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Abstract: The main aim of this paper is to present and explore some of properties of the concept of Z-
statistical convergence in measure of complex uncertain sequences. Furthermore, we introduce the concept of Z-
statistical Cauchy sequence in measure and study the relationships between different types of convergencies. We
observe that, in complex uncertain space, every Z-statistically convergent sequence in measure is Z-statistically
Cauchy sequence in measure, but the converse is not necessarily true.
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1. Introduction

In the real world, there are different kinds of uncertainty. So, it makes perfect sense to investi-
gate the behavior of uncertain phenomena. To address some aspects of this uncertain phenomena,
Liu [12] introduced initially the uncertainty theory in 2007. After that, it has been studied in var-
ious fields of mathematics like calculus, set theory, graph theory, sequence and series, etc. In [12]
Liu initially proposed the idea of uncertain variables as a functions from measurable space to the
set of real numbers (R). Peng [15] later expanded it to include complex uncertain variables.

In the fundamental theory of mathematics, the significance of sequence convergence is highly
pivotal which is also one of the most important fields of mathematics. Furthermore, one of the most
important aspects of uncertainty theory is the convergence of uncertain variable sequences. For
the first time in uncertainty theory, Liu [12] established several convergence notions of uncertain
variable sequences, such as convergence almost surely, convergence in measure, convergence in
distribution, and convergence in mean.

Following that, by using complex uncertain variables, Chen et al. [1] introduced the concept
of convergence of complex uncertain sequences and then numerous researchers have subsequently
expanded this idea, including Saha et al. [17], Debnath and Das [2], and You and Yan [23]. The
concept of Cauchy convergence in measure and in mean was recently presented by Wu and Xia [24].

On the other hand, in 1951, Fast [8] and Steinhaus[21] extended the concepts of convergence
of a real sequence to statistical convergence independently and after that, it was studied by Fridy
[9] and many other famous researchers. Later Kostyrko et al. [11] introduced a new concept of
convergence namely Z-convergence, which is a generalization of statistical convergence.

Savas and Das [19] further expanded the notion of statistical convergence and Z-convergence
to include Z-statistical convergence. This extension prompted further explorations in the field
by researchers such as Savas and Das [20], Debnath and Debnath [5], Debnath and Rakshit [6],
Mursaleen et al. [13], Savas et al. [18], Esi et al. [7], and numerous others.
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Tripathy and Nath [22] introduced the concept of statistical convergence for complex uncertain
sequences within the framework of uncertainty theory. Then many other researchers like Nath and
Tripathy [14], Roy et al. [16], Debnath and Das [3, 4], and Kisi [10] have successfully applied the
concept of generalized convergence of sequences in uncertainty theory.

Inspired by the above works, in this paper, we introduce the concepts of Z-statistical convergence
in measure of complex uncertain sequences and study some of its properties. We also introduce
the notion of Z-statistical Cauchy sequence in measure and identifying the relationship between
ZI-statistical convergence in measure and Z-statistical Cauchy sequence in measure.

2. Definitions and preliminaries

The generalized convergence notions and the theory of uncertainty, which will be utilized
throughout the study, are defined and findings are presented in this section.

Definition 1 [11]. Consider a non-empty set S. An ideal on S is defined as a family of sub-
sets I that satisfies the following conditions:
(i) The empty set, ¢, belongs to I.
(i) For any U,V € Z, the union of U and V, denoted as U UV, is also in T.
(#i) For any U € T and any subset V C U, V is a member of Z.

An ideal T is called non-trivial if T # {¢} and S ¢ . A non-trivial ideal T is called an admissible
ideal in S if and only if {{s} RS S} cT.

Example 1. (i) Zy := {The set of all finite subsets of N forms a non-trivial admissible ideal}.
(ii) Zg := {The set of all subsets of N whose natural density is zero forms a non-trivial admissible

ideal}.

Definition 2 [11]. Consider a non-empty set S. A family of subsets F, which is a subset of
the power set P(S), is called a filter on S if and only if the following conditions are satisfied:

(i) The empty set ¢ is not a member of F.
(i) For any subsets U and V in F, their intersection U NV is also included in F.
(ii) If U is a member of F and V is a superset of U, then V is also a member of F.

Now, let T be an admissible ideal. The filter F(I) associated with the ideal T is defined as
FI)={S\U:U e1}.

Definition 3 [9]. A real sequence () is said to be statistically convergent to £ € R provided
that for each € > 0 we have

1
lim —‘{kﬁm:|xk—€|26}|:0, m € N.
m—o00 M

Definition 4 [11]. A real sequence (x,,) is said to be Z-convergent to ¢ € R, if for every e > 0,
we have
{meN: |z, - >c} €.
The usual convergence of sequences is a special case of I-convergence (Z=I¢-the ideal of all fimite
subsets of N). The statistical convergence of sequences is also a special case of I-convergence. In

this case,
ANn{l,2,..
I:IdZ{AQN:lim [An{l2 ,m}|:0}’

m—00 m

where |A| is the cardinality of the set A.
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Definition 5 [18]. A real sequence (x,,) is said to be I-statistically convergent to £ € R, if for
every € > 0, and every § > 0,

1
{mGN:—szgm: |lwp — 0] > €} 25} el
m
For T =TIy, I-statistical convergence coincides with statistical convergence.

Definition 6 [12]. Let P be a o-algebra on a non-empty set Y. If the set function X on T
satisfies the following axioms, it is referred to be an uncertain measure:

(i) The first axiom, which deals with normality, is: X{Y} = 1;
(ii) The second, which deals with duality, is: X{Z} + X{E} =1 for any E € P;
(#i) The third, which deals with subadditivity, is: for every countable sequence of {Z,,} € P,

(0=

e}

X{Zm ).
1

m=

An uncertainty space is denoted by the triplet (Y,P,X), and an event is denoted by each member
= in P. For an uncertain measure of a compound event, Liu defines a product uncertain measure

as follows:

x{ HET} - R Y{E, 1.

r=1

Definition 7 [15]. A complex uncertain variable is represented by a variable  in the uncer-
tainty space (T, P, X) if and only if both its real part & and imaginary part n are uncertain variables.
Here, £ and n correspond to the real and imaginary components of the complex variable ¢ = & + in,
respectively.

Definition 8 [1]. A complex uncertain sequence ((p,) is said to be convergent in measure to ¢
if for every e > 0,

Tim X{[¢n(0) — (o)l > £} = 0.

Definition 9 [22]. A complex uncertain sequence ((,) is said to be statistically convergent in
measure to ( if for any given positive values of €,6, we have

lim —|{k < m: X(|G(e) ~ (o) =€) > 6} =0

m—oo m
. SZ\JS
and we write (,, — (.

Definition 10. A complex uncertain sequence () is said to be Z-convergent in measure to ¢
if for any given positive values of €,9, we have

{m e N:X(|[¢nle) = (o)l > ) > 6} €T

Ms(Z)

—5C.

and we write

In this paper, Z is taken to be an admissible ideal.
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3. Main results

Definition 11. A complex uncertain sequence ((,,) is considered to be I-statistically conver-

gent in measure to ¢ if, for any given positive values of €,68,v, there exists a set satisfying the
condition

[men: %Hkﬁm:%(!]g‘k(g) —(@ 2 28} 20} e

SZ\JS
This is denoted as Cp, @

Ezample 2. Consider the uncertainty space (Y, P, X) to be {01, 02, -} with power set and
X{T} =1, X{¢} =0 and

3 i 3 < 1
sup ——, if sup —— < -,
pni (2m+ 1) onez 2m+1) 2
3 3 1
X{Z}=4¢1—- sup ——, if sup ——— <=, for m=1,23,...,
=) gmegc (2m +1) gmegc (2m+1) 2
otherwise

57
and (m,(0) (the complex uncertain variables) are defined by

mi, if o=o0m, m=123,...,
Cm(0) = .
0, otherwise

and ¢ = 0. Take 7=7,.
For m > 3 and small positive values of ¢,d, v we get,

[meN: |tk <m:X(IGl) ~ ()l 2 <) 2 5}| > v}
= {meN: _|tk<m:X(e: [6(0) ~ (@) > ) > 5} > v}
:{mEN:%‘{kzgm:X{gk}zﬂ‘ Zv}

:{méN:%Hkﬁm:2kil26}‘21}}6[

Therefore the sequence ((,,) is Z-statistically convergent in measure to .

Mg Mg
Theorem 1. If G —— 5 ¢ and G S— T ¢* then X{¢ = ¢*} = 1.

Proof. Lete,d>0and0<wv<1,then

G:{meN:%‘{kgm:DC(HCk—CH2%)zg}‘<§}69(2),

and
1 . € 1) v
H:{meN.E‘{kgm.DC(HCk—C I 25) 25}\ < g} e F(T).
Since GN H € F(Z) and ¢ ¢ F(Z) this implies GN H # ¢. Let m € GN H. Then

4]

Lk <mex(io-ai25) = )| <2
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and

—Hr=max(lo-c1=3) 23} <

w|c

Therefore

0

1
—(k<mx(lG-¢l=5) =5 o X(NG-¢ 12

| >

}‘<v<1.

DO ™

Thus there exists some k < m such that

(iG> ) <3

[N

and (|G ¢ = 5) <

Therefore
< 0.

N~——

(I = ¢z 2) <%l = ¢l = 5) +x (e - ¢l = 5

Hence we get the result. O

Theorem 2. FElementary properties are valid:

Ms (T M
(1) Gn s ¢ = g —¢ B,
M. ]M
(i) ¢ 5 S( ) —5( = cm —@»cg, where ¢ € C;
SJVIS( ) JVI (I) N SJVI ( ) ‘.
(iii) Cm4>C de4>C =>Cm+Cm—>C+C
v) ¢ 1s(7) SMs (T)

—HCandC;;——%C*sz Cn — b ¢ - ¢

Proof. Lete, dv beany positive real numbers. For (i), (ii), the proofs are straight forward
and so omitted.
(7i2) It is obvious from the inequality

(G + ) = € +¢M =€) <x(lge— ¢l = 5) +x(liGi = ¢l = 5).
We have
{k<m:x(l(G -0+ (G - >e) >0}
cle<m:x(la-cz2) = S ufk<mex(ig-c1>5)>

| >,
—

Therefore

[meN: J|{k<m:X(IG+G) ~ (C+C) 2 ) =5} > v}
1)
323}

>
oz)er

| \/

c{men: —[{r<m:x(lG-¢I> )
>

u{meN: %Hk gm:f)C(HC,’;—(*H > %)

| <

This implies
SMs (I
G+ G — > (+ (.

(tv) The reason it was left out was because it was equivalent to the proof of (iii) above. O



74 A. Halder and S. Debnath

Theorem 3. If the complex uncertain sequences (Gn), (CF) are I-statistically convergent in
measure to ¢ and (*, respectively, and there exist positive numbers p1,p,q1, and q such that
p1 < |Gl Il < p and i < |IGL1 1Y < g for any n, then

(1) (GnC}h,) is Z-statistically convergent in measure to (C*.
(i3) (Cm/C,) is I-statistically convergent in measure to ¢/C*.

Proof. Let ((n), (¢}) are Z-statistically convergent in measure to ¢ and (*, respectively,
where ((,,), (¢,) both are complex uncertain sequences. For p, ¢ > 0 and any given positive values

of £,6,v, we obtain
(e ez x(mciz £) 2 3}z ) ex

rems Hrsme 3(i-c12 £) 2 5 2] ez

Now
X (UemGn = ¢l = ) = X(GmG = G + G = CC*ll 2 €)
< X(IGmGh = Gn€*ll = 5 ) + 2 (lGn€™ = 71l > 5)
<x(pllc, - ¢l = 5) +x(qucm SIES)
= X(6nGh = <¢ll =€) < X6 =€l = 57) +X(1lom <l = 57)-
Then for small number § > 0,
{k <m X166 - ¢l 2 2) = 6}
c {kzmix(lg - ¢z o) 2 gpo{k<mx(le <l = ) = 5}
= [{k<m:X(GG -l 2 0) > )]

0

< {{kemix(G -z o)z g+ o {b<mix(lo-clz ) 2 3]

For small number v > 0,

{meN; l{{kgm:qugkgg—gg*” >¢e) >4} zv}

c {men: <—H/<:<m x (i - gu_Qp)>5}

U{mGN:EHkgm:mek—CHZ@)Zg}‘ }

Hence the sequence ((;,(,) converges Z-statistical in measure to (¢*.

(71) It was left out because it is similar to the (i) proof above. O
M(1) SMs (T)
Theorem 4. If a sequence ((p,) 18 (G ——— € then it is (p ——— (.

Proof. Itisevidently true. O
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But in general, the converse may not be true.

Ezample 3.  Consider the uncertainty space (Y,P,X) to be {01, 09,...} with power set and
X{Y} =1, X{¢} =0 and

sup b if  sup B < 1
X{E}=<¢1- sup b , if  sup mBm <l, for m=1,2,3,...,
QmGEc 2m —|— 1 QmGEc 2m —|— 1 2
= otherwise,
2

where

1, if m=k? keN,

= for m=1,2,3,....
b { 0, otherwise,

Furthermore, (,,(0) (the complex uncertain variables) are defined by

1)i if o=
{(m+ )i, 0= 0om, for m=1,2,3,...,

0, otherwise,

and ¢ = 0. Take Z=1;.
For every positive value of €, we obtain

Y({o€ T onle) — COI = €}) = X(om) = ~Pm_

2m+1
Then P
MPm
{meN:X(lgn — ¢l 2) 20} = {meN: 7=t > 6} ¢ 7y,
Now . X
—|{k < m:X(IGk — ¢l =€) = 6} g%:ﬁ.
Then

{meN:%Hkﬁm:X(HCk—CHza)Zé}‘EU}Q{mEN:%ZU}GIﬁ

Hence the sequence ((,) is not Z-convergent in measure to ¢ = 0 but it is Z-statistically convergent
in measure to ¢ = 0.

SMs ) . SMs (I)
Theorem 5. For any sequence((y,), ¢m — ¢ implies ¢, —— C.

Proof. Let(y, —S—Aig“ Then for each £, > 0

tim | {k < m: X(G— ¢l > €) > 6} =0

m—r 00

So for every v > 0,

{meN:%HkSm:X(HCk—CH25)25}‘21)}



76 A. Halder and S. Debnath

is a finite set and since Z is an admissible ideal, it must belong to Z. Hence

S]MS (I)

But in general, the converse may not hold. O
Ezample 4. Let
o0
N=|]JD;,
j=1

where

D; = {Qj_lk : 2 does not divide k, k € N}

be the decomposition of N such that each D; is infimite and D; N Dy, = ¢, for j # k. Let T be
the class of all subsets of N that can intersect only fimite number of D;’s. Then Z is a nontrivial
admissible ideal of N [11].

Now we consider the uncertainty space (T, P, X) to be {01, 02, ...} with power set and X{Y} = 1,
X{¢p} =0 and

1
sSup /Bma if sup 5m <3
QmEE QmEE 21
x{E} = 11— sup /Bma if sup 5771 < 5
omEES omEES 2
3’ otherwise,
where 1
= ——, |if eD; f =1,2,3,....
Bm T if m ;i for m

Furthermore, ¢,,(0) (the complex uncertain variables) are defined by

1 it 0= o,
Cm(@):{(m+ " - for -m=1,2,3,...,

0, otherwise,

and ¢ =0.
For m € N~ D; and any positive number ¢, we have

X({o€T:llGm(e) = (o)l > €}) = X(om) = Bm-

Then 1
lim —|{k <m:X(||¢s —¢|| > &) >6}] #0.

m—oo m
Thus the sequence ((,,) is not statistically convergent in measure to ¢ = 0.
Again
{meN:X(||¢Gn—(l|>e) >} ={meN: 5, >0} €.

Therefore the sequence ((,,) is Z-convergent in measure to ¢ = 0. By Theorem 4, the sequence ()
is Z-statistically convergent in measure to ¢ = 0.

Theorem 6. ((,,) is Z-statistically convergent in measure to ¢ if each of its subsequences is
I-statistically convergent in measure to .
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P roof. Assume that () does not Z-statistically convergent in measure to . Consequently,
there are positive constants €, d, v such that

A= {mEN:%Hkﬁm:%(\\(k(g)—((g)” >e) > 6} ZU} ¢ 7.

As 7 is an admissible ideal, it implies that the set A must be infinite.

Let A={m3 <mi <---<my <---}. Let (} = (m,, k € N. Then ({})ren is a subsequence
of () which is not Z-statistical convergent in measure to ¢, we have got a contradiction.
But in general, the converse may not hold.

Ezample 5. Consider the uncertainty space (Y, P, X) to be {01, 02, -} with power set and
X{Y} =1, X{¢} =0 and

1 . 1 1
sup —, if  sup — < =,
om€EE m 1 omEE m 1
X{E}=<¢1— sup —, if sup —<=, for m=1,23,...,
om€=c M om€eZe M 2
otherwise,

55

and (m,(0) (the complex uncertain variables) are defined by

for m=1,2,3,...,

(m + 1)1, if 0=0,-k2, k€N,
0, otherwise,

and ¢ = 0. Take Z=1,.
Clearly, the sequence ((,,) is Z-statistically convergent in measure to ¢ = 0. But the subsequence
(Gm=i2), k € N is not Z-statistically convergent in measure to ¢ = 0.

Definition 12. A complex uncertain sequence, denoted as ((y,), is called Z-statistically Cauchy
sequence in measure if, for any given & and § (both greater than zero), there exists a natural number
myg such that, for any v > 0, we have

[meN: Z|{k<m:X(IG(0) ~ o) 2€) > 6} >v} e T

Theorem 7. A complex uncertain sequence ((y,) is Z-statistically Cauchy sequence in measure
if it is I-statistically convergent in measure to (.

P roof. Let the complex uncertain sequence ((,,) be Z-statistically convergent in measure to
(. Then for 0 < v < 1 and every positive number ¢, d, we have

fmens fremix(ia-a25) >3}

Then for 0 < v < 1,
G:{meN:%Hkgm:fx(H(k—gﬂ2%)zg}‘<v}eﬁ"(1).

Since G € F(Z) and ¢ ¢ F(Z), so G # ¢. Let m € G. Then

lh<mx(lG—cl=5) =2} <v<n

i
m
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So, there exists some my < m such that

X (1iGma = €1l = 5) <

l\?lQn

We have

| >,
—

{k<m:2X(IGe = Gnoll > ©) =0} < {k<m:X(llGe = ¢l > 5) =
which implies
{men: —Hk<m Xk = Gmoll = €) > Hz v}
cfmen Hfrzmin(a-a29)z Pz} e

Hence the sequence ((,,) is Z-statistically Cauchy sequence in measure. U

But in general, the converse may not hold.

Ezample 6. Consider the uncertainty space (Y, P, X) to be equivalent to set of real number R
with Z,, = (m,00), for m =1,2,3,... and

0, if 2= ¢ or Z is upper bounded,
- 1 . - -
X{=} = 2 if both Z and Z¢ are upper unbounded,
1, if Z2=7 or =€ is upper bounded.

Furthermore, (,,(0) (the complex uncertain variables) are defined by

i, if o€z,
= for m=1,2,3,...,
o) {0, it 0¢Zm,

and ¢ = 0. Take Z=7Z,;. Now

{QGTJMMQ—QMQWZE}:{zmm% £ 0<esy,
= x({eeT-Hcm< ) = Cmp(0)[| = €}) =0

— lm —\{k<m X(II¢k = Gmoll = €) = 8}| = 0.

Therefore
[meN: Lk <m: X6~ Gull 20) 2 5} 20} e
Again,
X({e€ T :[[Gnle) — ¢l = e}) = X(Em) = 1.
So,
W}gnmﬁ{mm X(lIGk = ¢ll = &) = a}| #0.
Therefore

[meN: _|{k<m:2(lG—Cl =) > 6} >0} ¢ T

Hence the sequence ((,,) is not Z-statistically convergent in measure to ¢ = 0 but it is Z-statistically
Cauchy sequence in measure.



Z-Statistical Convergence in Measure 79

4. Conclusion

This paper mainly contributes to the study of Z-statistical convergence in measure of complex

uncertain sequences, by establishing some of its properties. Also, we define Z-statistical Cauchy
sequence in measure and study the relationship among them. It is possible to generalize and apply
these concepts and results to future research in this area.
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