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Abstract: This paper introduces a generalization of asymptotic notation using filters, a topological struc-
ture. We present key properties of this generalization, including reflexivity, symmetry, and transitivity, sup-
ported by illustrative examples. Our research demonstrates that classical asymptotic notations imply their
filter-generalized counterparts, but we provide examples showing the converse is not universally true. We also
propose a characterization of traditional asymptotic notations using filters, offering a new perspective on these
fundamental concepts. Furthermore, we establish relationships between bounded or vanishing sequences and
filter-based asymptotic notations, enabling the determination of properties central to this study. This generaliza-
tion provides a more nuanced framework for analyzing algorithmic complexity, potentially capturing behaviors
overlooked by classical notations and opening new avenues for theoretical computer science research.
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1. Introduction

In computer science, finding efficient algorithms is key for developing new technologies [2, 14].
Therefore, there is a need for tools to measure the efficiency in a code. This process is widely
known as Asymptotic Notation whose main objective is to estimate mathematically the amount of
resources employed during the execution of a computer program [11]. Currently, many notations
are implemented and commonly used in the field. The most well-known are big O and little o [13].
From these notions, other ideas can be derived, such as, big Q, little w, theta © [9] and weak theta

© [10] and recently some generalizations of aforementioned notations are provided [4].

A well known research topic in computer science is Computational Complexity [7], which is
deeply related to asymptotic notation. Another issue closely linked to asymptotic notation is
Artificial Intelligence (AI) [12], more specifically in Machine Learning where this notion can be
used to evaluate the complexity of different algorithms [8]. On the other hand, the pure concept
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of an asymptotic notation can be described by a sequence of real positive numbers, which we will
denote by

F*={(z,) CR:z, >0},

these sequences can be considered bounded or convergent to zero, for instance, let (y,) € F*, and
Zn, = O(yy), this implies that there are constants ¢ > 0 and ng € N such that z,, < ¢y, for all
n > ng. Since (y,) is a positive sequence, then z,,/y, < ¢ for all n > ny and by definition the
sequence (azn /yn) is bounded. The same deduction can be established for z, = o(y,), with the
distinction that (xn / yn) is a vanishing sequence.

Since convergent sequences, and bounded sequences, are sensitive to generalization using topo-
logical structures such as filters [1, 3, 5, 6], thereby, it is mathematically appealing to generalize
the asymptotic notation using these structures. We recall that a filter over a non-empty set X is a
collection of subsets of X, which can be assessed as the biggest set that fulfills certain statements.
Formally, F is said a filter if:

1) @¢F,
2) A,B € F implies that AN B € F,
3) A€ Fand A C B implies that B € F.

Given an infinite set X, the collection
]:r:{FCX:X—Fisﬁnite}

is a filter known as the Fréchet filter. Another example of this concept for a non-empty set X and
given a non-empty subset A C X is the Principal filter, defined as follows

Fa={FepX):ACF},

where p(X) is the family of all subsets of X. In particular, if A = {x}, then this filter is denoted
as JF,.

In this paper we will only consider the filters on the set of positive integers. In addition, we
provide another example of filter defined as follows: given a subset A of N, the density of A,
characterized by d(A), given by:

d(A) = Tim Card (AN{1,2,...,n }),

n—o00 n

the collection
Fi={ACN:d(A) =1}

is a filter on N, known as the Density filter. A Free filter stands for a filter that satisfies the
inclusion F, € F. If a filter does not fulfill the previous statement then it is known as a Fized
filter. For example, the Density filter F; is a free filter and the Principal filter F4 is a fixed filter.

This paper is organized as follows: Section 3 introduces the concept of generalized asymptotic
notation using filters and presents key properties of this generalization, including reflexivity and
transitivity. Section 4 explores the relationships between different F-asymptotic notations, estab-
lishing important theorems about their intersections and subset properties. Section 5 concludes the
paper with a discussion of the implications of this generalization and potential avenues for future
research.
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2. Classical asymptotic notation: properties

In this section we record the standard properties of the classical asymptotic relations O(-),
Q(-), ©(-), o(+), w(+), and O(-) for positive sequences. These facts are textbook material and are
included to bridge our filter-based framework with the traditional viewpoint; see, e.g., [9, 10, 13].
Throughout, (x,), (yn), (2n), (w,) denote positive sequences.

Definition 1. Let (zy,), (yn), (2n) be positive sequences. The classical asymptotic notations
are understood as follows:

1) xn, = O(yyp) if there exist ¢ >0 and ng € N, such that z, < cy, for all n > ng;

2) xp, = Qyy) if there exist ¢ >0 and ng € N such that cy, < x, for all n > ng;

3) x, = O(yy) if there exist c¢1,ca > 0 and ng € N such that c1y, < xp, < coyn for all
n 2 no;

4) z, = o(yn) if for every ¢ > 0 there exists ng € N such that x, < cy, for all n > ng;

5) xp = w(yn) if for every c > 0 there exists ng € N such that cy, < x, for all n > ng;

6) x, = @(yn,zn) if there exist c1,co > 0 and ng € N such that c1y, < x, < c3 2z, for all
n > nyg.

The next statements collect the usual transitivity and duality rules, together with basic set-theoretic
relations among the associated classes. Proofs follow the standard e-C' arguments and can be found,
for example, in [9, 10, 13].

Theorem 1 (Transitivity). Let (xy,), (yn), (zn) be positive sequences. Then:

TS

1) If x, =0(yyn) and y, = O(zy), then x, = O(zy,);

2) If xp= Q(yn) and yp = Q(Zn) then x, = Q(Zn)a

3) If p, =0(y,) and y, = O(2,), then , = O(2,);

4) If Tp = O(yn) and Yn = O(Zn); then x, = O(Zn)7

5) If xp =w(yn) and yn = w(zn), then x, =w(z,);

6) If Tn € O(Yn,2n) and yn € O(zn,wy), then T, € O(z,, wy);
) If yn = O(zp), then O(y,) C O(zy);

8) If yn = Qzn), then Qy,) C Qzy);

9) If yn =0(zn), then O(y,) C O(zy).

The next result records the usual dualities between the big/little notations.

Theorem 2 (Dualities). Let (x,,), (yn) be positive sequences. Then:
1) @, = O(yn) if and only if yn = Qxy,);

2) zn = 0(yn) if and only if yn = w(wy);

3) Tn = @(yn) if and only if y, = @(.%'n)

Finally, we summarize the basic set-theoretic structure of the classes O(y,), Qyn), ©(yn),
0(Yn), and w(yy).

Theorem 3 (Set relations among classes). Let (y,) be a positive sequence. Then:

O(yn) N w(yn) = J;
O(yn) N Q(yn; = O(yn);

w( n) C Uyn) and O(yn) C Qyn);
o n) mQ(yn) Z and O(yn) mw(yn) = J;

(
o(yn) NO(yn) = & and w(yn) N O(yn) =

The above properties are the classical backbone of asymptotic analysis and will serve as the
reference point for our filter-based generalization developed in the subsequent sections; compare
with [9, 10, 13].
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3. Generalized notation asymptotic and some properties

In this section, we going to introduce the notion of asymptotic notation generalized by filters,
and we going to study some of its properties.

Definition 2. Let (z,,), (yn), (2n) € F* and F be a filter on N. The F-asymptotic notations
are defined as follows:

If {(neN:x, <c-y,} €F, for some ¢ >0, then x, = Or(yn).

If {neN:c -y, <xz,} €F, for some ¢>0, then x, = Qr(yn).

If {(neN:cy -y, <zp<co-yn} €F, for some ci,c0 >0, then x, = Or(yn).
If {neN:x, <c-yp,} €F, forall ¢>0, then z, =or(yn).

If {(neN:c -y, <ax,} €F, forall ¢>0, then x, =wr(yn).

If {neN:cy-yp<ap<cy-2,} €F, for some ci,ca >0, then x, = Or(yn,2zn).

ANl S

The above definitions extend the classical asymptotic notations to the context of filters. This
generalization allows for a more nuanced analysis of growth rates, capturing behaviors that might
be overlooked by traditional notations. In the following theorem, we establish the relationship
between these new F-asymptotic notations and their classical counterparts.

Theorem 4. Let F be a free filter and (yn), (z,) € FT.

If x, =O(yn), then x, = Ox(yn).
If Tn = Q(yn)7 then Tp = Q]:(yn)
If x, =0O(yn), then x, = Ox(yy).
If Tn = O(yn)7 then x, = Of(yn)'

If xp =w(yn), then =, = wr(yn).

If x, :@(yn,zn), then x, :@;(yn,zn).

ANl S

The reciprocal propositions of the aforementioned statements are all true when the Fréchet filter F,
s considered.

Proof. Let (yn),(2,) € F™ and F be a filter on N. Suppose that x,, = O(y,). By hypothesis,
there exist ¢ > 0 and ng € N such that x,, < c-y,, for all n > ng. Consider the set

A={neN:z, <c-yp},

take N € N — A, then xx > ¢ yn, this means that N < ng, then, N € {1,...,n9 — 1}. Thus, the
complement of A is a subset of a finite set, so it must be finite. Also, by definition A € F. C F
and therefore x,, = Ox(yn).
On the other hand, suppose that z,, = O, (y,). By hypothesis, there exists ¢ > 0 such that
the set
A={neN:z, <c-y,} € F,

so the complement of A is finite , that is, N — A = {nj,...,n;} for some k € N. Take
m = max{ni,...,ng}, so that, for all n > m + 1 it is true that z, < c¢-y, and therefore,
Zn, = O(yy). Each one of the other propositions can be demonstrated by a similar argument.  [J

It follows that x, = O(yy) if and only if x,, = Of, (y,) since the Frechét filter F, is a free
filter. Now, through the next example we going to show that there exist sequences that satisfy the
definition generalized by filters but not the usual one.
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Figure 1. z, = Ox,(n) but z,, # O(n). Figure 2. 2, = Or,(n) but z,, # O(n).

Ezample 1. Consider the sequence (z,,) defined as follows:

n, n#2F foral keN,
Ty =
2n, n=2F forsome ke N.

Note that:
{neN:z, <n}=N-{2":neN} e Fy;

So, x,, = O, (n), however, x,, # O(n) (see Fig. 1).
Ezample 2. Consider the sequence (x,,) defined as follows:

n? n#2F forall keN,
Ty =
n* n=2% forsome keN.

Given ¢ > 0 there exists ng € N such that:
A:{nGN:xngn}:{neN:n2gcn3}u{n€N:n4§cn3}
:{n7é2kandnznoz%gc}u{n:Qk:ngc}
=N—-—{2":n>ngp} e Fy

So, x,, = ox,(n3), but x,, # o(n?) (see Fig. 2).

Having established the connection between F-asymptotic notations and classical asymptotic
notations, we now turn our attention to some fundamental properties of these generalized notations.
The following theorems demonstrate that F-asymptotic notations preserve many of the essential
characteristics of their classical counterparts, such as reflexivity and transitivity.

Theorem 5. The F-asymptotic notation Or, Qr and O are non-empty for any filter F.

Proof. Let (y,) € F' note that y, = Ox(yn), yn = Qr(yn) and y, = Ox(y,). O

The above theorem implies that the F-asymptotic notations Or, r and © r satisfies notions
of reflexivity as well.
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Theorem 6. Let (y,),(2,) € F*. Then, for any filter F,
1) é]"(ymzn) 7é @ Z.f and Only Z.f Yn = O]"(Zn)§
2) @}'(ymzn) 7é 0 Z.f and only Z.f Zn = Q}'(yn)'
P roof. Suppose that there exists (z,) € F* such that

Ty = 6.7—"(%,2”).
Then there exist ¢1,co > 0 such that
B:{nEN:cl-ynanSCQ-zn}6.7-".
Note that

BCA:{neN:yngc—Q-zn}.

C1
Hence, A € F and y,, = OF(2y). Also note that

BCC:{nGN:C—l-yngzn}.
C2

Hence, C € F and z, = Qr(yn).
Reciprocally, suppose that y, = Or(z,) and z, = Qr(y,), then there exist ¢;,co > 0 such that:

A:{nEN:yngyngq-zn}e}', B:{nEN:CQ-yngzngzn}G]:.

Hence, vy, = 6}"(%, zp) and z, = Ef(yn, Zn). O

Theorem 7. The F-asymptotic notations or and wr are non-empty for any filter free F.

Proof. Let (y,) € F'. Then, 2z, = 0x(yy), where z, = y,/n. Also, let w,, = wr(y,), where
Wy = Yp - N. O

The previous result suggests that the F-asymptotic notations or and wr do not satisfy the
properties of reflexivity. On the other hand, the following example illustrates that the requirement
of a free filter is essential to ensure that or and wx are nonempty.

Ezample 3. Let (y,) € F™ and m € N. Suppose there is a sequence (z,) € F* which satisfies
Zn, = 0, (Yn). Then, for all ¢ > 0, it follows that

{nEN:zn<c-yn}€fm.

In other words, z,,/ym < cfor all ¢ > 0. Since ¢ > 0 is arbitrary, then z,,/y,, = 0, which contradicts
the fact that (2,,) € F'T. Following the same argument, it can be proved that wF,(y,) = 0.

Transitivity is a crucial property in asymptotic analysis, allowing us to chain comparisons
and build more complex relationships between functions. The following theorem establishes that
our J-asymptotic notations maintain this important property, further validating their utility in
algorithmic analysis.

Theorem 8. Let (z,), (yn), (2n) € FT. The following properties are satisfied, for any filter F.

L. If ITn = O]:(yn) and Yn = O}'(Zn)7 then x, = O}'(Zn)
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If xp=Qr(yn) and y, = Qr(zy), then x, = Qr(z,).
If 2, =0Or(yn) and y, = Ox(zy), then x, = Or(zy,).
If xp=0r(yn) and y, = 0r(zy), then x, = or(zy,).
If xp=wr(yn) and y, = wr(zy,), then x, = wr(z,).
If v, =0x(y,) and y, = Or(z,), then , = Ox(2,).

SN

Proof. Let (x,),(yn), (2n) € FT.
(1) Let z, = Ox(yyn) and y, = Ox(zy,), then there exists ¢1,co > 0 such that

A:{nEN:xgcl-yn}G]: and B:{nEN:yn§02-zn}€f.

Note that
AﬂBC{nEN:xngcl-CQ-zn}.

Therefore,
{nGN:xngcl-CQ-zn}G]:.
Hence, z, = Or(zp).

(2) and (3) could be shown by applying a similar argument to the previous one.
(4) Let z, = or(yn) and y, = 0r(2y,), and let d > 0, Then

A:{nEN:xn<gyn}€}' and B:{nEN:yn<2zn}€f.

Note that
AﬂBC{nGN:xn<d-zn}.

Thus,
{nGN:xngcl-CQ-zn}G}"

and z, = or(zn).
(5) and (6) could be shown by applying a similar argument to the previous one.

As a direct result of the transitivity properties, we have the follow result.

Corollary 1. Let (y,),(2,) € F*. The following properties are fulfilled, for any filter F.

LIf yn = O]—'(Zn); then O.F(yn) - O.F(Zn)'
2. 1If yn = Q]—'(Zn); then Q]—'(yn) - Q]—'(Zn)'
3. If yn=0x(z,), then Ox(y,) C Or(2y).

4. Properties between F-asymptotic notations

In this section, we explore the relationships between different F-asymptotic notations. These
relationships are fundamental to understanding how these notations can be used in practice and how
they compare to one another. We begin by examining the symmetry properties of these notations,
which reveal interesting duality relationships, due to O and Q) r are related to bounded sequences
and or and wr are relate to convergent sequences.

Theorem 9. Let (z,,), (yn) € Ft. The following statements are true, for any filter F:

1) @, = OF(yn) if and only if yp = Qr(zn);
2) xn = 0F(yn) if and only if Yy, = wr(zn);
3) ITn = @]:(yn) if and only if y, = @]:(xn)
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Proof. Let (x,),(y,) € FT. It is a trivial consequence that for ¢ > 0;
{nEN:xngc-yn}:{nEN:c_l-xngyn}.

0

In addition to the symmetric property, a few other statements involving intersections and subset
properties can also be established. Where we can find how some F-asymptotic notations do not
have elements in common and others, on the contrary can be defined in terms of one another.

Theorem 10. Let (y,) € Ft. The following properties are true, for any filter F:

1) or(yn) Nwr(yn) = 2.

)
2) Ox(yn) NQFE(Yn) = OF(Yn);
3) Of(yn) C O]-'(yn)§
4) ©x(yn) C Or(yn):
53 W}'(yn) C Q}'(yn) and @}'(yn) C Q}'(yn)§
6
)

0F(yn) NQF(yn) = @ and Ox(yn) N w]"(yn) =9
(Yn) NOF(yn) = @ and wr(yn) NOF(yn) = @

EN{

OF\Yn

Proof. Let (y,) € F*.
1) Suppose that =, = 0x(yn) Nwr(yn), then

{nGN:xn<yn}ﬂ{n€N:yn<xn}ZQG}'.

Therefore, or(y,) Nwr(y,) = &.
2) Let z,, = Or(yn) N Qr(yn), then there exist ¢1,co > 0 such that

A:{nGN:anCQ-yn}E]:

and
B:{nEN:cl-yngxn}G}".

Then:

AﬂB:{nEN:xn§02-yn}ﬂ{n€N:01-yngxn}
:{neN:cl-yn§$n§C2'yn}€f-

Hence, z,, = © #(y,). Now, suppose that z,, = © z(y,,), then there exist ¢, co > 0 such that
C:{nGN:cl-ynngSCQ-yn}6]:.
Note that C' = AN B, where
A:{nGN:anCQ-yn} and B:{nEN:cl-yngxn},

it follow that A € F and B € F. Therefore z,, = Ox(y,) and z,, = Qr(yn).
3) Let z,, = 0r(yn), then
{neN:z,<c-y,} € F

for all ¢ > 0. Thus, z, = Ox(yn).
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4) Let x,, = O £(yn), there exist c1,co > 0 such that
{neN:c -y, <ap<co-yn}

Note that
{”GNicl'yn§$nSCQ-yn}{nEN:xn§02-yn}.

Therefore
{nGN:xn§02-yn}€f,

and thus, z,, = Or(yn).
The rest of the propositions can be proven using arguments similar to the previous ones. O
These propositions are a logical outcome of the initial definition, since every convergent sequence

is bounded then it is expected that an inclusion relation is presented between or and Ox, and for
wr and Qr as well. Finally, we are listing a few properties in regard to the relationship between

the © 7 and the other F-asymptotic notations. Since the @z, in terms of complexity, is related to
the worst case (a lower bound) and best case (an upper bound), then it is meant to be connected
to the other F-asymptotic notations that are associated with bounded sequences.

Theorem 11. Let (z,), (yn), (2n) € FT. The following properties are satisfied, for any filter F.

FWns 2n) = Qr(yn) N OF(2n) and O (yn, yn) = OF(yn);

1) © =
2) OF(yn) = E}'(yna zn) N OF(yn) and @i(zn) = 07 (Yn, 20) N QF(20);
3) Or(yn) C OFr(Yn, zn) and Ox(zy) C OF(Yn, 2n)-

Proof. Let (zn),(yn), (zn) € FT.
1. Let z, = Ox(zn) N Qr(yn), then there exist ¢, ca > 0 such
A:{nGN:anCQ-zn}E}" and B:{nGN:cl-yngxn}e}".
Therefore:

AﬂB:{neN:xn§c2-zn}ﬂ{n€N:cl-yn§xn}
:{nGN:cl-yngxn§02-zn}€f.

Thus, z, = 6;(%1, zn). Let x, = 6;(@/”, zn), then there exist c1, ¢y > 0 such that
{nGN:cl-yngxngq-zn}G]:.
Note that
{’I’LGNICl'ynSCCnSCQ'Zn}:{TLGNZ,InSCQ'Zn}m{TLGNIC1'yn§fEn}.

Then

{nGN:xn§CQ-zn}€f and {nGN:cl-ynan}E}".
Therefore z, = Or(yn) and x, = Qr(y,). Additionally, due to the previous proof,
OF(Yn,yn) = Qr(yn) N OF(yn) and as a consequence of the Theorem 10 we have that
O]:(yn) N Q]:(yn) = @]:(yn)a thus @]:(ynayn) = e]:(yn)
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2. Suppose that © 7 (yy, z,) # 0, because if it is empty then © 7(y,,) = 0 and this contradicts the
reflexivity property that © r satisfies. Then due to the Theorem 6 it follows that y,, = Ox(zy).
Consequently, we have that Or(y,) C Ox(z,) because of Theorem 1. On account of the
previous proof, we have the following:

OF(Yn) = OFYn, 20) NOF(yn) = (Qr(yn) N OF(20)) N OF(yn)
= Q}'(yn) N O]:(yn) = Gf(yn)-

Additionally, by a similar argument it follows that © £(z,) = 6_7:(%, zn) N Qr(zn).
3. As a result of the previous proposition, it follows that

Gf(yn) = 6?(%7 zn) N O]:(yn) and @f(zn) = 6]:(2/717 Zn) N Q]:(Zn)
Then, by basic set properties we have that © z(y,,) C 6;(%, zp) and O £(z,) C 6;(%, Zn)-
]

5. Conclusion

In this paper, we have introduced a new generalization of asymptotic notation using filters,
extending the classical concepts to a broader mathematical framework. Our work demonstrates
that these F-asymptotic notations preserve many of the fundamental properties of their classical
counterparts while offering enhanced analytical capabilities.

The key contributions of this study include:

e The formal definition of F-asymptotic notations (Or, Qr, Or, or, and wr) using filters.

e Proof of the relationship between classical asymptotic notations and their F-asymptotic

counterparts.

e Establishment of essential properties such as reflexivity, symmetry, and transitivity for F-

asymptotic notations.

e Exploration of set-theoretic relationships between different F-asymptotic notations, provid-

ing insights into their behavior and interactions.

e Characterization of the © r notation and its relationships with other F-asymptotic notations.

These results have significant implications for the field of algorithmic analysis. The generaliza-
tion to filters allows for more nuanced comparisons of growth rates, potentially capturing behaviors
that might be overlooked by traditional asymptotic notation. This could lead to more precise
complexity analyses, especially in cases where traditional asymptotic notations fall short.

Moreover, this work opens up several promising avenues for future research:

1. Investigation of specific types of filters and their implications for asymptotic analysis.

2. Application of F-asymptotic notations to concrete algorithmic problems, particularly those

where traditional asymptotic analysis provides insufficient insight.

3. Development of computational tools and techniques for working with F-asymptotic notations

in practice.

4. Extension of this framework to multivariate functions and its potential applications in the

analysis of multi-parameter algorithms.

The generalization of asymptotic notation using filters presented in this paper provides a robust
theoretical foundation for more refined algorithmic analysis. As computational problems grow in
complexity, such tools may become in.

Finally, at the referee’s request, we note that our filter—based framework is not restricted to
sequences. All definitions and results for positive sequences (Or, Qr, ©r, 0r,wr) can be extend
verbatim to positive functions f,g,h : [0,+00) — (0,00), and the proofs remain valid without
modification, as they rely on set—theoretic inclusions.
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