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Abstract: For the class of bounded in l2-norm interpolated data, we consider a problem of interpolation on
a finite interval [a,b] C R with minimal value of the La-norm of a differential operator applied to interpolants.
Interpolation is performed at knots of an arbitrary N-point mesh Ay : a < z1 < 22 < --- < ay < b.
The extremal function is the interpolating natural L-spline for an arbitrary fixed set of interpolated data. For
some differential operators with constant real coefficients, it is proved that on the class of bounded in l2-norm
interpolated data, the minimal value of the La-norm of the differential operator on the interpolants is represented
through the largest eigenvalue of the matrix of a certain quadratic form.
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1. Introduction

Let N be any positive integer, 1 < g < oo, and
N
1/q
N
My ={z: 2= {5100, (D l1) " <1}
j=1

be a class of interpolated values that is the unit ball in the space lév .
Let [a,b] C R be an arbitrary finite interval and W;"[a,b] be the standard Sobolev space
equipped with the norm

m
1 lweiaes = 1l + D 1FDlg, (1.1)
j=1
where || f||4 is the usual L,-norm of a function f on [a, b].
Let D = d/dx be the operator of differentiation, I be the identical operator, and
Ly(D)=D"™+ay, D™+ .. +a D+ apl

be a linear differential operator of order m with constant real coefficients. Denote by py, 1= pm ()
the characteristic polynomial of the differential operator L,,(D):

pm(z) =2™ + am—lwm_l + - 4+ a1z + ap.

We restrict our attention to the case when py, () has only real roots {8;}72;. This means that the
differential operator £,,(D) has the factorization into a product of differential operators of the first
order, i.e.,

L(D) = (D = BiI)(D — BoI) -+ (D — B, (1.2)
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We interpolate at the knots of an arbitrary fixed mesh of N points from the interval [a, ]
Ay: a<zry<zy<...<zazy<b, (a>—00, b<+400).
For an arbitrary fixed z € My 4, we introduce the quantity

Kng(2) = inf [£m (D) flg- (1.3)

FEWg arb)
fleg)=2p, k=1N

The problem of finding quantity (1.3) is known as the Favard type interpolation problem (see
[2, 4, 20], and the references therein).
In the paper, we study an analog of quantity (1.3) for the class My, of interpolated data,
namely
Bl (An) = sup Kpyg(2). (1.4)
2€MN 4
Problem (1.4) can also be interpreted as the Favard type interpolation problem, but considered for
the entire class of interpolated data. For the differential operator £,,(D) = D™, quantity (1.4) was
found by the author [9] in the case of ¢ = 2.

Problem (1.4) is close to extremal interpolation problems (see [15-18] and the references
therein). However, the set of interpolated data in our setting (1.4) is given by the constraint
imposed on the interpolated values z = (z1, 22,...,2x), but not on their finite or divided differ-
ences.

In the present paper, we consider problems (1.3) and (1.4) only for ¢ = 2. For this reason,
index 2 in My2, Kn2(2), and B7 (Ay) will be omitted.

The main result of the paper is Theorem 1, in which we give the exact value of the quantity
B, (An). This exact value is expressed in terms of the largest eigenvalue of the matrix of a
quadratic form of interpolated data.

For ¢ = 2, the extremal function in (1.3) is known. This function is a specific spline, which is
called an interpolation natural L-spline. This fact is a particular case of results of the variation
spline theory.

The paper is organized as follows. Section 2 is devoted to the Favard type interpolation prob-
lem (1.3) considered from the point of view of general approaches. In Section 3, we write two
representations of interpolation natural L-splines. In Section 4, we prove the lemmas needed to
prove the main result. In Section 5, we formulate and prove the main result of the paper. Section 6
is devoted to discussions and some comments.

2. On Favard-type interpolation problems

Consider problem (1.3) in the case of ¢ = 2. As shown in [20], (1.3) is one of convex programming
problems. In [20, p.87], it is proved that there exists a solution to (1.3), and for N > m, the solution
is unique. As noted above, an extremal function in (1.3) is known. To write this function, we need
some known results of the variation theory of splines (see for example, [1, 14], and the references
therein).

We first introduce some notation. Let X be a real Hilbert space of functions with a norm
|| - ||, let T : X — X be a bounded linear operator, and let kerT" be its null-space, i.e., the
set of functions ¢ € X such that T = 0. By X*, we denote the conjugate space of X. Let
vi € X* (1 =1,2,...,N), ie., let p; be bounded linear functionals on X. For every 7 € X, we
set AT = (¢1(7), 2(7),...,n(7)). This means that A is a linear operator that maps a function
7 € X onto an N-dimensional vector consisting of values of the functionals {¢;}X; on this function.



Interpolation with Minimum Value 109

As such functionals, we take values at the points of the mesh Ay = {xi}i]\il, i.e., we set
i(T) =7(x;), (1 =1,2,...,N). Thus, we have

At = (1(21), 7(22), ..., T(TN)).

The abstract Favard-type interpolation problem is to find the quantity

B(T.2) = inf |Tf%. (2.1)
rex
Following [14, p. 77], a real Hilbert space X with a norm || - || and a seminorm p(-) is called an

S-space if the following conditions hold:

(i) the seminorm p is bounded in X i.e., for every 7 € X, the inequality p(7) < C|7| is true
with some constant C' > 0 independent of 7;
(ii) X is complete with respect to the seminorm p.

It is proved (see [1] and [14, Sect. 5.15]) that if the space X is an S-space and is continuously
embedded into the space of continuous functions, then the extremal function of (2.1) has the
following form:

N
o(x) =q(x) + Z ;G (2, x5). (2.2)

Here q € ker T, G,,(x,-) is a reproducing kernel of the S-space X (see [1, 14]), and the scalars
{A }é\le are determined from the condition

N
Z Aju(z;) =0 Vu € ker T (2.3)
j=1

Problem (1.3) is a particular case (up to root-squaring) of (2.1) when X = WJ"[a,b] with
norm (1.1), T'= L,,(D) : W3'la,b] — Lafa,b], and 7 = f. In our case, the seminorm p(-) is

defined as , 12
o) = [ 1enD)sRar)

Since the seminorm p(-) is estimated through the coefficients of the differential operator L£,,(D) as

p(f) = 1Lm(D) fll2 < max {1, |ao|, |asl, ..., lam-1|} [fllwgias)

the seminorm p(f) is bounded.

The operator £,,(D) acts “onto” La[a, b, and the space Lsa, b] is complete. Therefore, W3"[a, b]
is complete with respect to the seminorm p. Thus, W3"[a,b] is an S-space. In addition, the space
W3a,b] is continuously embedded into the space Cfa,b] of continuous functions (the Sobolev
embedding theorem).

For finding the reproducing kernel of S-space W3"[a, b], we introduce two subspaces

Un={feWsa,b]: fP(a)=0,i=0,1,....,m—1}
and |
Vi = {f € W3"la,8] - fO(B) =0, i =0,1,...,m—1}.

Each of the subspaces U,, and V,, has codimension m. Also, it is easy to see that (ker Em(D)) N
Un = {0} and (ker L'm(D)) NV, = {0}. From these simple facts, it follows that Wi"[a,b] =
(ker £,,,(D)) U Uy, and W3[a,b] = (ker L,,,(D)) U Vpp,.
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Let £ (D) be a linear differential operator that is formal adjoint to the operator £,,(D), i.e.,
L (D)= Ly(—D). Now, we introduce the differential operator Lo, (D) of order 2m as follows

Lom(D) = L (D) L3, (D).
From (1.2), we have
Lom(D) = (~=1)™(D? = BII)(D? = B31) -~ (D* = B1,1).

For the S-space W3"[a,b], the reproducing kernel is coordinated with the subspaces U, and
Vi and is built through a fundamental solution of the differential operator Lo, (D) (see, e.g.,
[14, Ch. 5]).

As is known (see, e.g., [21, Ch. III]), the fundamental solution of a differential operator £(D)
is a distribution & satisfying £(D)E = §, where § is the Dirac o-function (or d-distribution). The
fundamental solution is defined up to a summand that is an arbitrary solution of the equation
L(D)y(t) = 0. We will assume that this summand is identically equal to zero. Distributions are
understood as linear continuous functionals in the space of infinitely differentiable functions with
compact supports.

The following result is known.

Lemma 1 (see, e.g., [21, p. 114]). Let L,.(D) be an arbitrary linear differential operator of or-
der r > 2 with constant real coefficients. Then the fundamental solution of this operator has the
form

E(t)=0(t) Z,(1),

where Z,(t) is a unique solution to the initial value problem

£.(D)Z,(t) =0,
Z,(0) = Z}(0) = --- = 27 "2(0) =0,
Z00) =1

and 0(t) is the Heaviside function

1, t>0,
a(t):{ 0, t<0.

Now, we set 7 = 2m and apply Lemma 1 to the differential operator Lo, (D). Since it has the
leading coefficient (—1)™, its fundamental solution is

Eom(t) = (—1)™ 0(t) Zam(2), (2.4)

where
(D? — B21)(D? = B2I) - -- (D2 — B1) Zoy (1) = 0,
Zom(0) = Zb (0) = --- = 22" (0) = 0,
Ze V() = 1.

Based on [14, Sect. 5.13], we will prove that the function &, (x — t) is the reproducing kernel
of the S-space W3"[a, b].

Lemma 2. &y, (z —t) € Uy, for any fized t € [a,b].
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Proof. From (2.4), we have

£l

2m

(W) = (=)™ 0(r) Z) (u) (i=0,1,...,2m —1). (2.5)
Now, we set ©u = z — t. From the definition of the Heaviside function, we see that

ENa—t)=0, (i=0,1,...,2m—1),
ie., Eom(z —t) € Uy, for any fixed t € [a, b]. O

Lemma 3. The following equality holds for any fized t € [a,b] and any function f € V,,:

/ (LoDl — 1)) Lon(D) ()i = F(0)
Proof Leta<t<b Wewrite the integral on the left-hand side as the sum of two integrals
/a (Lon(D)Eam (e — 1)) Lon(D)f (&) di = I + I,
where
t b
I :/a (L (D)Eom(z — 1)) Lin(D) f(z)dz, I :/t (L (D)Eom(z — 1)) Lin(D) f(z)dz.
Changing the variable u = x — t and noting that &, (u) = 0 for all u < 0, we have
L= / Ot(ﬁm(D)Egm(u)) Lon(D)f(u +£) du = 0.
Integrating Is by parts, we obtain
b= ()~ ut) + [ ' (Lom(D)Eam(x — ) f ().

where

w(@)=f ") Ln(D)Eam (@ — )+ () [am-s Ln(D)Exm (2 = 1)~ (Ln(D)Eam(z — 1))’

m—2 m—
to @) Y (D apsa (L D)Exmlx — 1) + f(a Z )1 (Lon(D)Exm (@ — 1)),
v=0
and {a,}]",, am = 1, are the constant real coefficients in the standard representation of the

differential operator L,,(D).
By the definition of the set V,,, we have w(b) = 0.
From (2.5) for i = 0,1,...,m — 1, it follows that

L (D)Eom(x — t)|z=t = 0.

From (2.5) for i = m,m +1,...,2m — 1, we conclude that all derivatives of L,,(D)Ey(z —t) in
w(z) are equal to zero when x = t. Therefore, w(t) = 0.

Using the definition of the fundamental solution and one of the known properties of the Dirac
d-function (see, for example, [21, p. 134]), we finally have

b b
b= [ (Can(D)eanle — 1) fa)de = [ 8(a = 0)5(a)dz = 1)

The cases t = a and t = b are easily checked. Lemma 3 is proved. U

From [14, Sect. 5.13] and Lemmas 2 and 3, we obtain the following statement.
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Lemma 4. G, (z,t) = Eap (T — 1).

Lemma 4 together with (2.2) and (2.3) give the following expression of the extremal function
o(z) in problem (1.3):

N
o(z) = q@) + > Ajam(x — ), (2.6)

j=1

where ¢ € ker £,,,(D) and there are additional conditions
> Nge(z) =0 (v=1,2,...,m), (2.7)

for finding parameters {}; };V: 1- Here, the set of functions {g,(x)}7, is a basis in ker £,,,(D).
From (2.4), it follows that

Eom(z — ;) € C*™R) (j=1,2,...,N).

Therefore, the function o(z) has the following properties:

(1) o € C*™2(R);

( ) ﬁzm( ) (1‘) =0 for all z € (xj,xjH) (] =12,...,N — 1);
E) o(xi) =2 (i=1,2,...,N);

4) o € ker L,,(D) for x § x1 and x > .

Properties (1)—(3) mean that o(z) is an interpolating £-spline corresponding to the differential
operator Lo, (D) with knots at the points of the mesh Ay and has the minimal defect. Due to
property (4), the L-spline o(z) can be extended beyond the interval [z, zxy] with maintaining of
the smoothness. By analogy with polynomial splines, such splines are called natural L-splines.

Thus, o(x) is a natural L£-spline corresponding to the differential operator

with knots at the points of the mesh Ay = {xj}jvzl If N > m, then this solution is unique
[14, Sect. 5.21].

Remark 1. If L,,(D) = D™, m > 2, then it is to see from Lemma 1 that the fundamental
solution of the operator Lo, (D) = (—1)™D?™ is

1™ (g — 2m—1
bt = CUTEZ 0

where (z —t); = max{x —t,0} is the truncated function, which is traditionally widely used in the
spline theory. By choosing ¢, (z) = ¥ (v = 0,1,...,m), from (2.6) and (2.7), we arrive at the
well-known polynomial natural splines. More information about these splines can be found, for
example, in [5, 8, 14].

3. On natural L-splines

First, we get an explicit expression of the fundamental solution for the differential operator
Lom(D) = L(D)L}, (D), where L,,(D) is given in (1.2). For simplicity, we impose additional
restrictions on the roots of the characteristic polynomial of the differential operator (1.2). We will
assume that ; € R\{0} and f; # £5;, i # j, for all 4,5 =1,2,...,7.
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Lemma 5. Let L.(D) be a linear differential operator of order r > 2 of the form
L.(D)= (D —=bI1)(D —0byI) - (D —0b.1I).
If b; € R\{0} and b; # £bj, i # j, for alli,j =1,2,...,7. Then
r bst

63

& (t) = (_1)r719(t) ZHT‘ Lot (b, — b )7
s=1 1 lv=1,v#s\"V s

where O(t) is the Heaviside function.

P r o o f. Find a solution to the initial value problem from Lemma 1. The assumptions about
the numbers {b; };”:1 mean that all roots of the characteristic polynomial of the differential operator
L, (D) are simple and nonzero.

The general solution to the differential equation £,(D)Z,(t) = 0 is written as

Zp(t) = Crelt + Coeb? + ..+ Cre¥,

where {Cs : s = 1,2,...,7} are some real numbers. To find the function Z,.(t), we have initial
conditions, which lead to a system of linear algebraic equations with respect to {Cs}._,. The
system has the Vandermonde matrix. We solve the system using Cramer’s rule and obtain

(1!
HZ=1, lx;és(bl/ - bS) ,

It remains to use Lemma 1. O

Cs =

s=1,2,...,m.

Now, we apply Lemma 5 to the differential operator
Lowm(D) = Lin(D)L;,(D) = (=1)™(D* = B{I)(D? = B31) ... (D* = B},1)

with the restrictions ; € R\{0} and j; # £5;, i # j, for all i,j =1,2,...,m.
By Bam,, we denote the set of roots of the characteristic polynomial of the operator Lo, (D):

BZm — {bly b2? e ,me}.

Each of the numbers b; (j = 1,2,...,2m) is either a root of the characteristic polynomial p,, of
the differential operator £,,(D) or a root of the characteristic polynomial p, of the formal adjoint
operator £ (D). All numbers b; (j =1,2,...,2m) are different. Therefore, Lemma 5 gives

2m ebst
Eom(t) = (=1)™ 1 0(t) > : (3.1)
; Hyibl,lqés(bl/ - bS)
Under imposed constraints on {3; };”:1, the system of functions {17, %2 ... efm®} is a basis in

ker L,,(D). Therefore, from (2.6) and (2.7) for an arbitrary set of interpolated data z = {2}, we
have the system of N +m linear equations with respect to N 4+ m unknowns {\; };V: 1 and {ci by

Z;‘Vzl )\ngm(fEi — xj) + ZZL:1 Ckeﬁk$i =z (Z = 1, 2, e ,N),
Zj\le )\jeﬁlxj = O’ ey Z;V:l A]eﬁmm] = 0.

If N > m, then the system has a unique solution.
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Taking into account the properties of the function £, (z), we study the matrix A of the system.
Since 1 < 29 < -+ < xn_1 < N, we have &y (2; — x5) = 0 for ¢ < j. Therefore, the matrix A

consists of four blocks
A= ( Enxn | BNxm >
Vm><N ‘ Omxm ’

where
65111 652331 . eﬁmml
T T T
Ban= [0

ebren  ohrn .. eBman
0 0 0 0 0
Eom(ra—21) 0 . 0 0 0

Enyn= ],

Eom(xn-1—21) Emm(rNn_1—22) - Em(xN_1—TN_2) 0 0
Eom(an—21)  Em(zn—x2) - ECom(an—aN—2) Eom(zn—azN—1) O

Opmxm is the zero block of size m x m, and V,,xny = Bjj\;xm Here, the upper index T' means the
transpose of the matrix. The first row of the matrix A has N zeros, the second row has (N — 1)
zeros, etc.; and finally, the (IV — 1)th row has two zeros, and the Nth row has only one zero.
From the existence and uniqueness of the natural L-spline, it follows that det . A # 0.
Now, we will find a representation of the natural L£-spline by fundamental natural L-spline

interpolants. Let

{Eom(z —21), ..., Eam(x — xy), P17 2% oY,
One by one, we replace the kth (k=1,2,..., N) row of the matrix A with this row. The obtained
matrices are denoted by Ag(x). Now, we set

d
ato =58

The functions {Qx(z)}Y_, are the fundamental natural L-spline interpolants, since it is easy to see
that det Ay (x;) = i det A (k,5 =1,2,...,N), where dy; is the Kronecker symbol.

The natural L-spline o(x) (see (2.6)) is a linear combination of the fundamental natural
L-splines {Qx(z)}0_,; i.e.,

(k=1,2,...,N).

Mz

2, Qp(x (3.2)
k=1

where {z}2_, are interpolated data.
Thus, we have two representations (2.6) and (3.2) for the extremal function of the Favard-type
interpolation problem.

4. Lemmas

In this section, we establish several lemmas needed to prove our main result.

Lemma 6. Let N > m, and let o(x) be the natural L-spline that is the extremal function in
the Favard-type interpolation problem (1.3). Let z = {zk}]k\f:1 be an arbitrary set of interpolated

data. Then
Ln(D)o(x) = — Y (Z (Z zk%k) (D)Exm (x — xu)>7

where {ay} are certain values independent of .
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P roof. Applying the differential operator £,,(D) to (3.2), we obtain

N

Ln(D)o(x) =Y 2L (D)Qu(w =1 tAZZk m(D) det Ap(z)).

k=1

Using the well-known rule of differentiation of determinants and taking into account that only one
row in Ayg(x) depends on the variable x, we find that £,,(D) det Ag(z) is the determinant in which
the kth row has the form

Ln(D)Eom(x —x1) ... Ly(D)Eop(x —zn) 0...0 .

m times

We expand each determinant £,,(D)det Ax(x) (k =1,2,...,N) according to the elements of kth
row and obtain the required equality, in which «,, are the corresponding minors taken with their
signs. Lemma 6 is proved. U

Lemma 7. Let x,, be an arbitrary point of the mesh Ay : x; < x2 < --- < xn, and let the
differential operator L,,(D) be such that

Ln(D) = (D = BiI)(D = o) .. (D — Bl
with B; € R\{0} and p; # £0;, i # j, for alli,j =1,2,...,m. Then

Ul e Bilz—zu)
Lon(D)eo(x —x,) = (1) - 4.1
( ) 2 ( H) ( ) Zzl Hy:Ly;éi(/Bl/ _51) ( )
for @ >z, and Ly,(D)Eoyp(x — x,) =0 for v < xy.
Proof We write (3.1) as
Eom(z —1,) = (=1)" 0(z — x, Zw ebsl@=au) (4.2)

where by = B, bsym = —fs (s =1,2,...,m), and

2m

wS:( I1 (by—bs))_l (s=1,2,...,2m).

v=1,v#s
Hence, L, (D)Em(x — x,) =0 for <z,
Let > x,. From (4.2), we have
Ly(D)Eom(z —x,) = (1)1 ( > 7wy Lp(D)el T 4 N, zm(D)ebs<“u>>.
S: bs:Bs S: bs:_ﬁs
The former sum on the right-hand side vanishes because
Ln(D)e?* =0 (s=1,2,...,m).
By simple calculation, we obtain

Lin(D)e 7 = e pr (B),



116 Sergey 1. Novikov

where p¥, is the characteristic polynomial of the formal adjoint operator £} (D). By using this
relation, we arrive at the equality

Lin(D)om(w — ) = (=1)" 1 Y "y e o) pr (7).
i=1

Since .
wit =200 T (82— 87)
v=1,v#i
and .
P (B) =208 T B+ 50,
v=1,v#i
we come to (4.1). Lemma 7 is proved. O

5. The main result

Finally, we directly turn to the problem of finding quantity (1.4).
Theorem 1. Assume that
Ln(D)= (D —B1)(D—2I)...(D— ppI)

is a linear differential operator of order m > 2 such that f; € R\{0} and B; # £p;, i # j
(i,j =1,2,...,m).
If N > m, then

1
%Em (AN) = m V Amax,

where Amaz 15 the largest eigenvalue of the matriz QQ = (aij)N 1 whose entries {a;;} are such that

/[:7.7:

N N
2
agp = E Rﬂﬂauk‘ + 2 E R,maukank,
p=1 u>n

N N
aj = Z Ry o + 2 Z Rynoyomg  (k # 7).

pn=1 u>n
m efﬁu(mp‘fmn) _ efﬁi(fomu)efﬁu(fomn)
Run = Z Wiy (M > n)a
=1 52 + /81/
m -1
wi=( I B-8))  G=12....m),

s=1, s#i

and {asu}é\;:l are the minors taken with their signs in the decompositions of the determinants
Ly (D)det Ax(z) (k=1,2,...,N) according to the elements of the kth row.

Proof. Since N > m, the natural L-spline o(z) is the unique extremal function in (1.3).
After applying the differential operator £,,(D) to (2.6), we have

N
Ln(D)o(z) =Y Ny Lon(D)Eam(z — ).
pn=1
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Comparing this result with Lemma 6 yields

1
= =1,2,...,N). 1
)\u det A ;'zkauk (,U, Ph) ) ) (5 )
Using Lemma 7, we obtain
N
Ly (D)o(z) = (=1)" Z AuFu (),
pn=1
where
Fu( )_i J e e >y,
) = i 0, x <@y,
i=1
and
m -1
( H ) (i1=1,2,...,m)
v=1,v#i
Define
R, = /Fu(ﬂ:)Fn(az)dm (b,m=1,2,....N, p>n). (5.2)

For the natural £-spline o(z), we have

N

b TN TN 2
Lom(D)o(x)|Pdz = Lom(D)o(z)Pdz = M,F ()| de
[ enDio@ iz = [ |enDiow) /xl\;um(
N N N
/ (Z N2 (x)+2) )\“)\nFﬂ(az)Fn(m)> dz =) N Rup+2> Ao Ryn.
u>n pn=1 u>n

Now, we substitute A, from (5.1) into the latter expression. After simple transformations, we
obtain

090 = (i) {35 () 42 3 (3 ) (3 )

pn=1 k=1 u>n
1 N
(detA YRV <Z akkzk + Z ak]zkz]>
k=1 k,j=1, k#j

where

N N
2
agk = Z Rwaﬂk + 2 Z Runaukank,
pn=1 u>n

N N
akj = Z Ryupoyurayg + 2 Z Rynorom;  (k # j).
pn=1 pu>n

It remains to calculate the integrals (5.2). Suppose that u > n.Then z, > x,, and we have

2\ (N o Bule—aa)) g0 N" wo
/ <Zwe f><Zw,,e >dx WZﬂwm&,(/x e

w

(ﬁ""'ﬁ”)xdm) eBitutPran

efﬁu (1'/,1.*1'71) _ e*ﬁi(xN*my.)efﬁu(xN*mn)

Z ik 52 + /81/
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In our calculations, we used the fact that the functions F,(x) are equal to zero for x < x,.
Note that all the denominators do not vanish due to the restrictions imposed on the differential
operator L,,(D).

Thus, to find quantity (1.4), it is sufficient to solve the following extremal problem:

N N

V(21,22,. .., 2N) = Y. agrzs + Y. agjzkz; — max,
k=1 k=1, k#j

N

Sl < 1.

k=1

As in [9, p. 224-225], it is proved that the maximum is attained at the boundary of the set My,
i.e., at some points z = (21, 22, ..., 2N) with Zi\;l |zx|? = 1. As a result, we arrive at the problem
of maximizing the quadratic form on the unit sphere in the space 3.

It is known (see, for example, [3, p. 476-477]) that the unique solution to this problem is the
largest eigenvalue A = A4, of the matrix @ = (al’j)z]‘?{jzl of the quadratic form V(z1, 22,...,2nN),
i.e., the maximum root of the equation

ainr — A ap e a1N

det(@Q— A1y =| @2 am—A e

=0.

a1N asN - GANN — A

The matrix @ is symmetric. Therefore, all its eigenvalues are real. It is also not difficult to see
that A\, > 0. Theorem 1 is proved. ]

(1)

6. Discussion and comments

The constraints imposed on the roots of the characteristic polynomial p,,(t) of the differential
operator L,,(D) in Theorem 1 can be partially weakened. In particular, one can exclude the
constraints f; # 0 and f3; # £0;, i # j (4,5 = 1,2,...,m). In this case, the characteristic
polynomials of the differential operators £,,(D) and L} (D) will have common roots. The
approach used in the paper can be implemented with minor modifications for such differential
operators. In so doing, the explicit expressions for £y, (t) (see Lemma 5), the entries of the
matrix A, and the numbers R, (see Theorem 1) will be different from those given in the
paper. However, in the framework of the applied approach, it is impossible to discard the
constraint 5; € R, ¢ =1,2,...,m. The point is that if the polynomial p,, has nonreal complex
roots (two or more), then for an arbitrary interval [a, b], it fails to prove that a solution to the
Favard-type interpolation problem is a natural £-spline. Apparently, in this case, we need to
introduce some additional restrictions that would associate the segment [a, b] with oscillation
properties of the differential operator L£,,(D).

Another approach to the study of problems (1.3) and (1.4) is known. This approach is based
on the concept of Chebyshevian splines (see e.g. [6, Chap. 10, Sect. 3] or [7, Chap. 11]).
Since ker £,,(D) = span{e®1®, e . efm®} this set of functions is an ECT-system on any
finite interval [a, b]. Due to this, Theorem 1 can be proved by using of this approach.

For any given N and prescribed knots of the mesh Ay, all coefficients of the quadratic form
V (21, 22,...,2n) are calculated. This can be made directly or by using symbolic computation
systems (Maple and others). Numerical algorithms allow one to find the largest eigenvalue of
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the symmetric matrix ) approximately. One can also estimate A4, from above and below
(see, for example, [12, 19] and many other publications). Specifically, from [19], we can write
the estimate

tr 1/2
| Q| < | Amaz| < —(]tr Q|+ VN (N tr Q2 — (tr Q) ) / )
where tr @ is the sum of elements located on the main diagonal of the matrix Q.

(4) The periodical analogs of quantities (1.3) and (1.4) for the differential operator £,,,(D) = D™
were studied in the author’s paper [10]. Periodicity requirements for both interpolated values
z= {zk}QN ~1 and interpolating functions have been added to problem statements. However,
the results in [10] were obtained only for the mesh with equidistant knots Aoy = {jm/N};Z 2N !

that was 2m-periodically extended into R. For the class of interpolated values
o 2N 1 = 2\ /2
Moy = z:z—{zj} ,<Z|zj|> <1y,
7=0
it was proved that if N > m, m > 2, then

~1/2
_ 2 12 w12 1
(m) 2 Y
Brn(Aan)= sup_ m”bfew(/o R =(5) (Zlez (2Nl+(N—1))2m> ’

€M iy,

where AC is the class of 2m-periodic absolutely continuous functions.

Note that the series on the right hand side of the last equality is convergent. It is easy to see
using the comparison test for number series.

While proving this result, the largest eigenvalue of an analog of the matrix @) also arose.
However, due to the specificity of the periodic case and the uniform grid, the analog of the
matrix @ is the circulant, and its eigenvalues are known in an explicit form.

(5) Along with our settings of problems (1.3) and (1.4), one can consider the corresponding
multivariate settings. For the case of two variables, analogs of natural splines are known [13].
Problem (1.4) was considered in the case of the Laplace operator. This was done in the
author’s recent paper [11].

7. Conclusion

We have considered the problem of finding quantity (1.4). In a certain sense, this quantity
is the value of the Lo-norm of the differential operator applied to the “best” interpolant under
interpolating the “worst” data from the given class. In this paper, we found the exact value of the
studied quantity.
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