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Abstract: If w(¢) is a polynomial of degree n with all its zeros in |(| < A, A > 1 and any real v > 1, Aziz
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In this article, we establish a refined extension of the above integral inequality by using the polar derivative
instead of the ordinary derivative consisting of the leading coefficient and the constant term of the polynomial.
Besides, our result also yields other intriguing inequalities as special cases.

Keywords: Polar derivative, Turdn-type inequalities, Integral inequalities.

1. Introduction

In the late nineteenth century, renowned chemist Mendeleev became interested in the subject of
the extremal properties of polynomials while searching for an upper bound of a quadratic polyno-
mial. More specifically, he [14] established that, if w(r) is a quadratic polynomial of real variable r
with real coefficients, then for —1 < w(r) <1and —1 <r <1,

max _|w'(r)| < 4.
—i<r<1
While working on a problem in Approximation Theory, Bernstein needed an upper bound estimate
of the maximum modulus |w’(¢)| of a complex polynomial in terms of the maximum modulus of
|w(¢)|, where |¢| = 1, which is an analogue of above Mendeleev’s problem in the complex domain.
He [5] proved his famous inequality which states that, if w(¢) is a n degree polynomial, then

lréllfg;IW’(C)l < n‘rg‘a;fIW(C)l- (1.1)

This inequality is sharp if and only if w(¢) = §¢™, where

9] = max [w(C)]
Inequality (1.1) is an immediate consequence of an inequality concerning trigonometric polynomials
proved by him.
Paul Turdn [21] was the first to estimate the maximum modulus for the derivative of a polyno-
mial through a lower bound in terms of the maximum modulus of the polynomial. He established,
in particular, that if w(¢) is a n degree polynomial and all of its zeros lie in |¢| < 1, then

, n
a w €)= E%g\W(C)!- (1.2)
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Equality in (1.2) attains for w(¢) = 6¢™ + 3, where |§] = |B]. If w(() is a n degree polynomial over
the complex numbers C, and for a real number v > 0, the integral mean of w((¢) is defined by

1 27 o 1/v
fuh, = {5 [ [wte)[ ao}

Taking limit as v — oo and using the fact from the analysis [18, 20] that

1 2T
lim {—/
y—oo | 27 0

we can legitimately denote

w@wwﬂw}uvzggﬁmmou

lloo = max w(C)]-

Aziz and Dawood [2] improved (1.2) into the form

/ n .
[/l > 5 { lloc + min (@)1} (1.3)

Throughout this paper, P, ; A represents the class of all polynomials

w(() zcsiajcj, 0<s<n,

j=0

with zero of multiplicity s at the origin having all its zeros in [(| < A, A > 1 and P, A, the class
of all polynomials

w(¢) =Y a;¢
j=0

with all their zeros in [(| < A, A > 1.

Applications and interest in inequality (1.2) have been substantial. Thus, it would be very
interesting to determine its generalisation for polynomials whose zeros are all in |(| < A, A > 0.
For 0 < A <1, Malik [13] proved

, n
> — . 1.4
[w'lfee > 1 +A“w“oo (1.4)
For A > 1, Govil [9] found
, n
> . .
/o 2 2 vl (1.5
Equality in (1.5) holds for w(¢) = ¢" + A", A > 1.
Govil [10] refined inequality (1.4) by proving that
, n 1 .
> — —_— . .
I/l > 7 (e + gy min [w(O)]) (1.6)

Equality in (1.6) holds for w(¢) = (¢ + A)™.
For the polynomials which have all their zeros in || < A, A < 1 with zero of multiplicity s at
the origin, Aziz and Shah [4] obtained the following generalization of (1.4) that

n + sA
1+ A

[ = [w]loo-

The above inequality is sharp with the extremal polynomial being w(¢) = ¢* ((+ A)"7%, 0 < s < n.
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Using the same assumption, Govil [10] was able to improve (1.5) as

oo > 55 { Il + i ()} (1.7

Inequality (1.7) attains equality for
w(()=¢"+A% A>1

Malik [12] extended inequality (1.2) for the first time in 1984 into its integral analogue by
establishing that if w(¢) is a n degree polynomial with all its zeros in |¢| < 1, then for v > 0,

11+ Cliyllw’lloe = nllwlly-

The result is best possible for w(¢) = (¢ + 1)".
In 1988, Aziz [1] extended to integral form of (1.5) by establishing

Theorem 1. If w(¢) € Py A, then for v > 1,
11+ A"y [w'lloe = njwl],- (1.8)
Equality in (1.8) holds for
w(¢) = 6¢" + BA", [5] = [B].

For a n degree polynomial w(¢) and any ¢ € C, we define the polar derivative of the polynomial
w(¢) with regard to § by

Dsw(¢) = nw(¢) + (6 — Ouw'().

Note that Dsw(¢) has atmost n — 1 degree, and it is a generalization of the ordinary derivative as

lim DgZU(C) _ ,wl(c)7

d—00 1)

uniformly with respect to ¢ for |(| < R, R > 0.
Inequality (1.4) was first extended to the polar derivative by Aziz and Rather [3]. They obtained
that if w(¢) is a n degree polynomial with all its zeros in |¢| < A, A <1, then for § € C, [0] > A,

- A
Dol > (15 ) ol

Besides, in the same article [3], they could extend (1.5) to polar derivative by proving that

S —A
N L (19)
where 6 € C with |[§] > A.

Dewan et al. [7] obtained the polar derivative version of (1.7), which also sharpens (1.9) by
proving that if w(¢) € Py, a, then for 6 € C with [0] > A,

n

{00 = Al + (161 + g ) min ()1} (1.10)

[1Dswlloo >

The following generalization and improvement of (1.9) consisting of the polynomial’s constant term
and leading coefficient was recently established by Singh and Chanam [19].
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Theorem 2. If w(¢) € Py, 5 A, then 6 € C with 0] > A,

0] — A Ao —s| — /] ag
[Dswllo > To7m g+ s+ v \/Wa\l/ ]l - (1.11)

Milovanovic et al. [15] proved the following improvement and generalization of (1.9), (1.10)
and (1.11).

Theorem 3. If w(() € Py, s A, then for § € C, |§] > A,

1Dl 2 7= { (081 = &) ol + (181 + 5oy )m )

ol — A A" S|ay,_s| —m — /|« m

I+ A7 A o] —m An

(1.12)

An

where m = min |w .
i fu(C)

2. Main result

Below we derive the generalized integral extension of Theorem 2, which further improves The-
orem 3 and also gives many other interesting results as special cases. In particular, we prove

Theorem 4. If w(() € Py s A, then for 6 € C, |6| > A and A € C, |A| <1 and v > 0,

ol = A

0y _ M\ ing H > H 0y Ty ing
HD5 {w(e ) An)\e } L= oE Allw(e”) An)\e . (2.1)
where
A" | —g| — |Am — /A3
m = min|w(()|, A= {n—i—s—i— VA s = Am — v ]ao\}
[<l=A VA | — [Alm
and y
{f027r ‘1+An—sei9|7d9} v
Ey= 1/y
{5711+ "d}
Remark 1. Suppose w((¢) has all its zeros in |(| < A, A > 1. Now, for [(| = A
m = min |w < |w(q)|. 2.2
\C\=A’ (O] < w(C)] (2.2)
As a consequence of Maximum Modulus Principle, we have
max |w < A" max |w({)|. 2.3
max [w(0)] < A" max]w(¢) (2.3
Using (2.3) to (2.2), we get
m < A" max w(C),
I¢]=1
ie. m
— < max |w(()|. (2.4)

A" T ¢l=1
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For arbitrary A € C, |A| < 1, we have

Remark 2. Suppose 7 — oo in (2.1) and knowing the simple fact that

E,Y—>1+2A as vy — o0,
we get
mA |o] — mA
[ > vt en
\q - ‘D5{ (© An } —1 —|—A"A|I?|i)1(‘w(o An>
L |5| i 5] — A A
MAA in-1] 5 1017 2 _ A
e | DowlO) ~ S| 2 e e O — 26
Let {p on || = 1 be such that
d|lmnA 5mn)\
mae | Dsu(€) — 1A 01| | D) — LURA - (2.7)
<=1 Ar
In the right side of (2.7), we can choose the argument of \ with
\5\mn)\ n\(SH)\]
| Dsw(co) = Rt | = [Dsw(Go)l - M5 (2.8)
From (2.7) and (2.8), (2.6) becomes
n|d]|A| 18] — A mA
D - > A ——". 2.
[Daw(Go)] = R m > T Amax fw(Q) = F7¢ (2.9)
Since
[ Dsw(Co)| < ImIEjX|D5w(C)|
(2.9) gives
n|d]|A| 6] — mA
D — > — —C". 2.1
max | Dyw()] — g Fm > P Amas w(¢) = 7 ¢ (2.10)
Let ¢4 on || =1 be such that fna>1< lw(¢)| = |w(¢1)]- Then
ma Q) — T "] > [w(G) = 53¢ 2 flw(c)l = FF (2.11)
Using (2.5) to (2.11), we get
max ‘w(() - m—)‘g"( > max |w(C)| — m (2.12)
cl=1 Ar 1T =1 An '
Using (2.12), (2.10) gives
n|8[A| 9] - A A
- > — 2. .
ma |Dsw(Q)] = =3 m > T oA (max (O] - gm) (2.13)

When |\ — [ in (2.13), we have

nlsll 16— A I
— > _ —
max [Dsw(Q)l = 5mm = 17 AnA<miX|w(O| m>’

which becomes the following result on simply taking limit [ — 1.
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Corollary 1. If w(¢) € Py s A, then for 6 € C, |6] > A,

1Dl 2 1o {191 = &) el + (61 + 5o )m )

0l = A VAo —m — VA%ag| m
s Chs e (Ilwlloo— )

An

where m = minj¢|—a [w(()].

Remark 3. Using the three facts (2.4), (4.1) and (4.3) in (2.14), it is obvious that Corollary 1
improves (1.10).

Remark 4. Also, the function

_ \/An_s‘an—S‘ — - \/’(XO’
VA Sy | — x

f(x)

is non-increasing for x. Therefore, for A > 1

7 (5) = fm),

that is,

\/A”|an,s| —m — \/A3|a0| S \/A"*s|an,s| —m — \/|oz0|.

VA o —s| — m N VA Sy, g —m

This shows that Corollary 1 is an improvement of (1.12).

Remark 5. If we divide both sides of (2.14) by |§| and let |0] — oo, the next result which
improves (1.7), is obtained.

Corollary 2. If w({) € Py A, then

, n 1 VA" oy s| —m — /A m
Hw H 2 ( 9] 14+ An (5 + \/m ) (HwHoo - F) )

(2.15)

where m = minj¢|—a |w(()]

Remark 6. If we divide both sides of (2.1) of Theorem 4 by [d| and let |§| — oo, the following
generalized integral extension of Corollary 2 is obtained.

Corollary 3. If w(¢) € Py s, then for each A € C, |A| <1 and v >0,

m )\eine
An ’

Hw/(eie) - @)\ei("’l)euv > %Hw(ew) - X

An

where m, A and FE, are defined in Theorem 4.

Remark 7. When A\ = 0 in (2.1) of Theorem 4, the below integral extension of Theorem 2
yields an improved and generalised integral analogue for polar derivative of Theorem 1.
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Corollary 4. If w(¢) € Py, then for 6 € C, |6] > A and v > 0,

o — A A5y, | — /| o]
| Dswl|., > | ‘QE <n+5+ v \/Wa\!/ ., (2.16)
Y n—s

where E, is defined in Theorem 4.

Remark 8. In case r — oo in (2.16), Corollary 4, in particular, becomes Theorem 2 and
dividing both sides by || and making |§| — oo, we have an improved form of (1.5).

Corollary 5. If w(() € Py, 5.A, then

\/Anis|an78| —_ \/|C¥0|>
e [[w]|o- (2.17)
A”*3|an,s|

Remark 9. 1f degree n of polynomial w(() is greater than or equal to 1, the leading coefficient
ay, is different from zero, and using the fact (4.1), it follows obviously that inequality (2.17) always
provides better bounds than that of (1.5). When A =1, (2.15) and (2.17) sharpen (1.3) and (1.2)
respectively.

3. Example with numerical illustration

Ezample. Consider w(¢) = ((¢ + 1) with all zeros 0, —1. Now, all the zeros lie in the closed
disk |¢| < 1. On the unit circle || =1,

()| = V2 T 2cos .
Since the non-negative function
f@) =2+42cosf, 0<6<2m,
attains its maximum at 0 = 0,

max [w(¢)| = 2.

For each fixed A = Ay,

lw(Age)| = AO\/Ag + 2A¢cosf + 1.

Since the function
g(0) = A% +2Agcosf+1, 0<6<2m,

attains its minimum at # = 7,

m = min [w(¢)] = Ao(Ag —1).

If we take Ay = 1.95 and [0] = 10, then by using Theorem 2, we have

10 — 1.95 VIO5 X1 +/1
Dy > 2 do 41+ T VI 511000,
1+ 1.952 V195 x 1
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while by Theorem 3,

2 1
> 2 [10-1.95)2 <1o —>1.95 1.95— 1 }
o0 = 1+1.952{( )2+ {10+ 55 ( )

10— 1.95 {1 N V1.95 x 1 —-1.95(1.95 — 1) — ﬁ} (2 1.95(1.95 — 1)
1+ 1.952 V1.95 x 1—-1.95(1.95 — 1) 1.952

[ Diow|

) ~ 11.7657

Meanwhile, if we use Corollary 1, we get

>_ 2 {(10 1.95)2 + <10 b )1 95(1.95 1)}
*© = 1+ 1.952 ’ 1.95/ 7 ’
10 — 1.95{ V1952 x 1 —1.95(1.95 — 1) — /1.95 x 1 }{2 1.95(1.95 — 1)
1+ 1.952 V1.952 x 1 —1.95(1.95 — 1) 1.952

[ D1ow||

} ~ 17.351,

which is larger than the bounds obtained by using Theorems 2 and 3. In other words, the bound of
Corollary 1 improves over those of Theorems 2 and 3 respectively due to Singh and Chanam [19]
and Milovanovic et al. [15] by about 57.61% and 47.47%. From this, it is easy to see that by
making appropriate choices of the polynomial w((), and the parameters A and §, this improvement
can be scaled up.

4. Lemmas

We need the following auxiliary results to prove the theorem and its corollaries. For a n degree
polynomial w(¢), we will use

q(¢) = ¢"w (1/¢).

Lemma 1 [13]. If w(¢) is a n degree polynomial with all its zeros in |¢| < A, A <1, then for
<l =1,
14'(O)] < Al ().

Lemma 2. If w(¢) is a n degree polynomial, then for R > 1 and v > 0,

{/0% [ (Re) \”da}w <R {/02 w(e) hde}%.

It is difficult to trace the origin of Lemma 2. However, it could be followed from a famous result
of Hardy [11], by which for any function f({) analytic in |¢| < tg, and for each v > 0,

{/02” \f(xew)\’yde}w

is non-decreasing for x € (0,tp). If w({) is a n degree polynomial, then

F(Q) =¢"w (1/€)

is a polynomial of degree at most n and is an entire function, and by Hardy’s result for v > 0,

([ieenpanl” <L [ renpal”

for = 1/R < 1, and hence Lemma 2.
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Lemma 3 [19]. If w(C) € Pys,1, then for |(| =1,

it ool ),
|atn—s|

Lemma 4 [6, 16]. If w({) is a n degree polynomial and w(¢) # 0 in |(| < 1, then for R > 1
and v > 0,
o ' 1/ 27 ) 1/
{/ ‘w(ReZG)PdH} gBy{/ |w(ezo)‘7d0} ,
0 0

{§ﬂ1+R%wmwF”

{ 5”\1-+—ew\7d6}1/y

‘w/(o‘ > %{n—l—s—l—

where

’y =

This is due to Boas and Rahman [6] for ¥ > 1. Later, Rahman and Schmeisser [16] verified validity
for 0 < v < 1.

Lemma 5 [8]. If w({) is a n degree polynomial and w(¢) # 0 in |{| < A, A > 0, then for

(<A
[w(Q)] > m,

where m = minj¢j—a lw(¢)].
Lemma 6. If
w(() = CS<ZajCj>, 0<s<n,
7=0

is a polynomial with all its zeros in |(| < A, A >0, then for A € C, |A| <1

m
Aol = A~ Vag] 2 0, (a.)

where m = minj¢|—a |w(C)]-

P r o o f. By hypothesis,
w(¢) = C*h(¢) = <S(Z ajCJ‘), 0<s<n,
7=0

has all its zeros in || < A, A > 0. Then, the polynomial W(¢) = e~ *a8%-sh({) has the same
zeros as h(().
Now,

W(C) = e—iargan,s {OCO + OClC +-+ Oén—s—lcn_s_1 + ‘an_s‘eiarganfsgn—s}
— e*iargan—s {040 + Oélc + .4 an_s_lgnfsfl} + ’an—slcnis-

Now, on [(| = A for A € C, [A] <1 and m = minj¢;|—x w(¢) # 0, we have

mA .,

| < S5 = min WO = min W(Q)] < [W(Q)-

A5 ¢l=A ¢[=A -
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Then by Rouche’s theorem,

miA| s
RO =w(¢) - P
has all its zeros in |(| < A. By Vieta’s formula applied to R(¢), we get
|ao| -
< A"
Han—8’ - m‘)“/An‘
that is,
|| . (n—s)/2
lam—s] — mIA/A] <A . (4.2)

Since W(() is a polynomial of degree n — s with all its zeros in |¢| < A, then

Q(¢) = ¢" "W (1/¢)

is a polynomial having atmost n — s degree having no zero in |¢| < 1/A. Using Lemma 5 to Q(¢),
we obtain

1 m
Qp_s| = 0)| > min = min |W = —,
0nmal = 1QO)| > min 1Q(C)] = Fo=s min [W(Q)] = 5o
i.e. m
]oan_S] > E (43)

Using (4.3) to (4.2), we have

m
\/A"—Slan_sl — WE — V]| > 0.

For m = min|¢|_a |w(¢)| = 0, the result becomes trivial, simply by the similar reasoning of inequal-
ity (4.2) to

h¢) =D ol
=0

i.e.

\/An_slan—é" - \/‘040’ > 0.

5. Proof of Theorem 4
By assumption, w(¢) has all its zeros in (| < A, A > 1. For m = minj¢|—a |w(¢)| # 0, consider

R(() = w(¢) = £z A",

where A € C, |A\| < 1. Now, on [(| = A
] < 2
An A"
Consequently, from Rouche’s theorem, R(() has all its zeros in || < A. When m = 0, R({) = w(().

Therefore, R(¢) has all its zeros in |[¢| < A in any case. Then, all the zeros of W ((¢) = R(A() are
in |¢| < 1. It is a simple fact that for [(| =1

Q" (O] = [nW (¢) = CW'(C)], (5.1)

AC"

< A A" < w(Q)]:
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where _
Q(¢) = ¢"W (1/¢).
Using Lemma 1 to W((), we have for |(| =1
Q') < W) (5.2)
Using (5.1) and (5.2), we have for |§/A| > 1 and |[{| =1
(S / 6 ! !
DsaW (O] = [mW(©Q) + (5 = W) = |5 W1 = [2W (©) = W (€)]
5 A ? (5.3)
= x| ©1= (|5 -y Wl
Applying Lemma 3 to W ((), we have for |(| =1
, 1 VA Sy, g — (m/AM)A] — \/|oz0|}
WOl = 2{n—|—s+ VAo, g — (m/AM)A] WOl
Since f(x) = (x — |a|)/x is non-decreasing and in view of (4.3), we get
1 VA" an—s| — [AIm — \/As|aol}
S N e = (L] (5.4
Combining (5.4) and (5.3), we get
9] —A{ \/A”|ans|—|)\|m—\/As|a0|}
|Ds/aW (¢)| > SA et NGRS W ().
Replacing W (¢) by R(A(), this inequality gives
) i —A
nRA0) + (5 - <)ar0| > LB AR (55)
where y y
N Aoy, | — |A[m — \/AS|ag|
A={n+s+ N/ b
Inequality (5.5) becomes
0
nR(AQ) + (65— M) (80| > PR air(ag),
therefore for any v > 0, we have
_ Sl— A A
|DsR(A?)|" > (‘ ‘QA A)'|r@aé))", 0<6<or
Equivalently,
2r A 1y 0l —A 2m : el
0\ | 0\ |
{/0 DsR(AC)" a0} > TA{/O [R(Ac?)["dp} . (5.6)
We have,

W(C) = R(AC) = apASCE + ar ASTICT 1 (g s A™ — mA)C™,
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and

Q(¢) = "W (1/¢). (5.7)

Applying Lemma 4 to Q((¢), we get

o INEIA R 2 N V2
{[ le@enpa}” <ef [~ ja@) a) " 59)

Now, it follows readily that ‘Q(Aew)‘ = A”!R (ew) ‘ and |Q (ei(’) ‘ = ‘R (Aew) |
Using the two relations, (5.8) gives

27 2T
a{ [ () 'a} " < B, { | Ir(ae?) s} (5.9)
0 0
Since DsR(() is a polynomial of degree at most (n — 1), by Lemma 2 to DsR({), R=A > 1, we
have
1 2T ; 1/~ 27 ; 1/~
F{/0 Dsr(a?)"an} " < {/0 DsR(e G)Wde} . (5.10)
Using (5.10) to (5.6), we get
27 ] 1/~ |6| —A 27 ) 1/
At { / \D(SR(ez@)wde} > 2, { / \R(Aewmda} . (5.11)
0 0

Combining (5.9) and (5.11), we have

2 ' 1/ 5] — A 21 A 1/~
{/ |D(gR(eZ9)Wd0} > A{/ \R(ew)\”de} ,
0 2E’Y 0

which is equivalent to

2w 1/“/ 2
. . 5 — A
D iy _ Ty gind Wde} >|7A{/
{7 oo foten) - goaemy o} > Bz2af |

This proves Theorem 4. O

w(ew) _ ﬁn)\em@

1/
¥
A dﬂ} .

6. Conclusion

For the set of n degree polynomials with all their zeros in || < A, A > 1, there has been
no integral analogue of Turdn-type inequalities for about 19 years until 2017 that Rather and
Bhat [17] had extended inequality (1.9) to integral mean setting. In this paper, we provide an
integral mean version of Theorem 2 by using some techniques different from those followed by
Rather and Bhat [17]. Our result also implicates various existing known results in the literature.
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