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Abstract: In this paper, we consider the Lotka—Volterra equation with displacements and diffusion, that is
transport-diffusion system describing the evolution of prey and predator populations with their displacements
and their diffusion, in a periodic domain in R. It is shown that the solution to this equation and its logarithm are
globally bounded, and that, when the solution converges to the stationary solution in mean value, it converges
uniformly with respect to the time variable as well as the space variable. These results are obtained by using
L2-estimate of the well-known Lyapunov functional, and, in particular, an estimate of the point-wise growth of
the solution by means of the application of the fundamental solution of the heat equation.
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1. Introduction

As is well-known, the system of equations called Lotka—Volterra equation,

—Ul = au —/3’& u

lf 1 1 1U2,
u u ULy

lf 2 Yu2 1U2,

(v, B,7,0 > 0) was proposed to model the evolution of prey and predator populations (represented
by w; and ug, respevtively). This system of equations has the particularity that all its (positive)
solutions are periodic, as illustrated in [16]. In [16], we also find a detailed analysis of the behavior
of the solution and various versions of the equation.

As for the Lotka—Volterra equation with diffusion, Rothe [15] considered the Lotka—Volterra
equation with diffusion (with the same diffusion coefficient for both species) in one-dimensional
domain 0 < z < 1 with periodic boundary conditions in z (or homogeneous Neumann conditions)
and proved the uniform convergence to the time-periodic solution of the Lotka—Volterra equation
(independent of z) (see also [14], which had made similar reasoning). On the other hand, Gabbuti
and Negro [8] proved the convergence of the solution of the Lotka—Volterra equation with diffusion
in a bounded domain of R? with the homogeneous Neumann condition to the time-periodic solution
of the Lotka—Volterra equation (independent of z); in the article [8], the diffusion coefficients are
not the same for both species and the convergence is in an integral sense, but sufficiently strong.
Successively, the asymptotic behavior of the solution of the Lotka—Volterra equation with diffusion
with the Dirichlet condition was studied in [18], while the aspects of spatial propagation of the
solution to the Lotka—Volterra equation continue to attract the interest of researchers (see for
example [4, 5]).
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As far as concerns the Lotka—Volterra equation with diffusion in one spatial dimension, the
question concerning the travelling waves has attracted the interest of many researchers. However,
the results of [14] and [15] exclude the existence of a travelling wave for the classical Lotka—Volterra
equation with simple diffusion. For this reason, several researchers have sought some aspects of
travelling wave for slightly modified equations (see for example [2, 3, 6, 10, 17]).

In the context of stochastic equations, the Lotka—Volterra equation with logistic effect and
diffusion has been studied in [7] and [9]. In [7] the existence and uniqueness theorem of the solution
has been proved, and in [9] the existence of an invariant measure has been shown.

In [13] the author has considered the Lotka—Volterra equation with diffusion and population
displacements. The results of this article are essentially numerical. However, the question of
population displacement /immigration has attracted the attention of many researchers, as evidenced
by several recent publications (see for example [1, 11, 12]).

In this article, we consider the Lotka—Volterra equation for the population density w;(¢,x)
and ug(t, x) with diffusion and population displacements on the periodic domain of R and prove
the uniform boundedness of u;(t,x), us(t,x), logu;(t,x), logus(t,z). We also prove that in the
case where the solution (u1,u2) tends to the stationary solution in mean value, (u1,us) converges
uniformly to the stationary solution. In order to obtain this result, we use the function

U = —alog(uz) — vlog(u1) + Buz + du,

but due to the population displacements we cannot directly deduce a conclusion from the equation
for U, as the authors of [14] and [15] did. In order to overcome this difficulty, we estimate not
only U in L?(0,27) but also point-wise growth of (¢, z) and ua(t, 7).

Our study is motivated not only by the general interest of the effect of displacement /immigration
for population dynamics but also by the specific behavior that arises from the numerical calculation
of the solution of the Lotka—Volterra equation with population displacement in opposite directions
for prey and predator populations. This will be illustrated in the following section.

2. Motivation and some numerical examples

As we mentioned in Introduction, the evolution of prey and predator populations is described,
in its basic form, by Lotka—Volterra equation

%ul(t) = auy (t) — Bui (t)ua(t), (2.1)
%uz(t) = —yua(t) + dui (t)ua(t), (2:2)

where u; (t) and uz(t) denote the prey and predator populations, respectively, while the coefficients
«a, B, v and 0 are assumed to be constants and strictly positive. We consider the system of
equations (2.1)—(2.2) with the initial conditions

ul(O) =uyo > 0, UQ(O) = ug0 > 0. (2.3)

We first recall the well-known fundamental properties of the solution of the system of equa-
tions (2.1)—(2.2). For this, we define the function Uy(-,-) as

Uo(ur,ug) = —alogug — yloguy + Pug + duy, up >0, wug > 0.
Remark 1. For any initial data u; g > 0, ug o > 0, the solution (u;(t),u2(t)) of the Cauchy prob-

lem (2.1)—(2.3) exists for all ¢ > 0 and it is periodic in ¢. Furthermore, the function Up(uq(t), ua(t))
remains constant, i.e.

Uo(u1(t), ua(t)) = Up(u1(0),u2(0)) = —alog(uz(0)) — vylog(u1(0)) + Buz(0) + dui(0)



48 Ahlem Chettouh

for all ¢ > 0 and the solution (u;(¢),u2(t)) moves along the closed curve
v = {(ul,uQ) \ul > 0, U9 > O, Uo(ul,UQ) = Uo(ul(O),UQ(O))}
with a constant period.

The proof of this fact can be found in [16] (and in many other manuals on population dynamics).

The model (2.1)—(2.2) is constructed for the prey and predators populations homogeneously
distributed in a territory. But, if the populations are not homogeneously distributed and if there
are population displacements, the relations mentioned in Remark 1 will not be guaranteed. Let us
see an example of changing the behavior of the solution.

Consider the equation system

{ Orut (t, x) = —v1(t)0zui(t, ) + auy (t, ) — Buy (t, x)ua(t, x),

t>0, zeR, (2.4)
Opua(t, ) = —va(t)Opua(t, ©) — yua(t, x) + duy (t, x)ua(t, x),

with the initial condition

ui(0,z) =u1(z), wu2(0,z) =n2(x).
Let us choose a particular initial data (u;(z),u2(x)) defined as follows: consider the equation
system (2.1)—(2.2) and write = instead of ¢ in the solution (@i(:),us(+)) to these equations. It is
clear that the thus defined functions % (x) and Uy (z) can be defined on R and are periodic in z.

Let us further assume that
V1 (t) == —UQ(t) Vit Z 0

and that they are periodic in ¢ with the same period as the solution of the equation system (2.1)—
(2.2). Then, for a certain choice of functions (v1(t), v2(t)) we find the amplification of the oscillation
of the solution in certain points x and the contraction in certain points x, as illustrated in the graphs
obtained by numerical calculation (see Fig. 1-2).
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Figure 1. Solution of the equation system (2.4) at a point where amplification occurs and at a point where
contraction occurs.

However, even with displacements, the equation system (2.4) in a periodic domain x € R/mod L
has a globally similar behavior to what we have seen in Remark 1.

Remark 2. Let L be a strictly positive number. Let u; o(z) and ugo(x) be two functions with
strictly positive values and periodic in € R with period L. If the solution (u;(¢,x),us(t,z)) to
the equation system (2.4) with the initial condition

u1(0,2) = uio(z), wu2(0,2) =ugo(x),
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Figure 2. Trajectories of the solution of the equation system (2.4) on the phase plane at a point where
amplification occurs and at a point where contraction occurs in the space (u1, ug2).

exists and is periodic in x € R with period L, then we have

L L
/ Uo(uy(t,x),us(t, z))dx = Const = / Uo(u1,0(z), uz0(x))dx. (2.5)
0 0

Indeed, it follows immediately from (2.4) that

Oy log u; = —v10; loguy + a — Bus, (2.6)
O¢logus = —v90, log ug — v + duq,

from (2.4), (2.6) and (2.7), by direct calculations, we obtain
O Up(u1(t, ), ug(t,x)) = —v10,(—ylogus + duy) — v20, (—alog ug + Lus). (2.8)

Given the assumption that u (¢, z) and uy(t, z) are periodic in x with period L, we have

L L
/ Oy (—vloguy + ouy)dx = / Oy (—alogug + Bug)dx = 0.
0 0

Thus
d L
dt Jo
which implies (2.5). But, we cannot deduce that supy<,<or Uo(u1(t, ), ua(t,x)) is bounded at ¢.
Given these circumstances, we are interested in the asymptotic behavior of the solution
(uy(t,z),us(t,x)) of the Lotka—Volterra equation with displacements and diffusion (see (3.1)—(3.2)
in the next section).

UO(ul (t7 .%'), u2(t7 m))dx =0,

3. Position of problem and preliminary result

We consider in this article the following equation system

Opuy (t, ) = —vy(t)0puq (t, ) + m?iul(t, x) + auq (t,x) — Buy(t, z)us(t, x), (3.1)
Dpus(t, ©) = —vo(t)Opua(t, ) + KO2us(t, ©) — yus(t, z) + dus (t, x)us(t, x), (3.2)
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for t > 0 and = € R, where «, 3,7,0 and k are strictly positive constants and v, (t) and va(t) are
functions of ¢. The system (3.1)—(3.2) will be considered with the initial condition

ui(t,z) = uio(z), 1=1,2. (3.3)
For the functions u; o(z) and ug (), it is assumed that
uw(x) > 0, uw(x) = ui,o(x + 27‘1’) Vr € R, ULQ(-) € LOO(R), 1 =1,2. (34)

Since the equations (3.1)—(3.2) are parabolic equations subject to the conditions (3.3)—(3.4), the
existence and uniqueness of the local solution follow from the classical theory of parabolic equations.
Furthermore, considering the equations (3.1)—(3.2) on R4 x T with the torus T = R/mod 27, the
periodicity in z of the solution (uj(t,z),us(t,x)) follows automatically. As far as concerns the
global solution, we will first prove the inequality (4.3) on the interval of the existence of the solution
(uy(t, ), us2(t,x)) and then deduce from the inequality (4.3) and the theorem of the existence and
the uniqueness of the local solution the existence and the uniqueness of the global solution.

We now define the functions Uy (u1), Ua(ugz) and U(ui,ug):

Uy (u1) = —'y<10gu1 — log %) +6 <u1 - %) , (3.5)
Us (us) = —a<1og us — log %) + 5(u2 - %) (3.6)
U(u1,us) = Uy (uy) + Us(us). (3.7)
Since
min (—ylogus + dur) = —ylog (%) +r, (3.8)
min(~alogus + fuy) = ~alog (%) +a, (3.9)

it follows that Uy (u1) > 0, Uz(u2) > 0 and U(uy,ug) > 0 for any u; > 0 and ugy > 0. Thus

Ry U) = i Oale) = | i, Ul ) =0 (310
U(ui,ug) =0 <= wuj = % and w9 = %. (3.11)
Let us set
_ 1 27
U(t) = 2—/ Uluy(t, z),u2(t,x))dx. (3.12)
™ Jo

Let us first note the following fact, which can be proved in a manner similar to the raisoning
presented in [14] and [15].

Proposition 1. Assume that

sup Ul(upo(x),ugo(z)) < oo
0<x<2m

and that the problem (3.1)—~(3.3) with (3.4) admits the unique solution (u1(t,z),uz(t,z)) in the time
interval [0, 7] (0 <7 < o0). Then, the function U(t) is decreasing on the interval [0, T].

Proof. In a manner similar to deriving (2.8), but adding the terms that result from the
diffusion termes, we obtain

8tU = HagU — RO — Ulaa;Ul — vgang, (3.13)
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where ) )
amul(t,:c)> +a<amu2(t,:c)> ‘

o':O'(t,$) :’7< ul(t,ﬁﬂ) u2(t,£ﬂ)

By integrating both sides of the equality (3.13) with respect to x from 0 to 27, we obtain

2T 2T
o Udx = / (/{&%U — ko — V10, U7 — vgﬁng) dzx.
0 0

Since the functions U (uq (¢, x), ua(t,x)), Ui(ui(t,x)) and Us(ue(t,x)) are 2m-periodic in x, we have

2 2
4 U(uy(t, z),u2(t,x))de = —Ii/ o(t,z)dz.

This, together with the relation o > 0, implies that the function U (t) is decreasing. ]

Corollary 1. If the solution (ui(t,z),u2(t,z)) of the problem (3.1)~(3.3) (with (3.4)) ewists
for allt > 0, then the function U(t) converges to a value Uy for t — oc.

P roof It immediately follows from Proposition 1 and the relation (3.10). O

4. Main result

Our main result is the following.

Theorem 1. Assume that

sup |vy(t) — ve(t)| = Cy < 00, (4.1)

>0

sup Ul(uio(z),uz0(x)) < oc. (4.2)
0<zx<L2m

Then, the problem (3.1)—(3.3) with (3.4) admits a unique solution (u1(t,z),u2(t,x)) for all t > 0
and we have

sup  U(ui(t,z),ua(t,x)) < oo. (4.3)
>0, 0<z<2

More precisely,

i) there exists a continuous and increasing function Ay : Ry — Ry such that

limsup sup U(ui(t,z),uz(t,z)) < A(Usx),
t—oo 0<z<27

i) if Us = 0, then we have

lim sup U(ui(t,z),us(t,z)) =0,
t~>000§$§27r

where Uy, = limy_,oo U(t) with U(t) defined in (3.12).

For the proof of Theorem 1 we use the proposition.
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Proposition 2. Assume that the conditions (4.1)~(4.2) and (3.4) are satisfied and that the
problem (3.1)—(3.3) admits a unique solution (u1(t,z),us(t,x)) for allt > 0. Then, there exists an
increasing and continuous function Ay : Ry — Ry such that

i sup U ur (), b, ) 0,20y < Aa(Tc). (4.4)
— 00

As(0) = 0.

The function As(-) can be given for example by the formula (5.13).
In the following section, we will prove Proposition 2. Theorem 1 will be proved in the successive
section.

5. Proof of Proposition 2

In order to prove Proposition 2, we begin with the following lemma.

Lemma 1. Let U = U(x) be a positive and 27-periodic function such that

d
H—U‘ < 00.
dx ~ 11L2(0,27)
If B
HU||L2(O,27r) > V8m U’ (51)
then we have .
d 2 1 4427 U
45000 2 sz (1 T e )10 6.2
do1l2202m) — 256737 3|[UllL2(0,27)
where
_ 1 21 p
U= o ), U(z)dz.
Proof Set 1ol
L2(0,27)

and denote by |D,,| the measure of the set D,,. Since U(x) > p on D, it follows from the definition
of U and p that o
p| Dyl < 2nU. (5.4)

Since
U(z)? = (U(z) — p)* + 2u(U(z) — p) + p1°,
it follows that

[ wwre=[ we - [

w w ©

WU @) - o+ [ pida.

Hence

C02de — 2 I ,
/D#(U(Cﬂ) p)=d /D#|U( )|“d 2/ w(U(z) — p)d 1D,

Dy

> [ Welde-sipui~ 5 [ W) - i

Iz Iz
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Thus, taking into account (5.3), we have
2 2 IDullUN1Z2 0,20
| W)= ppde= [ WPds -2l =3 [ UGe)Pde - S B0 (5
D, 3 D, 3 D, 47
On the other hand, we have
| W@pds < @n - D,
i
Hence, taking into account (5.3), we have
3, Dyl
2 2 2_ (2 Ja 2
/ U@ de 2 UlEz0r) ~ (2 = Dul)u® = (5 + 52102020y (5.6)
From (5.5) and (5.6) we obtain
1 |Dyl
Uz) — p)ide > (- — =2 ) |U|F : 5.7
[, @ =iz (5= ) 101 (5.7

Recall that under the condition (5.

the relation (5.4) implies that |D,| < 27, and thus there

1)
exists at least one z € R such that U(Z) < p. Since U(x) is 2m-periodic, it is not restrictive to

assume that z = 0 (and thus U(z + 27) < p).
We first consider the case
D;L :]5'30,330 + |D,u|[

In this case, since we have

/D#(U dx—/D# /m - U( "\da! d,
/DH(U(:E) — )2 < 2|D“|</DM(U($) —M)de>1/2</Du <%U(:ﬂ)>2dm> 1/2,

we obtain )
d
/ (U(z) — p)’dx < 4|Du|2/ (—U(CE)) dx.
D[J. D d(E

n

and thus

Even in the general case with

N N
D, = U Jzk, 23, |Dul = Z(az; —z), NeN, N>2 or N =+o0,
k=0 k=1

on every interval ]zy,z} [ we have

@) - wrar <, [ (L)
/ask /mk (dﬂc >

By summing these inequalities, we obtain (5.8).
From (5.7) and (5.8) we have

d 2 1 (1 |D,
| (Gv@) o> g5 (5= ) W
m

(5.9)
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Since, according to (5.4), we have
42w U
U1 L2 0,27

1Dyl <

)

from (5.9) we obtain

d 2 1 WN2rU
/ (d—U(x)> dx > — (1— - )||U\|§2(0,27r).
D, \dz 256730 3IUI L2 (0,27)

/Ozﬂ (%U(@)Q iz > /D (%U(@)Q da,

we deduce the inequality (5.2). This completes the proof of the lemma. ]

Since

Lemma 1 leads to the following property.

Lemma 2. Assume that the conditions (4.1)~(4.2) and (3.4) are satisfied and that the prob-
lem (3.1)~(3.3) admits a unique solution (uq(t,x),us(t,x)) for allt > 0. Let U(-,-) and U(t) be the
functions defined in (3.7) and (3.12), respectively. If

U (ua(t, ), ua(t, )2 (0,0m) > V8TU (),

then we have

d C? K 4Wom -
— Uz < | 22— —(1- UU3 ) U3 5.10
101 < (2 - 5 (1= g0 ) IR 101, (5.10)

where U = U(t) and
U2 = U (ua(t, ), ua(t, )l 2(0,27)-

P roof. By writing vi(t) — va(t) + v2(t) instead of v1(¢) in (3.13), we have
U = kU — ko (t,x) — va(t)0,U — (v1(t) — v2(t))0uUy. (5.11)

If we multiply both sides of (5.11) by U and integrate them on [0, 27], then, using integration by
parts, we have

1d 2T 2T 2T 2T
S \U|?dx = —li/ |0, U |*dx — n/ oUdx + (v (t) — vg(t))/ U10,Udz.
2dt Jy 0 0 0

Note that due to relations U = Uy + Uz, Uy >0, Uz > 0 (see (3.5)—(3.9)), we have

2w 1 2w ) K 2w ) 1 2w ) K 2w )
U19,Ude < — [ |UiPde+= | |0,UPde < — | |[UPde+2 [ |8,Ud.
0 2K 0 2 0 2K 0 2 0

Thus, taking into account the relation cU > 0, we obtain

1d 2w K 2w |1)1(t) _ v2(t)|2 2w
—— UPdr < —= / 0, U|*dx + —————"— / \U|dz. (5.12)
th 0 2 0 2/4/ 0

Applying the inequality (5.2) to the first term on the right-hand side of the inequality (5.12) and
taking into account the condition (4.1), we obtain (5.10). This completes the proof of the lemma. [J
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Proof (of Proposition 2). Note that if |U||;2 > v/&xU, then we have

4vor -1
U2 — 3

Thus, in this case, the right-hand side of the inequality (5.10) is bounded from above by
Cy I 5
- 3 ind 2 H Uv”[/2 °
K 256m3U% 3

Therefore, from Lemma 2 it follows that

t—o00

27
nmwg/ U (s (£, 2), us (£, 2)) e < As(Unc),
0

where Ag(-) is defined by
76877303) 5
T ) g2,

K2

As(a) = max (871', (5.13)

which completes the proof of Proposition 2. [

6. Proof of Theorem 1

In order to prove Theorem 1, we begin with an estimate of the [[0,U (u1(t,-), u2(, )l 12 (0,27)-
We have the following lemma (in Lemmas 3-9, we assume that the hypothesis of Proposition 2 is
satisfied).

Lemma 3. For all ty > t; > 0, we have

to
[ 1006, D s i
t ! (6.1)
LG [ T e

= K2 J, U (ur (8, ), ua( "))HL%O’%) + ;H (u1(t1, ), w2t )7 2(0,2m -

Proof. From (5.12) we deduce that
2 2 2 2
t) —valt 1d
| 10U a)Pds < [oa(f) = va(OF | Wweapa - L5 [T WP,
0 K 0 kat Jo

where U(t,z) = U(uy(t,x),u2(t, z)). Integrating both sides of this inequality with respect to ¢ from
t1 to to, we obtain

to Cv to 1
1006 0amr< Sy [ 106 gt (10 0101 ) (62
1

t1

Eliminating the negative terme of the right-hand side of the inequality (6.2), we obtain (6.1). O

We deduce from Lemma 3 the following relation.

Lemma 4. We have

t+1
/ sup U(ul(tlaw)7u2(t,7x))dt,
t 0<x<2m

(6.3)
~ Cv t+1 1 1/2
<00+ VER (S [ 1001w DI e+ 2104 (6, D )

where U(t) is the notation introduced in (3.12).
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P roof. We use the notation U(t,z) = U(u1(t,z),u2(t,x)) as in the proof of Lemma 3. Since
lellzro,27) < V27l L2(0,27)
for all ¢ € L?(0,2m), from the relation

sup  U(t,2) < U(t) + 10U (8, ) 11 0,.20),

0<zx<L2mw
we obtain )
sup  U(t,x) SU(t) + V27| 0:U (¢, )l 12(0,2x)- (6.4)
0<zx<L2m

Taking into account the decreasing of U(t), the inequality (6.3) follows immediatly from (6.1)
and (6.4). O

We will now estimate the growth of

Sup ul(taw)7 sup ’LLQ(t,.%'), Sup (_1Ogu1(t7w))7 Sup (_ IOg’LLQ(t,.%'))
0<z<2m 0<e<2m 0<z<2m 0<e <27

To this end, we return to the equations (3.1) and (3.2). Note that, if we introduce the function

t
&i(t,x) ==z +/ vy ()t
0
and if we consider the variables (¢,&;) instead of (¢, z), then the equation (3.1) is rewritten as

Opua (t,&1) = kOZ ur(t, &) + auy(t, &1) — Bua(t, E1)ua(t, &) (6.5)

Analogously, if we introduce the function

t
L(t,x) = +/ va(t")dt’,
0
and if we consider the variables (¢,&2) instead of (¢, z), then the equation (3.2) is rewritten as

Brua(t, &2) = KOZ,ua(t, &) — Yual(t, &2) + ur (t, E2)ua(t, &2). (6.6)

Using (6.5) and (6.6), we will prove the four following lemmas.

Lemma 5. Set

uf(t) = sup wui(t,z)= sup ui(t,&). (6.7)
0<z<27 &H1eR

Then, for 0 <ty <t, we have

uf (t) < uf (t)e® 1) = By (uf (to), ¢ — to)- (6.8)

P r o o f. By formally applying the fundamental solution of the heat equation to (6.5), we have

+oo

uy(t, &) = Ot —to, & — &1)ui(to, &' )de’

—00

t ~+o00
T / / Ot — .6 — &) (aur(t' &) — Bur (', yual(t', €)) dE'dt.
to J —o0
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where | |2
1 n
O(1,1) = ——=exp(———).
(1) = s exp(— )
Since
400
O(r,n)dn =1

for all 7 > 0, we have

so that we obtain (6.8). O

Lemma 6. Set

wy (t) = sup (—logua(t,z)) = sup(—logusa(t,&2)).
0<z<2m &2€R

Then, for 0 < to < t, we have
wy (t) < wy (to) +y(t — to) = Pa(wy (to), t — to). (6.9)
Proof. If we divide both sides of (6.6) by —us(t, £2), we have
O (—log(ua(t, £2))) = KOE, (= log(ua(t,&2))) — (Ie, log(ua(t, £2))) + 7 — dua (t, &a). (6.10)

By formally applying the fundamental solution of the heat equation to (6.10), we have

—+00

—log(ua(t, &) < O(t — to, €' — &)(— log(ua(to, £)))dE’ + v(t — to),
and this inequality implies (6.9). O
Lemma 7. Set
uy (t) = sup us(t,z) = sup ua(t,&).

0<z<2m &2€R

Then, for 0 <ty <t, we have

t -
u;(t) < u;—(to) <1 + 5uf(t0)/ ea(t’,to)ets/a-uf(to)(ea(tfto)fea(t - 0))dt/>

to
= Oo(uf (to), ug (to),t — to)-

(6.11)

Proof. We formally apply the fundamental solution of the heat equation to (6.6), so that
we have

+oo

t +oo
us(t, &2) < O(t —to, & — &)ua(to, &' )ds’ + 5/ / Ot —t',& = L)ur(t, & ua(t', §)de dt’.
—00 tg J —o0
Hence, using the inequality (6.8), we have

t
Wk () < i (to) + bu (to) / O —t0) (1),

to
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or
t
V(1) < @10yt () + Su (b)Y (K), Y (£) = / O —10) (1)

to

From this inequality follows (6.11).

Lemma 8. Set

wi (t) = sup (—logui(t,x)) = sup(—logui(t,&)).
0<z<2m &1eR

Then, for 0 <ty <t, we have

t
wl (t) <wf(to) + B [ Palto,us (to),t)dt’ = Uy (uf (to),ud (to), wi (to),t — to).
to

P r o of. From the equation
Ou(—log(ui(t,€1))) = w0z, (—log(u1(t, &1))) — k(g log(u(t,61)))* — o + Bua(t, &1),

we deduce (in a similar way to the previous case)

t
—log(ui (£, 1)) < wi (to) + 8 | g (¢)de’.

to

Hence, using (6.11) we obtain (6.12).

Let us define wi (U), uf (U), wyi (U) and uj (U), for all U > 0, as follows:

wi (U) = —log(@1), Ui()=U, 0<ay < %
W (U) =1, Ui(@)=U, @ > %
wi (U) = ~log(m), Un(m) =U, 0<uz< 7,
uy (U) =tp, Us(lin) =U, 1> %-
It is clear that
.

U =Ui(e W) = Ui(uf (U)) = Uz ) = Ua(u (1),
These definitions are justified due to the definition (3.5)—(3.6) of U;(u1) and Us(uz).
Lemma 9. If we set

U+(t) = sup U(ul (t’ x)a u2(t’ x)),
0<zx<L2m

we have .
UT(t) < MUY (o), t —to), t>to,

where
M(U* (to), t — to) = UP™ (U™ (to), t — to) + U™ (Ut (o), — to),
UP=(U ™ (to), t — to)
— max(Us (1 (wh (U (t0)), £ — to)), Uy (e~ ¥10F U (o)) i (U o)) wf (U (t0)) £10)y

(6.12)

(6.13)

USRS (U (t0), t — to) = max(Ua(®a(ui (U (t)), ug (U (t0)), t — to)), Up(e™ V203 (U (o)) t=to)y)
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P r 0 o f. The lemma follows immediatly from the definition of M (U (t), t—tp) and Lemmas 5-
8. g

Remark 3. The function M (a,b) can be defined for any values ¢ > 0 and b > 0 (independently
of the solution (u1(t,x),ua(t,z)) of the problem (3.1)—(3.3)). Furthermore, the function M(a,b) is
continuous and increasing with respect to either a > 0 or b > 0.

Indeed, this remark follows immediately from the definition (6.13).
We are now able to prove the main result.
Proof (of Theorem 1). In this proof we use the notations U(t) introduced in (3.12) and
U(t,z) = U(uy(t,x),ui(t,z)). Lemma 2 (see also (5.13)) implies that, if
U, ')H%Q(O,Qn) > AQ(U(t))v

then [|U(t,-)]%. (0,2r) decreases. Taking into account that U(t) is decreasing, we have

103205y < max (100, )0 50 » A2(0(0))) = By, ¥t > 0.

This inequality, together with (6.3) and Proposition 1, allows us to conclude the existence of 7 in
each interval [¢,t + 1] such that

- C, 1\1/2
sup U(T,%’)SU(O)—F\/%(?—F > vV By = Ap.

0<zx <27 E
On the other hand, it follows from Lemma 9 (see also Remark 3) that

sup U(t,z) < M(AU,t - 7),
0<z<2m

for t > 7. Thus, from these relations it follows that, for all ¢ > 0, we have

sup U(t',xz) < M(Ap,1), Yt €tt+1],
0<z <27

in other words, we have B
sup U(t,z) < M(Ay,1), Vt>0,
0<x<2mw
with M(Ay,1) < oo (see (6.13)), which completes the proof of (4.3).
We now set

Al(Uoo) - M(A*U(Uoo)7 1)7

A5 (0) :0w+m(%+§)”2,m2<ﬁw). (6.14)

We note that the right-hand side of (6.14) does not depend on t and we can deduce from the
definition of M that the function A;(Us) is continuous and increasing. From the reasoning of the
proof of (4.3), taking into account (4.4), we deduce that

where

limsup sup U(t,z) < A1(Ux),
t—oo 0<z<2mw

which completes the proof of the statement ¢) of Theorem 1.
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We now assume that Us, = 0. Then, according to Lemma 4, we have

[ sw vtraar <01+ var (S [ 106N g pyptr + 001 )r02)
t—10§8;1«1£27r TBAT = ™2 1 Tl (0,2m24T T 1 » ML2(0,27) :

According to Proposition 2 the upper limit of the right-hand side of this inequality is A’{J(ffoo), as
given in (6.14). Thus, we have
t

lim sup U(r,z)dr =0. (6.15)
1700 Ji1 0<e<2r

In order to prove the statement ii) of Theorem 1, we argue by contradiction by assuming that

lim sup U(t,z) #0,

=00 g<g<or

in other words, suppose that there exists € > 0 such that, for each ¢t > 0, there exists ¢ > ¢ such
that
sup U(t,x) > e. (6.16)
0<zx<L2m

Let us define the function U®)(s), for each s > 0, as
MU (s),s) =e. (6.17)
Then, from the definition of M it follows that, for #’ satisfaying (6.16), we have for 7 < t'

UG —7)< sup U(r,x).
0<x<L2m

Thus
¢ ¢
/ Ut —7)dr < / sup U(r,x)dr. (6.18)
t

—1 t'—1 0<z<27m

Recall that the definition of M (and also of U™ and UY®*; see (6.13)) implies that for any
to > 0, we have

lim UP™(U*(to), ¢ — to) = max(Us (uf (U (to))), Ur (7% U7 10))) = U+ (),

t—td
: max 77+ _ +77+ —wF (Ut (o)) _ 77+
lim U*(U™ (to), t = to) = max(Us(uz (U™ (o)), Uz(e™™ )) = U (to),
t—t]
and thus
lim M (U (ty),t —to) = 2U™ (to).
t—td
This relation also implies that
1
lim US# —7)=Ze>0. (6.19)
Tt~ 2

From the continuity of M (a,b) we can deduce that U®)(s) is continuous (see (6.17)). Thus,
from (6.19) it follows that there exists some s, > 0 such that U®)(s) > 0 for 0 < s < s., and
we have

t Se
| v -nir= [ v = e >0
t 0

/_86
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Thus, it follows from (6.18) that

t/
/ sup U(r,z)dr > ¢ > 0,
t

/1 0<a<2n
where c. is independant of ¢’. This result contradicts (6.15). Therefore we have

lim sup U(t,z)=0.
t=00 0<g<2n

This completes the proof of the theorem. O

7. Conclusion

In this article, we have analyzed the asymptotic behavior of the solution to the Lotka—Volterra
equation with diffusion and population displacements in a periodic domain of R. From this analysis
we have obtained the global boundedness of the solution and its logarithm and also its uniform
convergence to the stationary solution in the case in which the solution converges in mean-value to
the stationary solution. This result guarantees that, even if there can be the growth of oscillation
of the solution in certain points as we have seen in the example of numerical calculation in the
Section 2, these phenomena cannot develop infinitely, and the growth of oscillation is limited.

Moreover we have developed some particular techniques of estimate of the solution. Even if the
conditions we have set for the equation are relatively simple, the techniques we have developed here
can, with possible adaptation, be used also for analogous problem with more complex conditions.
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