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Abstract: This paper continues the joint work [2] of the author with P. Jones. We describe all finitely
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Introduction

In [2] the characterization of nilsemigroups with distributive and modular congruence lattices
had been obtained. The basic notion in that result was the width of a semigroup, considered as
a poset under division. Recall that the width of a poset is the maximal integer n such that the
poset contains an antichain of n elements. It was proved in [2] that the congruence lattice of a
nilsemigroup is distributive [modular and not distributive] if and only if it has the width 1 [the
width 2].

A poset of the width 1 is a chain. Semigroups, whose congruence lattice form a chain, were
investigated in the works [1, 3, 4]. There is no complete classification for such semigroups, in
the same time some important cases (finite semigroups, commutative semigroups, permutative
semigroups) were considered. It is known that finitely generated nilsemigroups whose congruence
lattices form a chain are cyclic nilsemigroups. Thus we have a description of finitely generated
nilsemigroups with distributive congruence lattices.

In this paper we describe all finitely generated nilsemigroups with the modular congruence
lattice up to isomorphism or dual isomorphism. The set of all such semigroups has been splited
into series (almost all of them are infinite), each of them has 4 or less natural parameters. The list
of all series is given in the table below.

We prove the following theorem:

Theorem 1. Let S be a finitely generated nilsemigroup. Then the following are equivalent:
a) Con S is modular and not distributive;

b) S is generated by two elements a and b and the poset {aQ,ab, ba, b2} under division has the
width 2;

c) S is isomorphic or dually isomorphic to a suitable semigroup in the following table:
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N | Name Presentation Restrictions

1 | A(n) a’? =ab=ba=0b? a" =0 n =2

2 | Bi(n) a>=ab="0%a"=0 n =3

3 | Bai(m,n) a’? =%, ab=ba, a™ = ba" =0 m>=3,n>2|m-n|=1

4 | Baa(m,n) a? = b2, ab = ba, a™ = ba™ 1, | n>m>3
a” =0

5 | Bsi(m,n) a’ =ab=ba, a™ = b" n>m>=3

6 | Bsa2(m,n) a’>=ab="ba,a™=b"=0 m=23,n=2m—1,n#m

7 | Bss(m,k) a2:ab—baa =", aF =0 k>m>3

8 | Bai(m,n) a? = ab, b*> = ba, a™ = b" = lm —n|=1;m,n >3

9 Bya(m,n) a’® = ab, b*> = ba, am—bm,ak:O k>m>3

10 | Cy azzab, bg—ba—()

11 | Cy a’=0b>=ab, ba =0

12 | Cs a’=b=ab=0

13 | C4 a’=b* ab=ba =0

14 | C5 a’>=ab="ba, b>=0

15 | Cg ab="ba, a’>=b>=0

16 | C7.1(n) a?> = ab=ba = b" n>3

17 | C72(n) a2=ab=ba=b"=0 n>3

18 | Di1(m,n) b2 =ba =a™ = a"b m>=3, m—-—1>n>2

19 Dl.g(m,n) b =ba =a "h =0 m>=>n = 2 m =3

20 | Da1(m,n, k) ab=ba=a n—pk =0 n>m>=3,k>3n<k(m-1)+1

21 | Dasa(m,n, k) ab = ba = a™, a" = b =0, | mk>=3,m<n-2<(k—1)(m—
a" ' = ) n#m-1)(k-1)+1

22 | Dy3(m,n,q) ab =ba = a™, a1 = pi, g" = >3,q=>2,n>(m—1)g+1
0

23 | D3i(m,n, k) ab=ba, b> =a™, a" = a*b =0 m>=23 k=22 k+m=>2n>k,

nzm+1

24 | D3a(n,k,q) ab="ba, > =a?F ¢ =¢fb=|n>3, k=2, n>kn>2n—2k+
0, a?t"=k = q4p LLk>qg>2

25 | D3 s(m,n,k,q) ab =ba, > = a™, a"FTC =qal, |m >3,k >2 k+m >n >k,
" =akb=0 k< min(n—k+q,q+m), k > q > 2

26 | Dy(n) ba = b", a® = ab n=3

27 | E11(m,n, k) b2 =ba =a™b, a* = a"b =0 m=22,2m>=>2k>m,n>k,n>3

28 | E12(m,n, k) b2 = ba = a™b, " = aFb m=22,2m=2k>2mn>k n>3

29 | Ey1(m) a2 =02 = (ab)2 = (ba)2 =0 m >3

30 EQ.Q(m) 2 - b2 = (ab)% =0 m >3

31 | Ep3(m) a? =0 = (ab)2, (ba)2 =0 m >3

32 | E2.4(m) a2 = b = (ab)z = (ba)z, | m>3
(ba " =0

33 | Ea5(m) a2 =0 = (ab)2, (ba)2 =0 >3, m is odd

34 | Eae(m) a? B2 = (ab)%, (ab)™> = >3
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N | Name Presentation Restrictions

35 | Es1(n,m) ab=ba =a" = b™ n,m =3

36 | Es2(n,m) ab=ba=a"=0"=0 n,m =3

37 | Ea =% ba=0

38 | E5.1(m,n, k) ab=ba, b> =a"b, a" = a*b =0 n>k>m2>2

39 | Es2(m,n,k,q) ab=ba, b> =a™b, a" FTU =alb, |n>k>m>2,n>3 n—k#m,
ab=a"=0 k<min(n —k+q,q+m), g =2

40 | Es3(m,n,q) ab="ba,b> =a"b,a" =0,a" = n>m>=2,n>3,¢>2
alb

41 | Eg1 a’ = ab, b’ = ba®

42 E6.2 a2 = ab, b2 =0

43 | E7(n) a’ =ab, ba=0,b" =0 n>3

44 | G(m,n) ab=a™, ba = b" m,n >3

45 | Hy1(m,n, k) ba=a"b, 0> =a", " N =d"b=0n>k>m>2

46 | Hi2(m,n, k) ba = a™b, b® = " = dF b, [n>k>m>2
a"tl =adfb=0

A7 | Haq(m,n, k,l) b2 =ba™, ab = a", aF = ba' =0 m>=22k>n>m+1, m+n>=

k=l>m

48 | Hoa(m,n, k,l) ¥ =0ba" ab=a", " T =bd" L, |m=>2k>n>m+1, m+n>
a® =bal =0 kzl>m k#l+n—-1

49 | Ha3(m,n,k,q) W =ba" ab=a", a9 L =ba?, [ m=2,n>m+1, m+n>k>
a* =bal =0 qg+n—1

50 | Hyu(m, k,1) V=ba", ab=a", dF=badd =0 | m>2,k>1>m+1

51 | Hos(m,k,1) V2= bam, ab = "L dF T =m>2,k>m+1, k>1>m,
ba'~!, a* =bal =0 kE#l+m

52 | Hag(m,k,q) b =ba", ab=a™" a?T =bal, | m=2,n>m, k>q+n—1,q¢>2
ak =

53 | I1.1(n) a® = (ab) T 0= ba)%n n =2

54 | I12(n) a? = (ba) T3 b2 = (ab 3 n=>1

55 Il_g(n) a®> = (ba) 2n2+1, 2 = (ab)%i;rl7 n>1
(ab) 2™ = (ba) ™2~ =0

56 | I1.a(n,m, k) a2 = (ab)"2, 2 = (ba)"2, | n>1,km>2n+1, |k—m|<1
(ab)% = (ba)? =0

57 | Jii(n,m) ab=ba =a™, b> =a" m>=3,2m—-2>n>m

58 | Ji2(n,m) ab=ba=am b>=a"=0 m>=3,2m—-2>n>m

59 | Jy3(m,k) ab=ba=a", > =a*"2%d"=0 | m>3,k>2m—2

60 | Jo(n) ¥=a", ab=ba=a""1=0 n>3

61 | Js(n) b’ =ab=a", ba=a"" =0 n>=3

62 | Ja(n) ab=a", b’> =ba =a""!1 =0 n =3

63 | Li(n,m) b =a™, ba" =0, ab=0 mz23,m+1>2n2=2

64 | La1(n,m) ba =a™, " =ab=0 m>=3,n>=3

65 | Loo(n,m) ba=am=b"""1 " =p"=0 m>3,n>4

66 | L3.1(m,k,n) ab=a"™, b* =d*, ba"T =0 E>m>3k#A2m -2, k>n>

k—m
67 | Lza(m,k,q) ab=a", b> = da* = bal k>m>=23, k#2m—-2k>q>

k—m+1
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N | Name Presentation Restrictions
68 | L3s(m,k,q) ab=a™, b> = a¥, a9 = bad kE>m>3k#2m—2,k—m+1 >
q=2k—2m+2
69 | L3.4(m,n,l) ab=a", > =a"2 bdl=a"=0|m=>=3,1>m—-1,14+m>n >
2m —1
70 | Lss(m,n,l) ab=a", b =a>"2bd=a"=|m=>=3,1>m—-1,1+m>n>
0, a" ! = ba!! 2m — 1
71 | Lsg(m,n,q) ab=a™ b’ =ba® 2, = | m>2¢g>2n>qg+m
ba?, a™ =0
72 | Ls7(m,l, k,n) ab=am, b> =bd, a" =ba* =0 2m—12n=2k>1>m>3

73 | Lsg(m,l, k,n) ab=a", b0 =bd, a" =ba* =0, | 2m—1>n>k>l>m>3

74 | Lsg(m,l,q,n) ab = a™, b = bd, o = 0, |2m—1>n>l>m>3,q>2
baltm=1 = pad

75 | Lgio(m,n, k) ab=a",b* =0, a" = ba* = n>m=23,m+k=2n>k>2

76 | L311(m,n, k) ab = a™, b> =0, a" = baF = 0, n>m>3,m+k2n2k>2
an—lzbak—l

7 L3.12(m7n7Q) ab:ama b2207 anzoa aq—‘rm—l: n>m>3’q22
ba?

78 | Nii(m,l,n, k) b2 = a™b, ba = a'b, a" = aFb =0 n=>kz2l>m>=22 m+1 >k,

2m > [

79 | Niao(m,l,n, k) V=amb,ba=db a"=adfb=0,n>k>1>m>2 m+1>Ek,

a" ! =aF 1 2m > 1

80 | Nai(m,l,n, k) ba =a™b, b> =a'b, a" =adfb=0 nzkz2l>m>=22 m+1>k

81 | Nao(m,l,n, k) ba =a"b, 0> =afb, a" =d'b=0, | n>k>l>m>2, m+1>k
n—1 _ kflb

a

82 | Ni(m, k) = (ab)™% b = (ab)? k>2m+1,m>1

83 | N3.2(m, k) = (ab) = (a b)g, o = | k>2m, m>1
ab2 =5 =0

84 | N33(m, k) a = (ab) 2, b = (ab)g = (ba)? | k>2m,m>1

85 | N3.a(m, k) a* = (ab)™2 2m+1 v o= (ab)g, k>2m, m>1
(ba)? =0

86 | N35(m,k,n,l) a? = (ab)m+1 v = (ba)%2+1 k>m,m>1,nl>k n—1I<1
(ab)s = (ba)2 =0

87 | Nyg(m,n,1) a? = @)=, B = (ab)? = |m>1,nl>m |n—1 <1
(ba)z =0

88 | Ny-(m) a? = (ba)%, b2 = (ba)"2" m>3

89 | N3g(m) a2 =(ab)z, b2 =0 m >3

90 | N3g(m) a? ab)% = (ba)%7 b2 = n>3

91 | Ny(m,n) ab=a"=b",ba=0 m,n >3

We show later that every row in this table, with some constants fixed, gives us exactly one
semigroup up to isomorphism or dually isomorphism. Some rows have no parameters, which means
that such rows defines only one finite semigroup.

Let us note that any two semigroups in this table are not isomorphic and are not dually
isomorphic. Indeed, every nilsemigroup has exactly one basis, i.e. a minimal set of generators.
Every generator is a maximal element under division order <. Conversely, every maximal element
of (S, <) is an element of any basis. So, the set of maximal elements is the unique basis of S. Then
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every automorphism of S maps the basis onto itself, which means that it preserves the presentation
of S. All semigroups in the table have distinct presentations, that can be revised by a careful check.

It is easy to check that all semigroups in this table have a width 2. It gives us the implication
from c) to a). The implication from a) to b) is proved in [2]. The rest of the paper is directed to
prove that b) leads c).

Theorem 1 provides a simple test to determine whether the congruence lattice of a finite nilsemi-
group is modular by checking the condition (b) or by searching the corresponding semigroup in the
Table.

Theorem 1 has an important corollary for the class of nilpotent semigroups. Every nilpotent
semigroup S satisfy the ascending chain condition under <. Then S has a basis, which consists
of maximal elements of S under <. This basis form an antichain, so by result of [2], it has 1 or 2
elements. From Theorem 1 we have the following corollary:

Corollary 1. Every nilpotent semigroup with modular congruence lattice is finite. It is iso-
morphic or dually isomorphic to a suitable semigroup in the Table.

1. Preliminaries

We consider the division relation < on a semigroup S defined as a < b iff there exist s,t € S*
such that b = sat. Since every nilsemigroup is _¢-trivial, the relation < is an order relation on a
nilsemigroup.

Our starting point is the following statements that was proved in [1] as Corollary 2.

Proposition 1. Let S be a nilsemigroup such that ConS is modular. If S is finitely gener-
ated, then it is finite. If S is not cyclic, then it is generated by two elements a,b and the poset
{a?, ab,ba,b*} has width at most two.

We assume further in the paper that S is a finite nilsemigroup generated by two distinct elements
a and b.

We say that an element x € S is an atom, if x covers 0, i.e. > 0 and, for every z € S, the
condition 0 < z < « implies z = x. Put

x> y iff there exist s,t € S' such that y = szt and st # 1.

The relation > on S is antisymmetric and transitive. It is easy to see that, for z,y € S, x > y
implies x > y, and x > y implies x > y (the converse is false, since 0 > 0, but 0 % 0).

Lemma 1. 1) An element x € S is equal to zero if and only if x > x.

2) For every s € S either s = s'a or s = s'b for some s’ € S*.

3) For every t € S either t = at’ ort = bt’ for some t' € S*.

4) If x € S satisfies za = ax = xb = bx = 0, then = is an atom or a zero.

The proof is obvious.
Let u be a word of n letters. Define un for 0 < p <n—1 as a p-element prefix of u. For an

p mod n

arbitrary positive integer p, put un = wlP/"y "%

Lemma 2. Let c,d be letters and let p be a positive integer. Then:
p—1

1) (ed)? = e(de)’z .

2) cd)%c, if p is odd.

cd p;zld, if p is even.
§ = (cd)™", if p is odd.
= (cd)™2"

cd) =, if p is even.

Q Q
SHRSE

[SIiSI TSI TSR T SR N
Il
— N N

—~ T~
Q
S
~— — ~— —

3)
4)
9)
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The proof is obvious.

Lemma 3. 1) If a®> < ab, then either a®> < b* or a? < ba.
2) If ba < ab, then either ba < a® or ba < b?.

3) If a®> > b > ab, ba # b* and ab # 0, then ab < ba.

4) If a®> > ab > b?, ba # ab and b* # 0, then b* < ba.

5) If a®> > ab > ba and ba # 0, then b* > ba.

Proof 1) Let a®> <ab. Then a? = sabt for some s,t € S*. If s = s'a for some s’ € S*, then
a® < a?, which implies a®> = 0 < b?. If s = s'b for some s’ € S, then a? = s'babt and a® < ba. Let
s =1 and a? = abt. If t = at’ for some t' € S, then a? < ba. If t = bt’ for some t' € S, then
a’ < b2

2) The proof is similar to 1).

3) If a® > b2, then b = sa’t for some s,t € S'. If s = s'b for some s’ € S', then b? < ba, a
contradiction. If ¢ = bt’ for some t' € S, then b? < ab, a contradiction. So b = a* for some k > 3.
Then ab < b? = a¥, so ab = ua®v for some u,v € S'. If u = v'a or v = av’ for some u',v' € S,
then ab < a**! = ab?, i.e. ab = 0, a contradiction. If v = bv’ for some v’ € S', then ab < ab and
ab=0. If w = u'b for some « € S, then ba > ab.

4) If a®> > ab, then ab = sa?t for some s,t € S'. If s = s'b for some s’ € S, then ab < ba, a
contradiction. If t = bt’ for some ¢ € S', then ab = 0, contrary to ab > b?. So ab = a* for some
k > 3. Then b* < ab = a*, so b*> = wa*v for some u,v € S'. If u = v'a or v = av’ for some
o, v € S, then ab < o' = aba, i.e. ab < b?, a contradiction. If v = b’ for some v/ € S, then
b? < aFb = ab?® and b = 0, a contradiction. If u = u'b for some v’ € S*, then ba > b

5) If a®> > ab, then ab = sa’t for some s,t € S'. If s = s'b for some s’ € S!, then ab < ba, a
contradiction. If ¢ = bt’ for some t’ € S, then ab = 0, contrary to ab > ba. So ab = a* for some
k > 3. Then ba < ab = a*, so ba = ua*v for some u,v € S'. If u = v'a or v = av’ for some
u',v" € ST, then ba < aF*! = aba < ba, i.e. ba = 0, a contradiction. If v = b’ for some v/ € S!,
then ba < afb = ab? < b2. If u = u'b for some ' € S, then ba < ba, which means ba = 0, a
contradiction. O

2. Finite nilsemigroups of width 2

The elements a?, ab, ba, b?> form a subposet of S. This subposet has no more than 4 elements
and has no antichains with 3 elements. We enumerate all such posets in the following list.

LY AL

A B C

VLAY

For each poset A-Q we examine all possibilities of mapping the set {a?,b?, ab,ba} onto the
poset. We consider two cases be equal if one of them can be obtained from another either by
replacing a to b and vice versa or by replacing ab to ba and vice versa. Indeed, these cases give
us isomorphic or dually isomorphic semigroups. Some cases are forbidden by Lemma 3, we don’t
mention them.
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Let us note that in cases B, D, F, G, H, I, K, M, O the elements a2, b?, ab, ba are not equal
to zero, since every element of a nilsemigroup divides zero.

Series A. a? = b?> = ab = ba. Then every element of S, except b, can be written as a? for some
positive p. Let n be the least positive integer such that ™ = 0. Then S = A(n).

Series B. The following cases are possible:

a?=0b2=ab ba a? =02 ab = ba
B1 B2

a?=ab=ba b2 a? = ab b2 = ba
B3 B4

Case B1. Let = be an element of S. If a or b? is a left divisor for x, then x = a” for some p. If
ba? is a left divisor for , then z = aP for some p, since ba? = b3. So, every element of S, except b
and ba, can be written as a” for some p. Let n be the least positive integer such that a™ = 0. We
obtain the semigroup Bj(n).

Case B2. It is easy to show that every element can be written as aP or ba? for some p > 0. Let
n and [ be the least positive integers such that ™ = ba! = 0. Then |n —I|<1landn >3,1> 2. If
|n — 1] =1, then S = By 1(n,l).

Let a™ = ba™~! for some m > 3. Then a” = ba?~! for all p > m. Let n be the least positive
integer such that a™ = 0. We obtain the semigroup Bz a(m,n).

Case B3. In this case every element can be written as ab?~! or b for some p > 1. Let m
be the least positive integer such that ab™ ! = b” for some n > 3, m > 3 and n > m — 1. The
following cases are possible:

Case B3.1 m # n. Then ab™ = a(ab™ 1) = ab", so ab™ = 0. The element ab™ ! = b" is a
single atom or a zero. Then S = Bs1(m,n) or S = Bsa(m,n) respectively.

Case B3.2. m = n. Then ab?~! = b? for all p > m. Let k be the least positive integer such
that b¥ = 0. We have that S = Bs3(m, k).

Case B4. In this case every element can be written as ab?~! = a” or b? for some p > 0. Let m
and n be the least positive integers such that a™ = b™. If m < n then a™ < ba™ = b < b, so
a®=b"=0andn=m+1. If m > n, then " <ab™ = a"t! <a™,s0a™ =b" =0and m = n+ 1.
We got [m —n| =1and S = Byj. If m =n, then a? = 0P for all p > n. Let k be the least positive
integer such that a¥ = 0. We deduce that S = Byo(m, k).

Series C. The following cases are possible:

a’> =ab a’>=b>=ab ba
IbQ = ba Iba IaQ =b%>=ab
C1 C2 C3
a® =b? a’ =ab=ba ab = ba b2
Iab:ba IbQ LZQ = b? Ia2 =ab=ba
C4 C5 Cé6 Cc7

Case C1. Since b? < a?, we have b> = sa?t for some s,t € S'. If s = s’a for some s’ € S', then
ba = b? = s'a®t = s'abat, which means that ba > ba, so b*> = 0. Cases s = s'b and t = at’ for some
s',t' € S! are similar. If t = bt’ for some t' € S', then ba = sa?bt’ = sa3t’ = sabat’, which implies
ba > ba. So, b> = ba = 0.
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An element a? is a single atom. Indeed, a?b = a® = aba = 0 and ba® = 0. Then S = C}.

Case C2. Since ba < a?, then ba = sa®t for some s,t € S*. If s = s’a for some s’ € S', then
ba = s'a’t = s'abat, which impies ba = 0. Cases s = s'b, t = bt’ and t = at’ for some s',t' € S' are
similar. So, ba = 0.

An element a? is a single atom. Indeed, a?b = a® = aba = 0 and ba? = 0. Then S = Cs.

Case C3. By the same arguments as before, we have a?> = b?> = ab = 0. The element ba is a
single atom. Then S = Cs.

Case C4. Using arguments of case C1, we have ab = ba = 0. The element a? = b? is a single
atom. Then S = (4.

Case C5. Using arguments of case C2, we have b> = 0. The element a? = ab = ba is a single
atom. Then S = (5.

Case C6. Using arguments of case C2, we have a®> = b*> = 0. The element ab = ba is a single
atom. Then § = Cg.

Case C7. We have a® = ab = ba = b" for some n > 3. The element a? is an atom or a zero,
since ab? = ba? = a’b = a® = ab¥ < ab®. If a? is an atom, then S = C71(n). If a® is a zero, then
S = 07‘2(n).

Series D. The following cases are possible:

a’ eab a® ob? a? b2
IbQ = ba Iab:ba Ib2 eab = ba Iba ea? = ab
D1 D2 D3 D4

ab = ba b? = ba b2 =ba a’ =b?
Ia2 o2 Iab oa? ICLQ eab Iab eba

D5 D6 D7 D8

Case D1. We have b < a2, so b®> = ba = sa’t for some s,t € S'. If s = s'b or t = bt’ for
some s',t' € S', then ba < ab or ba < ba, a contradiction. So, b?> = ba = a™ for some m > 3. The
element a™*! = ba? = b?a = ba™ = o> ! with m # 2 divides itself, which implies that it is a
zero. The elements bab = b = b%a and aba = ™! are also equal to zero, which means that ba is
an atom. The element a™~'b is an atom or a zero.

Every element of S can be written as a? or a?~'b for some p < m. Let ¢ >1and 1 <n <m
be the least positive integers such that a? = a™b. If ¢ < m, then a™ = a%a™ % = a"ba™ "1 =
aa™a™ 1l < a™, so a™ = ba = 0, a contradiction. If ¢ = m, then a"*'b =a™! =0, so a™ is a
single atom and S = Dy 1(m,n). If ¢ > m, then a"b =0 and S = Dy 9(m,n).

Case D2. We have ab < a?, so ab = ba = sa?t for some s,t € S'. If s = s’b or t = bt’ for some
s',t' € S', then ba < ab, a contradiction. So, ab = ba = a™ for some m > 3. Then every element
of S can be written as aP or bP for some p. Let n and k be the least positive integers such that
a”=0and b* =0. Then n < k(m —1) +1 and k > 3.

If a? = b7 implies a? = 0, then S = Dy 1(m,n,k). Let p,q be the least positive integers such
that a? = b? # 0. Then a?*! = bla = o™ Da+! If p £ (m — 1)q, then a”*!' =0 and p+ 1 = n,
¢+ 1 = k. In this case S = Dyo(m,n, k). If p = (m — 1)q, then a"™= Y = b for all r > p, so
k=[n/(m—1)] and S = Dy 3(m,n,q).

Case D3. We have b> = a™ for some m > 3. Every element of S can be written in the form
aP or aPb for some p. Let n be the least positive integer such that a™ = 0 and let k£ be the least
positive integer such that a*b = 0. Since a*b? = a**™, we have k+m >n > k.



60 Alexander Popovich

If a? = a%b for some p,q implies a? = 0, then S = D3 1(m,n, k). Let p,q be the least positive
integers such that a? = a%b # 0. Then ap” = a97"}b for all r > 0, which implies n —p = k — ¢, so
p=n—k+q. We have a?b = a9b? = a9, so either ¢ + m —p = p — q or aP’b = 0. In the former
case p = ¢+m/2 and m = 2(n — k), whence S = D3 2(n, k,q). In the latter case k < min(p, g+ m)
and S = D3 3(m,n, k,q).

Case D4. We have ba = b for some n > 3. Then bba = b"T1 = bab = baa = b"a = b2"_1<b”+1,
so bba = bab = baa = 0. Also a® = aba = ab” = a"! < a?, so aba = 0. We got that ba is an atom.
The element a? is also an atom, because ba’? = 0, a® = a?b = 0. Elements of S are equal to a, or
to a2, or to b’ for i = 1...n. We got a semigroup Dy(n).

Case D5. We have a? < ab = ba, so a® = sabt for some s,t € S'. If s = s’a or t = at’ for some
st € 81, then a? < a® and a® = 0 < b?, a contradiction. If s = §'b or t = bt’ for some s',t' € S,
then a? < b2, a contradiction.

Case D6. We have ab < a® = b?, so ab = sa’t for some s,t € S'. If s = s’a or t = bt’ for some
s’ t' € S', then ab < ab and ab = 0 < ba, a contradiction. If s = s'b or t = at’ for some s',t' € S*,
then ab < ba, a contradiction.

Case D7. We have a® < b%, so a® = sb?t for some s,t € S1. If s = s'a for some s’ € S!, then
a®? < ab, a contradiction. If s = s’b for some s’ € S', then a? = s'b3t = s’babt < ab, a contradiction.
Let s = 1. If t = at’ or t = bt’ for some t' € S*, then a? = bat’ = b3t = babt’ < ab, a contradiction.

Case D8. We have ab < a?, so ab = sa’t for some s,t € S'. If s = s'a or t = at’ for some
st € S, then ab < a® = ab® < ab a contradiction. If s = s'b or t = bt for some s',t' € S', then
ab < b® = a?b < ab, a contradiction.

Series E. The following cases are possible:

a? ab ab\/ba \/
\/K: ba a2 = b2 ab = ba
El E2
ab a? =02 a? ab="ba ba a? = ab b2 a? =
4

Case E1. We have b? < ab, so b?> = sabt for some s,t € S'. If s =s'bort=at' ort = bt' for
some s',t' € S1, then b < ba = b?, which implies b> = 0. Anyway, there exists m > 2 such that
b?> = ba = a™b. Then every element of the semigroup S can be written as a? or aPb for some p.

Let k and n be the minimal numbers such that a*b = a” = 0. Obviously, n > k and k£ > m.
We have a?™b = a™b? = b3 = b%a = ba™b = b*a™ 'b. Since m # 1, the element b?a divides itself,
which means a®™b = 0 and k < 2m.

If a? = a"b implies a? = 0, then S = E; 1(m,n, k). Let a? = a"b # 0 for some ¢ > r > 0. Then
a" b = a?t! = ¢"ba = a" b < a" b, so a9t = a"T1b = 0, which means ¢ =n —1 and r = k — 1.
Then S = E1.2(m, n, k‘)

Case E2. We have a? < ab and a? < ba, so a®> = b*> = (ab)"™? or a® = b> = (ba)™/? for some
m > 3. Without loss of generality we suppose that a? = b*> = (ab)”/2. Then every element of S can
be written in the form (ab)?/? or in the form (ba)?/? for some p. The following cases are possible:

Case E2.1. m =2n +1 for some n / 1, so a? = b? = (ab)QnH. Then a® = (ab)%;rla =
(ab) Ta? = (ab)%nb2 = (ab) 2 2 (ab) a3b, so a® = 0. Therefore a2b = b3 = ba?, which means
(ab) SER (ba) 2 Then (ab)2 - (ab) ™2 2"+2 = (ba) 20 = b(ab) 2a2 =0 and, analogously,
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2n+3

(ba)"2 = 0. So, a®b is an atom or a zero. If a®> = a?b = (ba) 0, then S = Ey1(2n+1). If
a? = 0 and (ba)Z # 0, then S = Fyp(2n+1). If a®> # 0 and (ba)? = 0, then S = Ey3(2n + 1).
If a2 = (ba)2 # 0 and a®b = 0, then S = Fyu(2n + 1). If a® # (ba)? and a?b # 0, then
S Eys(2n+1). Ifa®? #0, (ba)z #0, a® # (ba)2 and a®b =0, then S = Eyg(2n +1).

m
2

m
2

Case E2.2. m = 2n for some n > 2, so a? = b*> = (ab)%n. Then a® = a(ab)%n = a?(ba) o
b3(ab)% = ba?’(ba)%, so a®> = 0. From here we obtain ba? = b3 = a?b = (ab)%nb =
(ab) U5 ab? = (ab) e = 0, which means that a? is an atom or a zero. If a> = (ba)2 = 0,
then S = Ey1(2n). If a2 = 0 and (ba)2 # 0, then S = Ey5(2n). If a2 # 0 and (ba)2 = 0, then
S 2 Ey3(2n). If a® = (ba)2 # 0, then S = Ey4(2n). If a® # 0, (ba)Z # 0 and a® # (ba)z, then

S = E2.6(2n).

Case E3. We have ab < a?, whence ab = sa’t for some s,t € S*. If s = s'b or t = bt’ for some
s',t' € S', then ab < ab or ba < ba, which means ab = ba = 0. Anyway, ab = a™ for some m > 3.
Analogously, ab = b" for some n > 3. Every element of the semigroup S can be written in the form
aP or bP for some p. Let n be the least positive integer such that ab = ba = a™ and m be the least
positive integer such that ab = ba = b™. Then aba = a"! = ab™ = a0 ! = ¢?" 1" 2 < " T,
so aba = 0. By the same arguments, abb = 0, which means that ab is either an atom or a zero. If
ab is an atom, S = FE31(n,m). If ab is a zero, S = E39(n,m).

Case E4. We have ba < a? = b?, so ba = sa’t for some s,t € S'. If s = s'a or t = at’ for some
st € S1, then ba < a® = b2a<ba. If s = s'bor t = bt’ for some ', € S, then ba < b® = ba? < ba,
which implies ba = 0. Now we have ab® = a® = b%a = 0, a®b = b3 = ba®? = 0, aba = bab = 0, so the
semigroup S consists only of five elements and S = Ej.

Case E5. We have b? < ab = ba, so b*> = sabt for some s,t € S*. If s = s'b or t = bt’ for some
s',t' € S', then b? < b?, which means b> = 0. Anyway, there exists m such that b> = a™b. Let m
be the minimal integer with such a property.

Every element of S can be written as aP or aPb for a suitable p. Let n and k£ be minimal positive
integers such that a” = 0 and a*b = 0.

If a? = a%b implies a? = 0 for some p, g, then S = E5 1(m,n, k).

Let p,q be the least positive integers such that a? = a% # 0. Then p < n, ¢ < k and
aPt" = a?t7p for all r > 0, so n — p = k — ¢, which means p = n — k + ¢. We have a"*+9 = q9b,
so a"ktap = g9t ™, If n — k # m, then a"*+9h = a9t™b = 0, so k < min(n — k 4+ ¢,¢ +m). In
this case S = F52(m,n,k,q). If n — k =m, then S = FE53(m,n,q).

Case E6. Since a? = ab, every element of S can be written as a? or b%a® for some p. Then
b2 = 0 or b?> = ba” for some n. If n > 3, then b? < a® = ab® < b?, which implies b> = 0. So,
b2 = ba® # 0 or b? = 0.

Let b = ba? # 0. Then a® = ab® = aba® = a*, so a® = 0. Thus, b’a = ba® = 0, b> = ba’b =
ba® = 0 and ab®> = a® = 0, so b? is an atom. Then S = Eg ;. If b*> = 0, then a® = 0. Hence a? and
ba are atoms and S = Fgo.

Case E7. Using the same arguments as in case E6, for some m > 2, we have ba = a™b < a® =
aba < ba, so ba = 0. Let n be the index of b. Then S consist of elements a, a?,b,b?,...,b" 1,0 and

is isomorphic to E7(n).

Series F. The following cases are possible:
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b2 = ba a? =12 ab = ba
a2/\ ab ab/\ba aQ/\ b2
F1 F2 F3
b2 b2
aQ/\ab =ba ba /\a2 =ab
F4 F5

Case F1. We have a? < b? = ba, but a® &£ ab. So, a® # 0 and a® = b*a for some k > 2. These
arguments are true for ab, so ab = bla for some [ > 2. Then a2 > ab or a? < ab, a contradiction.

Case F2. ab < a?, so ab = sa’t for some s,t € S'. If s = s'b for s’ € S, then ab < ba. If
t =bt' for t' € S, then ab < ab. If s = s'a or t = at’ for some s, ¢’ € S, then ab < a® = ab® < ab?.
All the possibilities lead to a contradiction.

Cases F3-F5 are analogous to F1 or F2.

Series G. Only one case is possible:

a? b2
Iab Iba
G1

Case G1. We have ab < a2, so ab = a™ for some m > 3. Similarly, ba = b" for some n > 3.
Then o™t = a?b = aba = ab® = a™b" ' = ® "2 < ™t 50 ™ = a™b = ba™ = 0.
Similarly, 8" ! = bab = b%?a = 0. So, ab and ba are atoms.

Every element of the semigroup S can be written as a” or b? for a suitable p. Let a? = b" for
some ¢ < m and 7 < n. Then a9t = b"a = 0 and a™ = 0, a contradiction. If ¢ = m and r = n, we
have ab = ba, a contradiction. We obtain that S = G;(m,n).

Series H. The following cases are possible:

a’ ab a’® ba a® b?
b2 Nba ab Nb2 abNba
Hi H2 H3

Case H1. We have b < a2, so b?> = a” for n > 3. Since ba < ab and ba ¢ b?, the equality
ba = a™b holds for some n > m > 2. Every element of the semigroup S can be written as a? or aPb
for some p. Now a1 = b2q = ba™b = a™ b2 = a™ " < "1, 50 b2 = "1 = 0, a contradiction.
Therefore b> = ba™ = ™" = 0 and b? is an atom. Let k be the least positive integer such that
a*b = 0. We have a®b =% =0, som < k < n.

If the equality a? = a?b for some p < n and ¢ < k implies a? = 0, then S = Hy 1(m,n, k). Let
aP? = adb for some p < n and ¢ < k. Then a?t'b = aP™ = a%a = a?t™b, so aPt! = 0. If p < n,
then b? = 0, a contradiction. Let p = n and ¢ > m. We have a97'b =0, so ¢ = k — 1. We deduce
S = Hl_g(m, n, k)

Case H2. We have ab = a" for n > 3 and b2 = ba™ for m > 2. Since b2 # ab, then n > m+ 1.
Every element of the semigroup S can be written as aP or ba? for some p.

Let n > m+1. Then ™™™ = aba™ = ab® = a"b = a®>" ! <a™™™, which implies a"*™ = 0. Let k
and [ be the minimal integers such that aF = 0 and ba! = 0. Thereforen < kandm <1 < k < m+n.

If a? = ba? implies a? = 0, then S = Hy1(m,n,k,l). Let a? = ba? # 0. Since ab £ ba, then
p > n. Therefore badt! = aPt! = aba? = a?t™. If p+ 1 # g + n, then a?T' = 0. This implies
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p+l=Fkandqg+1=180 82 Hyo(m,n,k,1). Let p+ 1= q+n. Then a9t~ 14" = ba9*" for
everyr > 0,0l =k—n+1and k> qg+n—1. We obtain S = Hy3(m,n,k,q).

Let n = m+ 1. Let k and [ be the minimal integers such that a* = 0 and ba! = 0. It is obvious
that m<k—1, m<land k > [.

If a? = ba? implies a? = 0, then S = Hg 4(m, k,l). Let a? = ba? # 0. Since ab £ ba, we have
p > m + 1. Therefore ba?t! = aPt! = aba? = a9t If p4+ 1 # ¢+ m + 1, then a?t! = 0. This
means p+1=kand g+ 1=1,80 S = Ho5(m,k,l). Let p+ 1= q+n. Then a9+ = ba?™" for
every r > 0, so l =k —m and k > g+ m, whence we get S = Hy¢(m, k,q).

Case H3. We have ab = a™ for m > 3 and ba = a" for n > 3. Then ab > ba or ba > ab, a
contradiction.

Series I. The following cases are possible:
abI Iba a? I Iab a? I IbZ a? I Iba
a? b? b? ba ab ba ab b?
11 12 13 I4
Case I1. We have a? < ab, a® < ab, but a® £ b?, which means that a® = (ab)"/? or a® = (ba)/?

for some [ > 3. We suppose without loss of generality that a? = (ab)!/2. Then b? = (ba)"/2. Every
element can be written in the form (ab)? or (ba)p for some p. Two cases are possible:

Case I1.1: a® = (ab) and b2 = (ba) for some 7 > 2. Then (ab) 0 = a2 = a3 =
aa® = a(ab)%" = a%(ba)*7 = (ab) > (ba) T = (ab)™7 b2(ab) = (ab)™= (ba)* (ab =
(ab) (ab) - (ab)nTH, so a® = 0. Analogously, b*> = 0. Then a?b = (ab) Th= (ab) =
(ab) (ba) T = (ab) > < a?, 50 a’b = 0. Similarly, ba? = ab® = b?a = 0, which means that a?

and b? are atoms. Hence S 2 I 1(n).

Case 11.2: a® = (ba) “37 and b2 (a ) " for some n > 1. Then (ba)Qn’;r2 = a’a = aa® =
(ab) . It is easy to see that (ba) =52 (ab)w is either an atom or a zero. If it is an atom,

then S 2 [1 9(n). If it is a zero, then S = 11

Case 11.3: a® = (ab) "2 “37 and b2 = (ba) " for some n > 1. Let m be the least positive integer

such that (ab)2 = 0 and k be the least positive integer such that (ba) 2 = (0. Then |m —k| < 1 and
m>2n+1, k> 2n+ 1. Hence S = [} 4(n,m, k).

Case I2. We have b? < ab and b? < a?, so b> = a”b for some k > 3. By the same arguments
ba = a'b for some I > 3. Then b? and ba are comparable, a contradiction.
Cases I3 and 14 lead to a contradiction in a similar way.

Series J. The following cases are possible:
2 2 2

a a a
[ab = ba IbQ 162 =ab
b2 ab = ba ba
J1 J2 J3
a? a? = ab a? = ab
Iab [bQ [ba
b2 = ba ba b2
J4 J5 J6

Case J1. We have ab = ba = a™ for some m > 3. Then b? = a™ for m < n < 2m — 2. Hence
a"tl = ab? = a™b = > L. If n < 2m — 2, then ab2 =0 and b® = 0. So, b? is an atom or zero,
which means that S 2 J; 1(n,m) or S = Jj 2(n, m) respectively.
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Let n = 2m — 2 and let k be the index of a. Then S = J3(m, k).

Case J2. We have b? = a” for some n > 3. Also, ab < b?, so ab = sb?t for some s,t € S'. If
s=saort=at for s',t' € S, then ab < a"™' = ab? < ab. Cases s = s'bor t = at’ for s',t' € S!
are similar. So, ab = ba = a"™! =0 and S = J,(n).

Case J3. In this case 0 < b?> = ab < a® implies that b> = ab = a™ for some n > 3. Then
a"! = b%a < ba and a"b = b = ba" < ba. So, ba = a1 =0 and S = J3(n).

Case J4. We have ab = a™ for some n > 3. Then a"*! = aba < ba and a™b = ab? < b? = ba.
But ba < ab, so ba =0 and S = J4(n).

Case J5. The inequality b*> < a? implies that b?> = sa?t for some s,t € S'. If s = s'b for
s’ € S', then b? < ba, a contradiction. In other cases we have b> < a3 = ab?, which implies b*> = 0
and b? < ba, a contradiction.

Case J6. As in the previous case, ba < a® = aba, whence ba = 0 and ba < b?, a contradiction.

Series K. All cases from this series are impossible by Lemma 3.

Series L.
a? a? a>
b2 ba ba b2 ab ba
ab ab 2
L1 L2 L3

Case L1. We have b? = a™ for some m > 3. If ab = a? for p > m, then ab = a? = a?~"b? < ab.
If ab = ba? for ¢ > m, then ab = ba? = b>a9™™ = a™ba9™™ < ab. Anyway, ab = 0. Every element
of the semigroup S can be written in the form a? or ba? for some p.

Since a™t! = ab?> = 0 and ba™ = b> = a™b = 0, the element b2 is an atom. Let n be the
minimal integer such that ba™ = 0. Then ba""! is an atom and n < m + 1. Every element of the
semigroup S can be written in the form a? or ba? for some p.

Let a? = ba? for p,q < n. Then b? = a" = a" PaP = a" Pba? = 0, a contradiction. So,
S = Li(m,n).

Case L2. We have ba = @™ for some m > 3. Then ™! = aba<ab, a™b<ab, ba™ = a*™ 1 <ab,
but ab < ba, so ab =0 and ba = o' is an atom. Every element of the semigroup S can be written
in the form aP or b? for some p. Let n be the least positive integer such that " = 0.

If a? = b7 for some p, q leads to a? = 0, then S = Ly 1(m,n). Let a? = b? for p < m and ¢ < k.
Then aP™! = ab? =0 = a™"!, so p=m and ¢ =n — 1. Then S = Lys(m,n).

Case L3. ab = a™ for some m > 3. Since b?> < ba and b < ab = a™, either b? = a™ # 0 for
some n = m + 1 or b2 = ba! for some [ > m or b2 = 0.

Case L3.1. > = a* # 0 and k # 2m — 2. Then b?a = o' = ab? = a™b = o>~ . Since
k41 #2m —1, a*t1=0. Then b # 0, so b? is an atom. Every element of the semigroup can be
written in the form a? or baP for some p. Note that ba* = bv® = akb = a™+F~1 = 0. Let n be the
least positive integer such that ba"t1 = 0. Then k —m <n < k, since abal = a*™ for all I.

If a? = ba? implies a? = 0 for all p, q, then S = L3 1(m, k,n). Suppose that a? = ba? # 0 for
some p, g and let p, ¢ be the least positive integers with such a property. Then k& > p > q. We have
aPtl = aqba? = a9T™, so either p =k or p = ¢+ m — 1. If p = k, then a¥ = ba? and a*t! = a?t™,
sog=>k—m+1and S = Lys(m,k,q). If p=q+m —1, then a"™ 1 = ba” for all r > ¢q. But
badt M1 = b2a9 = 0, so a?t?" 1 = 0, which implies ¢ > k — 2m + 2. We got S = L3 3(m, k, q).

Case L3.2. b? = 0> 2 # 0. Every element of the semigroup can be written in the form a? or
baP for some p. Then ba?" 2 = b3 = a®>™2b = ¢®™ 3 and ba?" 2" = ¢33+ for all r > 1. Let
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n be the least positive integer such that a™ = 0. Then n > 2m — 1, since b # 0. Let [ be the least
positive integer such that ba! =0. Thenl>m — 1 and n <1+ m.

If a? = ba? implies a? = 0 for all p, q, then S = L3 4(m,n,l). Let a? = ba? # 0 for some p, ¢ and
let p,q be the least positive integers with such a property. Then a?*t! = aba? = a97™, so either
aPtl = a9t =0orp=gqg+m—1. Let a?*! =a9t™ =0. Then p+1=n,q+1=1and ¢g+m > n.
Therefore S = L3 5(m,n,l).

Let p=¢g+m — 1. Then g > 2, n > g+ m and we have S = L3 ¢(m,n,q).

Case L3.3. b? = ba' # 0 for some [. Since ab > b, | > m. Every element of the semigroup S
can be written either in the form a” or in the form ba? for some p. Then a*™ ! = a™b = ab® =
abal = a'*™. Since | > m, a®™ 1 = o™t = 0. Let n be the least positive integer such that a™ = 0
and k be the least positive integer such that ba* =0. Then I < k <n <2m— 1.

If a? = ba? for some p,q implies a? = ba? = 0, then S = L3 7(m,l, k,n). Let p,q be the least
positive integers such that a? = ba? # 0. Obviously, ¢ > 2. Then a?t! = aba? = a?t™, so either
aPtl = q9t™ = 0 or p = ¢+ m — 1. In the former case we have p = n — 1 and ¢ = [ — 1, so
S = L3g(m,l,k,n). In the latter case we have a"*™~1 = ba" for all r > ¢, then k =n —m + 1 and
S = Lsg(m,l q,n).

Case L3.4. b> = 0. Every element of the semigroup can be written in the form a” or ba? for
some p. Let n be the least positive integer such that o = 0 and k be the least positive integer
such that ba®* = 0. Then k < n < k+m.

Let p, ¢ be the least positive integers such that a? = ba?. Then one of the following possibilities
holds:

1) a? = b9 = 0;

2) P+l = qatm — 0;

3)p=gq+m—1landn>p-+1.

In the first case we have p = n and ¢ = k, so S = L3 19(m,n, k). In the second case we have
p+1=mnandqg+1=Fk, whence S = L311(m,n, k). In the third case we have a" ™™~ = ba" for all
r>q,sok=n—m+1and S = L3 i2(m,n,q).

Series M. By Lemma 3, all cases lead to a contradiction.

Series N.

a? ab a? ab ab ba a? b2
ba b2 b2 ba
N1 N2 N3 N4

Case N1. We have b? < ab, so b> = sabt for some s,t € S*. If s = s'bor t = at’ for s',t' € ST,
then b < ba, a contradiction. If ¢t = bt’ for some ¢’ € S, then »*> < b, so b> = 0 < ba, a
contradiction. Therefore b?> = a™b for some m > 2. By the same arguments either ba = 0 or
ba = a'b # 0 for some [ > m.

Case N1.1. ba = a'b # 0 for some [ > m. Every element of the semigroup can be written in
the form a? or aPb for some p. Note that a®”b = a™b? = b® = ba™b < ba, so | < 2m. Let n be the
least positive integer such that a™ = 0 and let k be the least positive integer such that ba* = 0.
Obviously, I < k < n. Since a™b = a™ba = b%a = balb = a’b? = a*+™b, we obtain k < m + L.

Let p, g be the least positive integers such that a? = a%b. Then a4T'b = a?*! = a%ba = a?tb = 0,
so either p = n, ¢ = k and S = Nyi(m,l,n,k) or p =n—1and ¢ = kK — 1. This means that
S = Nl.g(m, l,n, k‘)

Case N1.2. ba = 0. Every element of the semigroup S can be written either in the form a? or
in the form aPb for some p. Let n be the least positive integer such that a” = 0 and let k£ be the
least positive integer such that ba* = 0. Trivially, k < n.
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Let p,q be the least positive integers such that a? = a%b. Then a?*! = a%%ba = 0, so either
p=n,q=kand S=Nyi(m,,n,l)orp=n—1and ¢g=k—1,ie S = Nias(m,l,n,l).

Case N2. We have ba < ab, so ba = sabt for some s,t € S'. If s = s’b or t = at’ for
some §',t" € S, then ba = 0 < b?, a contradiction. If ¢t = bt' for some ¢’ € S', then ba < b2,
a contradiction. Therefore ba = a™b for some m > 2. By the same arguments either b*> = 0 or
b? = alb # 0 for some [ > m.

Case N2.1. b = a!b # 0 for some [ > m. Every element of the semigroup can written in
the form aP or a?b for some p. Let n be the least positive integer such that a™ = 0 and let k be
the least positive integer such that a*b = 0, then | < k < n. Since a” b = alba = b?a = ba™b =
a™ Hy < a™Hp, we have k < m + 1.

Let p, ¢ be the least positive integers such that a? = a?b. Then a97'b = a?*! = a%ba = a?t™b,
so either p=n, g=Fkand S = Noi(m,l,n,k) orp=n—1and ¢ =k —1, i.e. S= Nos(m,l,n,k).

Case N2.2. b?> = 0. Every element of the semigroup can be written in the form a? or a”b for
some p. Let n be the least positive integer such that «™ = 0 and let k£ be the least positive integer
such that a6 = 0. Then k < n.

Let p, g be the least positive integers such that a? = a%b. Then a?t'b = a?T! = a%ba = a9™b =
0, so either p=mn,g=kand S = Noi(m,l,n,l)orp=n—1and ¢ =k—1,1e. S = Nys(m,l,n,l).

Case N3. We have a? < ab and a® < ba, but a® ¢ b2 So a® = (ab)? or a? = (ba)? for some p.
Obviously, every element of the semigroup can be written in the same form.

Case N3.1. a? = (ab)™ 2 =2 = (ab)M # 0 for some £ > m > 1. Then (ab) 2
(ab) 2"“17 = * = blab) "3 =R (ba)w. So. (ab) ™ = (ab)* T a = (ba)"2 a = (ba)"? a? =
(ba) 5 (ab) < (ab) whence (ab) =0. Analogously, (ba) k’j =0.

If (ab)zk“ £ (ba)*2" and( b)*2 1(m, 2k + 1), If (ab) ™2
and (ab) =0, then 5’ N3o(m,2k +1). If (ab) 2 = (ba) 2k2+1,

2k+2

(ba) 2k2+1
then S = N3.3(m, 2k + 1) If

k+1

(ab )%+1 # 0 and (ba) 5T = =0, then S = N3 4(m,2k + 1).

Case N3.2. a? = (ab )2er1 = (ab)wr2 # 0 for some £k > m > 1. Then (ba)%2+3 =
b(ab) *3 =B = (ab)™Y — @) = (ab)7 (ab)
(ab) % a%(ba) ™2™ = (ab)% (ab) ™ (ba)™2" = (ab)" 2~ < (ba)"2, so (ba)"2 = b3 = 0. There-

fore b2ab < b3 and b2ab = 0.

If b2a # 0, then S = N3 1(m, 2k + 2). If b2a = 0 and (ba)“3~ # 0, then S = Ny o(m, 2k + 2)
If (ab)™2 2 = (ba) 45 # 0, then S = N33(m,2k + 2). If (ab )%+2 # 0 and (ba) 5= = 0, then

S = Ny4(m, 2k + 2).

2m+1

Case N3.3. a% = (ab) "2 , b = (ba)%i+1 for some m,k > 2 and k > m. Let n and [ be the
least positive integers such that (ab)2 = (ba )% = 0. Clearly, n,l > 2k +1 and |n — | < 1. Then
S = N3.5(m, k‘, n, l)

2m+1

Case N3.4. a?> = (ab)” 2 , b> = 0. Let n and [ be the least positive integers such that
(ab)z =0 and (ab)% =0. Obv1ously, |n — 1] < 1. Then S = N3 g(m,n,l).

Case N3.5. a? = (ab)er for jsome m > 1. Then (ab) = g8 = a(ab)QTm = a?(ba) e
(ab)m(ba) o (ab) 2 (ab) Tt s easy to see that (ab) 5 (ab) < < (ab)™z 5 so

2m+1

(ab) 5" = 0. Therefore (b )2~ = 0. Then b2 = (ba ) =5 or b2 = 0.
If b2 = (ba) e 75 0, then S = N37(2m). If (ba)

b = (ba) "2 *5% = 0, then S = Ny, 9(2m).

= 0, then S = N3.8(2m). If
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Case N3.6. a® = (ba) 52 Then (ab) B T g (ba) 52 5o (ab) R (ba)2m27+3 = 0.
Therefore b? = (ab)zmzi+2 or b2 = 0.

If b2 = (ab) ™~ =0, then S & N3 o(2m + 1).

Case N4. We have ab = a” = b™ for some n,m > 3. Then bab < ba, a’b = a"™' = aba < ba,
ab®> = bt = bab < ba, but ba < ab. So, ba = 0 and ab is an atom. If a? = b for 1 < p < n and
1 < ¢ < m, then a”*! = 0, which means ab = a™ = 0 = ba, a contradiction. Then S = Ny(n,m).

Series O, P, Q leads to a contradiction by Lemma 3 or by arguments from series F.
Theorem 1 is now proved. O
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