Cx,(o,u) and,
hence, d2(An, (k,u)) = 0, which contradicts d2(An, (k,u)) = 1. Therefore, for (m,n) € A, (k, u),
we have

Ny — lim Ly, = £.

m,n—o00
Conversely, suppose that there exists a subset

K={mi<mag<---<mp<---ing<ng<---<ng<---}CNxN

such that
02(X) =1, Ny — lim lnpng = §-

P,q—0

Then, for all ¢ € (0,1) and u > 0, there exists pyp € N such that
O(lmpn, =& 23u) > 1 =0, Wlmyn, =& z5u) <0, Y(lmyn, — & 25u) <o
for all p,q > pg and nonzero z € Z. Therefore,

{(m,n) e NxN:O(lmn — & 25u) <1 =0 0r lmn — & 2;5u) > 0 and ¢Y(lmn — &, 25u) > 0}

C N x N\ {mp0+1 < Mp+25 -+ -5 Mpg+1 < Npg+25 - - }
Hence,
82 ({(m,n)eENXN : O(lpn—E, z;u) < 1—0 or V(lmn—E, z;u) > 0 and Y(lmn—E&, 2;u) > 0}) = 0;

ie., sta(N2) — limy, 100 lin = €. O

Definition 15. Let {l;,,} be a double sequence in an N2-NS Z, o € (0,1), and let u > 0. Then,
{lmn} is called statistically Cauchy with respect to Ny if there exist mo = mo(o) and ng = no(o) € N
such that

52({(m,n) € NXN:O(lmn — lmgnes 2;u) <1 —0 or V(lmn — lmgng, 2;4) > 0
and Q;Z)(lmn - lmOnoyz; u) > U}) =0

for nonzero z € Z.
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Theorem 5. Let {l,,,} be a double sequence in an N2-NS Z. If

StQ(NQ) — lim lmn = 5,

m,n—00

then {lyn} is statistically Cauchy with respect to Na.

Proof. Let
StQ(NQ) — lim lmn = f

m,n— 00
and o € (0,1) be given. Choose A € (0, 1) such that
1-XMNEA-A)>1-0, AxA<o.
Then, for A € (0,1), u > 0, and nonzero z € Z, we have da(Ax, (A, u)) = 0, where

Ay (A, u) = {(m,n) €N XN: O(lpn — & 2;u/2) <1 —Xor V(lmn — & 2;u/2) > A
and Y(lypn — &, z;u/2) > )\}.

Then, d3(N x N\ Ay, (A, u)) = 1. Let (mq,no) € A, (0,u). So,
O(lmong — & z3u/2) > 1= N, Hlmgng — &, 23u/2) < X and Y(lngne — &, 2;u/2) < A.
Now, we define

B, (0,u) = {(m,n) € Nx N: O(lnn — lmgng, 2;1) <1 —0 0r Ilmn — bngngs 234) > 0
and Y (lmn — lngng, 23 0) > a}

for every nonzero z € Z. Let us show that By, (o, u) C An, (A, u). Let (p,q) € By, (0, u). Then, we
get
O(lpg — lmong» z31) < 1 — 0, Ylpg — lmgng, z;1) > 0 and Y (lpg — lingng, 2; ) > 0.

Case i. Consider O(lpg — lmgng, 2;u) < 1 — 0. Let us show that
O(lpg — & z3u/2) <1— A

Suppose that
O(lpg — & z3u/2) > 1 — A

Then, we have
1—02>0(lpg — lmgng, z51) > O(lpg—E, 2;u/2) H O(lmgne—E,2;u/2) > (1 —-XNE (1 —-X) >1-o0,

which is impossible. Therefore,

O(lpg — & zu/2) <1 = A
Case ti. Consider ¥(lpg — lmgng, 2;u) > 0. Let us show that
W(lpg — & z5u/2) > A

Suppose that
U(lpg — & 23u/2) <A

Then, we have

o< 19(lpq - lmonmz; u) < 19(lpq - £’Z;u/2) o ﬁ(lmono - gvz;u/Q) <A*A<L g,
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which is impossible. Therefore, we have
W(lpg — & 2z5u/2) > A
Case iti. If we consider ¥(lpq — lmgng, 2;4) > o, then, similarly to Case ii, we can show that
Y(lpg — & z3u/2) > A

Therefore, (p,q) € A, (A, u). Hence, By, (0, u) C An, (A, u). Since d2(An, (A, u)) = 0, we have
92(B, (o,u)) = 0. So, {lmn} is statistically Cauchy with respect to Na. O

Theorem 6. Let {l,,,} be a double sequence in an N2-NS Z. If {ln} is statistically Cauchy
with respect to Ny, then it is statistically convergent with respect to Na.

Proof. Suppose that {l,,,} is statistically Cauchy with respect to Ny but not statistically
convergent to any § € Z with respect to Ny. Then, for o € (0,1), u > 0, and nonzero z € Z, there
exist mo = mo(o) and ng = ng(c) € N such that Jo(X) = 0, where

K = {(m,n) € NXN: O(lmn — lmgnes 2;u) <1 —0 or V(lmn — lmgng, 2;4) > 0
and T;Z)(lmn - lmonoaz;u) Z U};
and 62(M) = 0, where
M={(m,n) e NXN:O(lpn —&2zu/2) >1—0 or Ilmn — & 25u/2) <o
and Y (lmn — &, 2;u/2) < o}

Since
@(lmn - lmonoa Z;u) > 2®(lmn - 5, <3 u/2) >1l-0

and

'ﬂ(lmn - lmonoa Z;u) < 219(lmn -, Z;U/Q) <o,

T,Z)(lmn - lmonoa Z;u) < 27;Z)(lmn -&, 2 u/2) <o,
if 1

u — 0
@(lmn 6,27 5) > 9
and
u (o2 (2

ﬁ(lmn—f,z,§) < 5’ w(lmn_g,zau) < 5’

we have

62({(m,n) ENXN:O(lyn — lngng, z;u) >1—0
and Y(lmn — lingng, 25%) < 0, V(lmn — lngng, 23 8) < J}) = 0.

This gives d2(K¢) = 0 and so 62(K) = 1, a contradiction. Therefore, {l,n,} is statistically
convergent to some &. O

Definition 16. An N2-NS Z is called statistically complete with respect to Ny if every statis-
tically Cauchy sequence is statistically convergent with respect to No.

Remark 1. In the light of Theorems 5 and 6, we see that every N2-NS is statistically complete
for double sequences.
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Conclusion and future developments

In this paper, we have dealt with statistical convergent double sequences in an N2-NS and have
shown that every N2-NS is statistically complete. Later on, these results may be the opening of new
tools to generalize this notion in various directions such as Jo-statistical and Jo-lacunary statistical
convergence with respect to Ny. Also, this idea can be used in convergence-related problems in
many branches of science and engineering.
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