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Abstract: We consider the following NP-hard generalization of the Minimum Spanning Tree problem. Given
an undirected n-vertex edge-weighted complete graph and integers d and m, find m edge-disjoint spanning trees
of diameter at most d with minimum total weight. We propose a new polynomial-time approximation algorithm
for the problem and study its performance guarantees on random inputs, that is, when the edge weights of the
graph are i. i. d. random variables. We show that under mild conditions on the distribution parameters the
proposed algorithm is asymptotically optimal for the case of continuous and discrete uniform distribution on
[an, bn], an > 0, the shifted exponential distribution with shift an > 0, and distributions dominating the above.
In contrast to a number of previous results for related problems, the new algorithm is asymptotically optimal
not only if d tends to infinity with n, but for constant d as well.
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1. Introduction

The Minimum Spanning Tree (MST) problem is one of the fundamental problems in discrete
optimization. Given a connected undirected edge-weighted graph G = (V,E), the problem is to find
a spanning tree, that is, a tree with vertex set V , of minimum total weight. The MST problem has
long been known to admit polynomial-time algorithms, for example, O(|E| log |V |)-time algorithm
by Boruvka [5], O(|E| log |V |)-time algorithm by Kruskal [21], O(|V |2)-time algorithm by Prim [24].

An important generalization of the MST problem is finding an MST of bounded diameter
(BDMST). The diameter of a graph is the maximum number of edges on the shortest path between
any pair of vertices of the graph. Hence, given an edge-weighted connected n-vertex input graph
and an integer d, 1 < d ≤ n − 1, the BDMST consists in finding a minimum-weight spanning
tree of diameter at most d. BDMST has applications in telecommunication and wireless sensor
network design, where one needs to connect a number of devices by a network at minimum cost
while providing a bounded maximum communication delay [3, 19, 26, 27]; in sparse bit-vector com-
pression [20]; in solving the joint image alignment problem for dense Active Appearance Models [1],
etc. In some applications, e.g., [1, 20], an approximate solution to the so-called Given-Diameter
MST problem is actually used, in which the desired tree is required to have diameter exactly equal
to the given value d. The BDMST is known to be polynomially solvable for d = 2, 3, n − 1, and
NP-hard otherwise [7]. In general graphs it is also NP-hard to approximate the BDMST to within
an approximation factor better than O(log n) for any fixed d, 4 ≤ d ≤ n− 2 [4].

We now consider a further generalization of the BDMST problem: given an edge-weighted
connected graph G = (V,E), find m edge-disjoint spanning trees of diameter upper bounded by
d and minimum total weight. We refer to this problem as m-d-MST. For the case when there
is no restriction on the diameter, the m-MST problem can be solved in O(|E| log |E| + m2|V |2)
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time [25]. If d = 2, each requested spanning tree should be a star-tree with one central vertex of
degree n − 1 and n − 1 vertices of degree 1. Thus, for m ≥ 2 and d = 2, the m-d-MST does not
have a feasible solution, since once the edges incident to a central vertex are used in one spanning
tree, there are no remaining edges to span it in other trees. If d = 3 and m ≥ 2, for the m-d-
MST to have a feasible solution, each spanning tree should have diameter exactly 3, that is, each
such spanning tree Ti should have a central edge ei, and every other vertex must be adjacent to
one of ei’s endpoints. Thus, at least for constant m, one can in polynomial time try all possible
subsets of m vertex-disjoint central edges and complete them into a feasible solution by adding
the corresponding shortest edges from the remaining vertices. In general, however, m-d-MST is
NP-hard [22].

Instead of the worst-case scenario, in this paper we consider the problem on random inputs.
That is, we assume that the input n-vertex graph is complete and the weights of its edges are
i. i. d. random variables that follow a certain distribution D. In this setting we are interested in
polynomial-time asymptotically optimal algorithms, which, with probability at least 1− δ, provide
(1 + ε)-approximate solutions such that δ and ε tend to zero as n grows.

In this area, one can distinguish two groups of papers in relation to the considered distribution
D depending on whether its support is shifted away from zero [10–15] or not shifted away from
zero [2, 6]. In the latter case, it is more difficult to construct a tight lower bound on the weight of the
optimal solution, so the algorithms and their analysis are more sophisticated. For example, in [6]
it was shown that the MST on random inputs with i. i. d. edge weights drawn from the uniform
distribution U(0, 1) has weight, with high probability, tending to ζ(3) =

∑∞
i=1 1/i

3 as n tends to
infinity. Paper [2] shows that the optimal 1-d-MST (or simply BDMST) on random inputs with the
exponential distribution Exp(1) of mean 1 also has weight tending to ζ(3), if d > log2 log2 n+ω(1),
where ω(1) is any function tending to infinity with n; and if d < log2 log2 n−ω(1), then the weight
is doubly-exponentially large in log2 log2 n−d. In [2], two greedy asymptotically optimal algorithms
are also proposed for the BDMST on Exp(1) random inputs, one for each of the two cases of d
mentioned above. Yet, it is difficult to generalize these algorithms and their analysis to the case of
m-d-MST.

For distributions D with support [a, b] or [a,∞), where a > 0 (e.g., the uniform distribution
U(a, b), a shifted exponential distribution Exp(a, λ), or a truncated normal distribution N (a, σ)),
it turns out that in many cases the obvious lower bound a(n − 1)m on the weight of m-d-MST is
asymptotically tight, in the sense that it tends to the weight of the optimal solution as n grows.
Using techniques developed in [10–14], asymptotically optimal algorithms have been constructed
for several variants of m-d-MST. In particular, [11] considered the 1-d-MST, papers [9, 12, 14]
considered the Given-Diameter m-d-MST, where the diameter should be exactly equal to d, and
papers [10, 13] considered the variant of m-d-MST, where the diameter is required to be at least d.
These papers proposed asymptotically optimal algorithms for the corresponding problems in case
D is U(a, b), Exp(a, λ), N (a, σ), and certain other distributions, if d = ω(1) tends to infinity with n.
In a resent paper [15], a new approach for the 1-d-MST was proposed that constructs asymptotically
optimal solutions on uniform random inputs for any d ≥ 4. In this paper we show how to extend
that result to the case of m-d-MST and to a wider class of random inputs.

The rest of the paper is organized as follows. Section 2 defines the problem and the considered
classes of random inputs; Section 3 describes the approximation algorithm. In Section 4.1, we
present a general probabilistic analysis for the constructed algorithm. Section 4.2 provides technical
lemmas estimating expectations of certain random variables. Finally, in Section 4.3, we prove
conditions under which the constructed algorithm is asymptotically optimal on the considered
classes of random inputs.
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2. Problem statement

In the m-d-MST problem, given a complete undirected n-vertex graph G = (V,E), edge weights
w : E → R≥0, an integer d ∈ {4, . . . , n − 1}, and an integer m ≤ n/2, the goal is to find m edge-
disjoint spanning trees T1, . . . , Tm, each of diameter at most d, with minimum total weight:

m∑

i=1

w(Ti) =
m∑

i=1

∑

e∈Ti

w(e) → min .

We consider the m-d-MST on random inputs from the following three classes: U(an, bn),
d-U(an, bn), and Exp(an, λn), in which the edge weights of the n-vertex input graph are i. i. d.
random variables ρ with

1) continuous uniform distribution on the interval [an, bn], 0 < an < bn, with CDF

FU(x) =





0 if x ≤ an,
x− an
bn − an

if x ∈ [an, bn],

1 if x ≥ bn,

(2.1)

2) discrete uniform distribution d-U(an, bn) on the positive integer segment
[an, bn]N := N ∩ [an, bn], an, bn ∈ N, 0 < an < bn, where the probability of hitting
each number in the segment is the same, that is,

P{ρ = x} =





1

bn − an + 1
if x ∈ [an, bn]N,

0, otherwise,
Fd-U(x) =





0 if x ≤ an,
⌊x⌋ − an + 1

bn − an + 1
if x ∈ [an, bn],

1 if x ≥ bn,

3) shifted exponential distribution Exp(an, λn) on the interval [an,∞), an > 0, with CDF

FExp(x) =




1− exp

(
− x− an

λn

)
if x ≥ an,

0, if x < an.
(2.2)

We will also consider random inputs with distributions that dominate one of the three distributions
listed above.

Definition 1. A distribution with CDF F1(x) is said to dominate a distribution with CDF
F2(x) if for all x ∈ (−∞,∞): F1(x) ≥ F2(x).

For example, the truncated normal distribution N (an, σ
2
n) with PDF

fN (x) =





1√
2πσ2

n

exp
(
− (x− an)

2

2σ2
n

)
if x > an,

0, otherwise,

dominates the shifted exponential distribution Exp(an, λn) with λn = 2σn, see Proposition 3 in [13].
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3. Approximation algorithm

The problem with the previous algorithms. Papers [9, 12, 14] proposed approximation
algorithms mainly for the Given-Diameter m-d-MST, which can be easily transformed into algo-
rithms for the m-d-MST with a diameter bounded from above. The output of those approximation
algorithms was a collection of spanning caterpillar trees T1, . . . , Tm constructed as follows.

In Step 1, the vertices of the input graph were randomly partitioned intom+1 parts: V1, . . . , Vm

and V ′ = V \⋃m
j=1 Vj such that |V1| = · · · = |Vm| = d+ 1. For each i = 1, . . . ,m, the base tree Si,

which was a simple path of d edges on vertices of Vi, was built by greedily applying the principle
“go to the closest non-visited vertex” of Vi. In Step 2, for each tree Ti := Si the shortest edge {v, u}
from each vertex v ∈ ⋃m

j=1 Vj \ Vi to an inner vertex u of a certain half of Si was added to Ti.
Finally, in Step 3, each tree Ti was augmented by adding for each vertex v ∈ V ′ an edge {v, u} to
the closest inner vertex u of Si.

The analysis in papers [9, 12, 14] shows that, with high probability, the relative error of these
algorithms satisfies

ε = O

(
E(W )−m(n− 1)an

m(n− 1)an

)
,

where m(n − 1)an is the obvious lower bound1 for the weight of the optimal solution, and E(W )
is the expectation of the weight of the constructed solution, W =

∑m
i=1w(Ti). Further analysis in

those papers yields ε = O

(
βn/an · 1/d

)
, where an, βn > 0 are the parameters of the edge-weight

distribution: uniform U(an, βn), shifted exponential Exp(an, βn), truncated normal N(an, βn), etc.
Such ε tends to zero if d = ω(1) tends to infinity with n, whereas requiring βn/an = o(1) is
unrealistic. For constant d this estimate does not yield asymptotic optimality. Note that the
weight of each edge added to the solution in each of the three steps of these algorithms equals the
minimum of Θ(d) i. i. d. random values, and in the case of constant d, the expectation of such a
minimum is, roughly speaking, “not small enough” compared to the lower bound an to yield an
overall asymptotically optimal solution. To achieve asymptotic optimality, the solution is allowed to
contain only o(mn) of such “not small enough” edges, while in the case of constant d the algorithms
from [9, 12, 14] construct solutions in which all the edges are “not small enough”.

The new algorithm. In this paper, we mitigate the above problem and, elaborating on the
idea introduced in [15] for a single tree, propose Algorithm 1 that constructs m trees T1, . . . , Tm

starting from more bushy vertex-disjoint base trees S1, . . . , Sm, each having Θ(
√
n) instead of Θ(d)

vertices. Most edges of S1, . . . , Sm will be chosen as the minimum-weight edge out of ω(1) edges.
For each i = 1, . . . ,m, Ti := Si will then be populated with an edge {v, u} from each v ∈ V \V (Si)
to the closest vertex u in a certain quarter (or half) of the inner vertices of Si. And since there are
Θ(

√
n) inner vertices in Si, each such edge {v, u} will be chosen as the minimum-weight edge out

of ω(1) edges. Therefore, most of the edges added to the solution will be “small enough”, which in
Section 4 will allow us to show asymptotic optimality of the algorithm for the considered classes of
random inputs, regardless of the value of d ∈ {4, . . . , n− 2}.

1Although the estimation for ε uses the weight of the lower bound instead of the weight of the optimal
solution, from the results of the current paper (Theorem 1) we know that there exists a feasible solution
whose weight tends to the lower bound for the considered classes of random inputs, and, thus, so does the
optimum.
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Algorithm 1: Approximation algorithm for the m-d-MST

Input : complete undirected graph G = (V,E), |V | = n, weights of edges w : E → R≥0,
and positive integers m and d : 4 ≤ d ≤ n− 1.

Result: m edge-disjoint spanning trees T1, . . . , Tm each of diameter at most d.

1 Step 0. Randomly and uniformly split the vertex set V into parts V1 and V2 so that
V1 ∪ V2 = V , V1 ∩ V2 = ∅, |V1| = ⌊n/2⌋, and |V2| = ⌈n/2⌉;

2 Set the edge sets Ti := ∅, Si := ∅ for all i = 1, . . . ,m, and the set of used edges T := ∅;
3 Set D := ⌊min{d,√n}/2⌋ and ℓ := ⌈√n/(2D)⌉;
4 Step 1. /* Construct vertex-disjoint base trees S1, . . . , Sm of diameter 2D */

5 foreach i = 1, . . . ,m do

6 Arbitrarily select: vertex vi0 ∈ V1+(i mod 2) \ V (T ) as the central vertex of Si, vertices

vi1,1,1, . . . , v
i
1,ℓ,1 ∈ V1 \ (V (T ) ∪ {vi0}), and vi2,1,1, . . . , v

i
2,ℓ,1 ∈ V2 \ (V (T ) ∪ {vi0}) ;

7 Si :=
⋃ℓ

p=1

⋃2
r=1{{vi0, vir,p,1}} and T := T ∪ Si ;

8 foreach r = 1, 2 do

9 foreach p = 1, . . . , ℓ and k = 1, . . . ,D − 1 do

10 vir,p,k+1 := argmin{w({vir,p,k, u}) | u ∈ Vr \ V (T )};
11 Si := Si ∪ {{vir,p,k, vir,p,k+1}} and T := T ∪ Si;

12 Ti := Si and Ui := {vir,p,k | r = 1, 2, p = 1, . . . , ℓ, k = 1, . . . ,D − 1} ;

13 Step 2. /* Populate each tree Ti with edges spanning vertices of all Sj,

i 6= j, keeping all trees edge-disjoint and of diameter 2D */

14 foreach i = 1, . . . ,m do

15 For each vertex v ∈ V (Si) \ {vi0} where v = vir,p,k, set num(v) := p+ (k − 1)ℓ;

16 foreach i = 1, . . . ,m do

17 foreach j = 1, . . . ,m, j 6= i do
18 foreach r = 1, 2 do

19 foreach v ∈ V (Sj) ∩ Vr do

20 if v = vj0 then

21 x∗ := argmin{w({vj0, x}) | x ∈ Ui ∩ V3−r} ;

22 else

23 x∗ := argmin{w({x, v}) |
x ∈ Ui ∩ V3−r, and num(x) ≡ num(v) + [i < j] (mod 2)};

24 Ti := Ti ∪ {{x∗, v}};

25 Step 3. /* Populate each tree Ti with edges spanning vertices of V \ V (Ti) */

26 foreach i = 1, . . . ,m do

27 foreach r = 1, 2 do

28 foreach v ∈ Vr \ V (Ti) do
29 x∗ := argmin{w({x, v}) | x ∈ Ui ∩ V3−r} and Ti := Ti ∪ {{x∗, v}};

30 Return: T1, . . . , Tm.
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Algorithm 1 consists of Steps 0–3. In Step 0, the vertices of the initial graph are uniformly
and randomly partitioned into V1 and V2, |V1| = ⌊n/2⌋ and |V2| = ⌈n/2⌉. This is a technical step
that will force the weights of edges added in Step 1 and Steps 2–3 in the constructed trees to be
mutually independent random variables, as follows. For r = 1, 2, let

Err =
{
{u, v} ∈ E | u, v ∈ Vr

}

and

E12 =
{
{u, v} ∈ E | u ∈ V1, v ∈ V2

}
.

The edges added to the trees in Step 1 (except for those chosen randomly in lines 6–7) are selected
from E11 ∪ E22, while the edges added in Steps 2–3 are from E12; by construction, the weights of
edges from E11 ∪ E22 are independent of the weights of edges in E12.

In Step 1, m vertex-disjoint base trees Si, i = 1, . . . ,m, are constructed. Each Si consists of
a central vertex vi0 ∈ V \⋃i−1

j=1 V (Sj) and 2ℓ simple D-edge paths originating from vi0: ℓ paths on
the vertices of V1 and ℓ paths on the vertices of V2; D = ⌊min{d,√n}/2⌋ and ℓ = ⌈√n/(2D)⌉.
Note that vertex vi0 is chosen from V2 if i ≡ 0(mod 2) and from V1, otherwise (line 6). The first
edges of the 2ℓ paths incident to vi0 are chosen at random in lines 6–7, then each path is greedily
constructed by applying the principle “go to the closest non-visited vertex” in lines 9–11.

In Step 2, for each i = 1, . . . ,m, tree Ti := Si is extended so as to span all the vertices of⋃m
i=1 V (Si). To that end, for each j 6= i, 1 ≤ j ≤ m, from each vertex of Sj, an edge to a certain

closest vertex of Ui is added to Ti in lines 17–24, where Ui is the set of vertices of Si excluding the
leaves and the center (line 12). All the edges added in this step are restricted to belong to E12.
Moreover, in order to keep the resulting trees edge-disjoint, the vertices of each Si, i = 1, . . . ,m,
are enumerated in a breadth-first order (line 15), and the edges between V (Sj) and V (Si) added
to Ti are chosen only among the edges with endpoints of the same parity if i > j, and with the
opposite parity, otherwise (lines 23–24). Line 23 uses Iverson’s notation [i < j], where the bracket
value is 1 if the condition holds, otherwise it is 0. This parity trick also forces the weights of the
edges added in Step 2 to be independent random variables, since each such edge e is selected as
the shortest edge from a unique subset of edges Ee, where Ee ∩ Ee′ = ∅ for e 6= e′.

After Step 2, V (T1) = · · · = V (Tm). In Step 3, for each i = 1, . . . ,m, tree Ti is populated with
an edge {v, u} ∈ E12 from each vertex v ∈ V \ V (Ti) to the closest vertex u in Ui, where Ui is the
set of vertices of Si excluding the leaves and the center (line 12).

The following two lemmas show the correctness and the time complexity of Algorithm 1, while
the quality of its solution will be studied in Section 4.

Lemma 1. Algorithm 1 constructs a feasible solution for the m-d-MST, if m ≤ n/(2Dℓ + 1),
d ≥ 4 and n > 16.

P r o o f. First, we show that each constructed tree is a spanning tree of diameter at most d.
In Step 1 of Algorithm 1, we construct the base Si of each Ti, i = 1, . . . ,m, such that Si is a spider
tree with central vertex vi0 from which 2ℓ simple vertex-disjoint paths originate. Each such path
consists of D edges: one edge is added at line 7, and D− 1 are added at lines 9–11. Thus, for each
i = 1, . . . ,m, the diameter of Ti = Si after Step 1 is

diam(Ti) = diam(Si) = 2D = 2⌊min{d,√n}/2⌋ ≤ d.

In Steps 2 and 3, for i = 1, . . . ,m each Ti is extended so as to span the remaining vertices: for each
v ∈ V \V (Ti) a certain edge {u, v} is added to Ti, such that u ∈ Ui is a vertex of Si apart from the
leaves and the center. Let dist(u, v) be the number of edges in the shortest path between vertices
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u and v in Ti. Then for each u ∈ Ui, dist(u, v
0
i ) ≤ D− 1, and for an edge {u, v} added in Step 2 or

3 and an arbitrary vertex v′ ∈ V (Si) it holds that

dist(v, v′) = 1 + dist(u, v′) ≤ 1 + dist(u, v0i ) + dist(v′, v0i ) ≤ 2D ≤ d,

while for another edge {u2, v2} added in Step 2 or 3 with u2 ∈ Ui, we have

dist(v, v2) = 2 + dist(u, u2) ≤ 2 + dist(u, v0i ) + dist(u2, v
0
i ) ≤ 2D ≤ d.

Thus, after Steps 2 and 3, Ti is a spanning tree and diam(Ti) = 2D ≤ d, i = 1, . . . ,m.

Now we show that all the constructed trees are edge-disjoint. In Step 1 we maintain and update
the set T of all currently used edges in a timely manner, so that when a new edge is added to one
of the trees, it never belongs to T , and when the center vertex of a new tree is selected, it never
belongs to V (T ). Therefore, S1, . . . , Sm are vertex-disjoint and, thus, edge-disjoint. Note that since
m ≤ n/(2Dℓ+1), there are enough vertices to construct all m base trees, and Step 1 is well defined.

For Step 2, consider an edge e = {vi, vj} with vi ∈ V (Si) and vj ∈ V (Sj) added to the solution

for some i < j, 1 ≤ i, j ≤ m. If vj = vj0, then vi ∈ Ui, vi 6= vi0 and e ∈ Ti due to line 21; similarly,

if vi = vi0, then vj 6= vj0 and e ∈ Tj . Otherwise, due to line 23, edge e can belong to exactly one of
the trees Ti or Tj in two non-overlapping cases: e ∈ Tj if num(vj) ≡ num(vi) (mod 2) and e ∈ Ti

if num(vi) ≡ num(vj) + 1 (mod 2).
Note that for Step 2 to be well defined, for each Ui ∩ Vr with i = 1, . . . ,m, r = 1, 2, there has

to be at least one vertex in Ui with an even and one with an odd number, thus, (D − 1)ℓ ≥ 2.
Therefore, if m > 1 and D = 2, it should be that ℓ = ⌈√n/4⌉ ≥ 2 and, thus, n > 16.

Finally, consider an edge ei = {v, xi} added to Ti in Step 3 with v ∈ V \ ⋃m
i=1 V (Ti) and xi

being a non-leaf vertex of Si, i ∈ {1, . . . ,m}. Since S1, . . . , Sm are vertex-disjoint, ei 6∈ Tj for
j 6= i. �

Lemma 2. Algorithm 1 runs in O(n2) time.

P r o o f. Recall that (1 + 2Dℓ)m ≤ n, D = ⌊min{d,√n}/2⌋, ℓ = ⌈√n/(2D)⌉. Step 0 of
Algorithm 1 can be done in O(n) time. In Step 1, to construct each Si, i = 1, . . . ,m, selecting
the first 2ℓ edges at random can be done in O(n) time, and then adding each of the remaining
2(D − 1)ℓ edges takes O(n) time. Thus, Step 1 takes O(2Dℓmn) = O(n2) time. In Step 2,
m(m − 1)(Dℓ + 1) edges are added, and adding each edge takes O(Dℓ) time. Thus, Step 2 takes
O(m2ℓ2D2) = O(n2) time. In Step 3, adding each edge takes O(Dℓ) time, which results in an
overall O(mDℓ(n −mDℓ−m)) = O(mDℓn) = O(n2) time. Therefore, the total time complexity
of Algorithm 1 is O(n2). �

4. Probabilistic analysis of Algorithm 1

To evaluate the accuracy of the algorithm, we perform a probabilistic analysis, where instead
of describing the performance of the algorithm for the worst-case input scenario, we focus on the
performance of the algorithm on “typical” instances. That is, we assume the instances of the
problem belong to a certain probability space. In this paper, we consider three classes of inputs:
U(an, bn), d-U(an, bn), and Exp(an, λn), in which the edge weights of the n-vertex input graph are
i. i. d. random variables ρ with the continuous uniform, discrete uniform, and shifted exponential
distribution, see (2.1)–(2.2).
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Definition 2. Let WA(In) and OPT (In) be, respectively, the approximate value obtained by
approximation algorithm A and the optimum value of the objective function of some minimization
problem on an n-vertex graph instance In. Algorithm A is said to have performance guarantees

(εn, δn) on a class of random instances, if for all instances In from this class

P
{
WA(In) >

(
1 + εn

)
OPT (In)

}
≤ δn,

where εn is the relative error of algorithm A, δn is the failure probability of algorithm A, defined
as the proportion of cases in which the algorithm does not achieve the relative error εn or fails to
produce any answer at all.

Definition 3. An approximation algorithm A is called asymptotically optimal on a class of
instances if there exist performance guarantees (εn, δn) such that for all instances In of this class,
εn → 0 and δn → 0 as n → ∞.

The goal of this section is to show conditions under which Algorithm 1 from Section 3 is
asymptotically optimal on the classes of U(an, bn), d-U(an, bn), and Exp(an, λn) random inputs.

4.1. General analysis of Algorithm 1

In this section, we describe the weight of the solution constructed by Algorithm 1 in terms of
random variables, and in Lemma 3 we derive general upper bounds for the performance guarantees
εn and δn of Algorithm 1. The only property of the edge-weights distribution D used here is that
its support is shifted away from zero: [an, bn] or [an,∞) with an > 0. More explicit forms for the
bounds obtained in Lemma 3 will be derived for specific distributions in Section 4.3.

Let

W =
m∑

i=1

∑

e∈Ti

w(e)

be the total weight of the spanning trees T1, . . . , Tm returned by Algorithm 1; let Wi be the total
weight of edges added to the trees in Step i of Algorithm 1, i ∈ {1, 2, 3}, so that W = W1+W2+W3.

Let ρ be a random variable with initial distribution D, and let ρk be a random variable equal
to the minimum of k i. i. d. random variables of type ρ. By {ρjk}j∈J we will denote a set of |J |
independent random variables of type ρk with the same value of k, where the superscript j is a
(composite) index that allows us to distinguish between different independent random variables of
type ρk. Note that a random variable of type ρ1 has the same distribution as a random variable of
type ρ. For the weights W1, W2, and W3, we can show the following.

The total weight of edges added in Step 1 satisfies

W1 =

m∑

i=1

2ℓ∑

j=1

ρ1,i,j1 +

m∑

i=1

ℓ∑

p=1

D−1∑

k=1

ρ1,1,i,p,k⌊n/2⌋−Dℓ(i−1)−⌊i/2⌋−(p−1)D−k

+
m∑

i=1

ℓ∑

p=1

D−1∑

k=1

ρ1,2,i,p,k⌈n/2⌉−Dℓ(i−1)−⌈i/2⌉−(p−1)D−k .

(4.3)

Here, the first sum corresponds to the weights of 2mℓ edges incident to v10, . . . , v
m
0 and chosen in

line 6 of Algorithm 1. Since these edges were chosen uniformly at random, their weights have the
initial distribution D and are of type ρ1. The second and the third sums correspond to the total
weight of all edges added to the solution in lines 9–11 with both endpoints in V1 and with both
endpoints in V2, respectively. For example, for the second sum, note that when adding a new edge
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of minimum weight from a vertex vi1,p,k ∈ V (Si) ∩ V1 to the vertex vi1,p,k+1 ∈ V1 \ V (T ) in line 9,

vi1,p,k+1 is chosen out of ⌊n/2⌋ −D(i− 1)ℓ− ⌊i/2⌋ − (p − 1)D − k vertices, since |V1| = ⌊n/2⌋ and

by the time the algorithm chooses vi1,p,k+1: ⌊i/2⌋ centers (due to line 6) of previously constructed
and possibly current base trees are already in V1∩V (T ), Dℓ(i−1) non-center vertices of previously
constructed base trees are already in V1∩V (T ), and (p−1)D+k non-center vertices of the current
Si are in V1 ∩ V (T ). Similar arguments apply for the third sum. Finally, note that the set of edges
from which edge {vir,p,k, vir,p,k+1} is chosen in line 9 does not intersect with the edge sets from which
edges on previous iterations were chosen. Thus, all random variables summed in W1 are mutually
independent.

The total weight of edges added in Step 2 satisfies

W2 =
m∑

i=1

m∑

j=1,j 6=i

ρ2,i,j
ℓ(D−1)

+
m∑

i=1

m∑

j=1,j 6=i

2∑

r=1

Dℓ∑

k=1,k%2=1

(
ρ2,i,j,r,k⌈(D−1)ℓ/2⌉ · [i<j] + ρ2,i,j,r,k⌈(D−1)ℓ/2⌉ · [i>j]

)

+
m∑

i=1

m∑

j=1,j 6=i

2∑

r=1

Dℓ∑

k=1,k%2=0

(
ρ2,i,j,r,k⌊(D−1)ℓ/2⌋ · [i < j] + ρ2,i,j,r,k⌊(D−1)ℓ/2⌋ · [i > j]

)

=

m∑

i=1

m∑

j=1,j 6=i

ρ2,i,jℓ(D−1) +

m∑

i=1

m∑

j=1,j 6=i

2∑

r=1

Dℓ∑

k=1,k%2=1

ρ2,i,j,r,k⌈(D−1)ℓ/2⌉

+

m∑

i=1

m∑

j=1,j 6=i

2∑

r=1

Dℓ∑

k=1,k%2=0

ρ2,i,j,r,k⌊(D−1)ℓ/2⌋.

(4.4)

Note that for i = 1, . . . ,m, r = 1, 2, the set Ui ∩ V3−r consists of (D − 1)ℓ vertices, out of which
⌈(D−1)ℓ/2⌉ vertices have an odd number and ⌊(D−1)ℓ/2⌋ have an even number. Variables ρ2,i,jℓ(D−1)

in the first sum of (4.4) stand for the weights of edges added in line 21, where an edge from vj0 to
the closest out of (D− 1)ℓ vertices of Ui from the opposite part (whether it is V1 or V2) is added to
the solution. In the second and the third sums, the term ρ2,i,j,r,k stands for the weight of an edge
selected in lines 23–24 from the vertex v ∈ Sj ∩ Vr with num(v) = k to the closest inner vertex of
Ui ∩ V3−r of the corresponding parity. Note that for each two edges e and e′ added to the solution
in Step 2, not only the edges e and e′ themselves, but also the sets of edges out of which e and
e′ were chosen as the ones with minimum weight do not intersect. Thus, all the random variables
summed in W2 are mutually independent. Moreover, since in Step 2 only edges between V1 and V2

were considered, their weights are independent of the weights of edges considered in Step 1 with
both endpoints either in V1 or V2.

The total weight of edges added in Step 3 satisfies

W3 =

m∑

i=1

⌊n/2⌋−mDℓ−⌊m/2⌋∑

j=1

ρ3,1,i,j(D−1)ℓ +

m∑

i=1

⌈n/2⌉−mDℓ−⌈m/2⌉∑

j=1

ρ3,2,i,j(D−1)ℓ. (4.5)

In Step 3 for each i = 1, . . . ,m, Ti is populated with edges spanning the remaining set of vertices
V ′ = V \ V (Ti). Note that

|V ′| = n−m(1 + 2Dℓ), |V ′ ∩ V1| = ⌊n/2⌋ −mDℓ− ⌊m/2⌋,
|V ′ ∩ V2| = ⌈n/2⌉ −mDℓ− ⌈m/2⌉.

Each term ρ3,1,i,j(D−1)ℓ in the first sum of (4.5) corresponds to the weight of an edge added to Ti, which

was chosen in line 29 as the edge of least weight connecting vj ∈ V ′∩V1 with one of (D−1)ℓ vertices
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of Ui ∩ V2. Similarly, each term ρ3,2,i,j(D−1)ℓ in the second sum of (4.5) stands for the weight of an edge

added to Ti, which was chosen in line 29 as the edge of least weight connecting vj ∈ V ′ ∩ V2 with
one of (D− 1)ℓ vertices of Ui ∩V1. Note again that for each edge e added to the solution in Step 3,
the set of edges from which e was chosen as the one with minimum weight does not intersect with
the sets of edges from which any other edge e′ ∈ ⋃m

i=1 Ti was chosen. Thus, all random variables
summed in W3 are mutually independent, and are independent of the random variables summed
in W1 and W2.

In what follows, it will be more convenient for us to use the normalized random variables:

ξ =
ρ− an
βn

and ξk =
ρk − an

βn
, (4.6)

where

βn =





bn − an for inputs in U(an, bn),

bn − an + 1 for inputs in d-U(an, bn),

λn for inputs in Exp(an, λn).

We will use the notations W ′, W ′
1, W

′
2, and W ′

3 for the corresponding sums of normalized random
variables.

Lemma 3. Algorithm 1 for the m-d-MST on an n-vertex complete graph with weights of edges
from U(an, bn), discrete U(an, bn) or Exp(an, λn) has the following estimates for the relative error
εn and the failure probability δn:

εn =
2βn

m(n− 1)an
E , (4.7)

δn = P

{
W̃ ′ ≥ E

}
, (4.8)

where E is an upper bound on EW ′ and W̃ ′ = W ′ −EW ′.

P r o o f. Using a simple lower bound OPT ≥ m(n − 1)an, we get the following inequality
chain:

P
{
W > (1 + εn)OPT

}
≤ P

{
m(n− 1)an + βnW

′ > (1 + εn)m(n− 1)an
}

= P
{
W ′ >

εnm(n− 1)an
βn

}
= P

{
W ′ −EW ′ >

εnm(n− 1)an
βn

−EW ′
}

≤ P
{
W̃ ′ >

εnm(n− 1)an
βn

− E
}
≤ P

{
W̃ ′ ≥ E

}
= δn,

where in the last inequality we substituted expression (4.7) for εn. �

To obtain a more explicit form of the upper bound (4.7) for the relative error εn, we need to
derive an upper bound E on the expectation EW ′. This will be done for distributions

D ∈
{
U(an, bn),d-U(an, bn),Exp(an, λn)

}

in Lemmas 4 and 7. In turn, to obtain a more explicit form of the upper bound (4.8) for the failure
probability δn we apply Petrov’s theorem (Proposition 1 below) from [23], and show how to choose
appropriate constants hk required in Petrov’s theorem in Lemmas 5, 6, and 8 for the considered
distributions.
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Proposition 1 (Petrov’s theorem [23]). Consider independent random variables X1, . . . ,Xn.
Let there be positive constants T > 0 and h1, . . . , hn > 0 such that, for all k = 1, . . . , n and
0 ≤ t ≤ T, it holds that

EetXk ≤ ehkt
2/2. (4.9)

Let S =
∑n

k=1Xk and H =
∑n

k=1 hk. Then

P{S > x} ≤
{
exp

{
−x2/(2H)

}
if 0 ≤ x ≤ HT,

exp
{
−Tx/2

}
if x ≥ HT.

4.2. Properties of the random variable ξk for selected distributions

In this section, we gather technical lemmas estimating Eξk and E exp(t(ξk − Eξk)), where ξk
is a random variable, normalized as in (4.6), equal to the minimum of k ∈ N independent random
variables with distribution

D ∈ {U(an, bn),d-U(an, bn),Exp(an, λn)}, an > 0.

The estimates for Eξk are fairly straightforward. Estimates for E exp(t(ξk − Eξk)) in the cases of
D ∈ {U(an, bn),Exp(an, λn)} were previously obtained in [8, 17], and we recall these results below
without proofs. Although the case D = d-U(an, bn) was already studied in [9], we provide here a
more accurate and complete proof for this case. Below we will need the following standard facts
on integrals, left and midpoint sums, and concave functions.

Proposition 2. Let f(x) be a nonnegative integrable function on [a, b+ 1]. Then

b∑

i=a

f(i) ≤
∫ b+1

a
f(x) dx if f(x) is nondecreasing on [a, b+ 1]; (4.10)

f(a) + f(b)

2
(a− b) ≤

∫ b

a
f(x) dx if f(x) is concave on [a, b]; (4.11)

b∑

i=a

f(i) ≤ f(a) + f(b)

2
+

∫ b

a
f(x) dx if f(x) is nonincreasing and concave on [a, b]. (4.12)

The next lemma estimates Eξk for D ∈ {U(an, bn),d-U(an, bn),Exp(an, λn)}.

Lemma 4. Eξk = 1/(k + 1) for D = U(an, bn), Eξk ≤ 1/(k + 1) for D = d-U(an, bn), and
Eξk = 1/k for D = Exp(an, λn).

P r o o f. For D = U(an, bn), we have

Eξk =

∫ ∞

−∞
x d

(
1− (1− FU(0,1)(x))

k
)
= k

∫ 1

0
x(1− x)k−1 dx = k

∫ 1

0
(1− t)tk−1 dt =

1

k + 1
.

For D = Exp(an, λn) we have

Eξk =
1

λn

∞∫

an

xd
(
1− (1− FExp(an,λ)(x))

k
)
− an

λn
= − 1

λn

∞∫

an

x d exp

(−k(x− an)

λn

)
− an

λn

=
1

λn

∫ ∞

an

exp

(−k(x− an)

λn

)
dx =

1

k
.
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For D = d-U(an, bn), the computations are slightly more involved. Let ξ be a normalized (4.6)
random variable with distribution d-U(an, bn).

Note that P {ξ ≤ x/βn} = (x+ 1)/βn and P {ξ ≥ (x+ 1)/βn} = (βn − x− 1)/βn for
x ∈ {0, 1, . . . , βn − 1}, while P {ξ ≥ x/βn} = 0 for x ≥ βn. Then we have

Eξk =

βn−1∑

x=0

x

βn
P
{
ξk =

x

βn

}
=

βn−1∑

x=0

x

βn

(
P
{
ξk ≥ x

βn

}
−P

{
ξk ≥ x+ 1

βn

})

=
1

βn

( βn−2∑

x=0

(x+ 1)P
{
ξk ≥ (x+ 1)

βn

}
−

βn−1∑

x=0

xP
{
ξk ≥ x+ 1

βn

})

=
1

βn

βn−1∑

x=0

(x+ 1− x)P
{
ξk ≥ x+ 1

βn

}
=

1

βn

βn−1∑

x=0

(
P
{
ξ ≥ x+ 1

βn

})k

=
1

βn

βn−1∑

x=0

(βn − x− 1

βn

)k
=

1

βk+1
n

βn−1∑

i=0

ik ≤
( 1

βn

)k+1
∫ βn

0
xk dx =

1

k + 1
.

�

The next lemma shows how to choose constants hk, so that the variables

ξ̃k = ξk −Eξk

satisfy condition (4.9) of Petrov’s theorem for D ∈ {U(an, bn),Exp(an, λn)}.

Lemma 5. Let ξ̃k = ξk −Eξk, k ∈ N. For k ∈ N, let

hk =

{
3/(k + 1)2 if D = U(an, bn),

3/k2 if D = Exp(an, λn),
and T =

{
1 if D = U(an, bn),

1/2 if D = Exp(an, λn).

Then for all t ∈ [0, T ] and each k ∈ N, it holds that

E exp(tξ̃k) ≤ exp
(hkt2

2

)
.

P r o o f. The proof for D = U(an, bn) is given in [8, Lemma 4]. For D = Exp(an, λn) and
nonnormalized random variables ηk = λnξk, in [17, Lemma 10], it was shown that for all t ∈
[0, 1/(2λn)],

E exp(t(ηk −Eηk)) ≤ exp

(
(3λ2

n/k
2)t2

2

)

Thus, for ξk, it follows that for all t ∈ [0, 1/2]

E exp
(
t(ξk −Eξk)

)
= E exp

(
t

λn
(ηk −Eηk)

)
≤ exp

(
(3/k2)t2

2

)
.

�
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Below we give a complete and accurate proof for a similar statement in the case of
D = d-U(an, bn).

Lemma 6. Let D = d-U(an, bn), ξ̃k = ξk − Eξk, and hk = 3/(k + 1)2, k ∈ N. Then for each
t ∈ [0, 1] and each k ∈ N, it holds that E exp(tξ̃k) ≤ exp(hkt

2/2).

P r o o f. We estimate exp(tξ̃k), taking into account that ξ̃k ≤ 1 and t ≤ 1:

exp(tξ̃k) =

∞∑

j=0

(tξk)
j

j!
= 1 + tξ̃k +

(tξ̃k)
2

2

(
1 +

tξ̃k
3

+
(tξk)

2

3 · 4 +
(tξk)

3

3 · 4 · 5 + · · ·
)

≤ 1 + tξ̃k +
(tξ̃k)

2

2

∞∑

j=0

(
tξ̃k
3

)j

= 1 + tξ̃k +
(tξ̃k)

2

2

1

1− tξ̃k/3
≤ 1 + tξ̃k +

3(tξ̃k)
2

4
.

By definition of ξ̃k, Eξ̃k = 0 and Eξ̃2k = Var ξk ≤ E(ξk)
2. Below we will show that

E(ξk)
2 ≤ 2/(k + 1)2, and now, using this fact, we get the required inequality:

E exp(tξ̃k) ≤ 1 + tEξ̃k +
3t2

4
Eξ̃2k ≤ 1 +

3t2

2(k + 1)2
= 1 +

hkt
2

2
≤ exp(hkt

2/2).

It remains to show that E(ξk)
2 ≤ 2/(k + 1)2. To that end, recall that

P {ξ ≥ (x+ 1)/βn} = (βn − x− 1)/βn for x ∈ {0, 1, . . . , βn − 1} and P {ξ ≥ x/βn} = 0 for
x ≥ βn. Then we have

E(ξk)
2 =

βn−1∑

x=0

x2

β2
n

P
{
ξk =

x

βn

}
=

βn−1∑

x=0

x2

β2
n

(
P
{
ξk ≥ x

βn

}
−P

{
ξk ≥ x+ 1

βn

})

=
1

β2
n

( βn−2∑

x=0

(x+ 1)2P
{
ξk ≥ x+ 1

βn

}
−

βn−1∑

x=0

x2P
{
ξk ≥ x+ 1

βn

})

=
1

β2
n

βn−1∑

x=0

(
(x+ 1)2 − x2

)
P
{
ξk ≥ x+ 1

βn

}
=

1

β2
n

βn−1∑

x=0

(2x+ 1)

(
βn − x− 1

βn

)k

=
1

βk+2
n

βn−1∑

i=0

(2βn − 2i− 1)ik =
1

βk+2
n

(
2

βn∑

i=0

(βn − i)ik −
βn−1∑

i=0

ik
)
.

(4.13)

Consider the function f(x) = (βn − x)xk on [0, βn]. It is easy to see that f ′(x) = 0 at
x∗ = βnk/(k + 1), f ′′(x) = 0 at x∗∗ = βn(k − 1)/(k + 1) < x∗, and f(x) is increasing on [0, x∗]
and is decreasing and concave on [x∗, βn]. Thus, we have

βn∑

i=0

f(i) =

⌊x∗⌋−1∑

i=0

f(i) + f(⌊x∗⌋) +
βn∑

i=⌊x∗⌋+1

f(i)

≤
∫ ⌊x∗⌋

0
f(x) dx+ f(⌊x∗⌋) +

∫ βn

⌊x∗⌋+1
f(x) dx+

1

2
f(⌊x∗⌋+ 1)

=

∫ βn

0
f(x) dx−

∫ ⌊x∗⌋+1

⌊x∗⌋
f(x) dx+ f(⌊x∗⌋) + 1

2
f(⌊x∗⌋+ 1)
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≤
∫ βn

0
f(x) dx−

∫ ⌊x∗⌋+1

x∗

f(x) dx+ f(⌊x∗⌋)(⌊x∗⌋+ 1− x∗) +
1

2
f(⌊x∗⌋+ 1)

≤
∫ βn

0
f(x) dx− f(x∗)+f(⌊x∗⌋+1)

2
(⌊x∗⌋+1−x∗) + f(⌊x∗⌋)(⌊x∗⌋+1−x∗) +

1

2
f(⌊x∗⌋+ 1)

≤
∫ βn

0
f(x) dx+

f(⌊x∗⌋)
2

(⌊x∗⌋+ 1− x∗) +
f(⌊x∗⌋+ 1)

2
(x∗ − ⌊x∗⌋)

≤ βk+2
n

k + 1
− βk+2

n

k + 2
+

1

2
max

{
f(⌊x∗⌋), f(⌊x∗⌋+ 1)

}

=
βk+2
n

(k + 1)(k + 2)
+

1

2
max

{
f(⌊x∗⌋), f(⌊x∗⌋+ 1)

}
,

(4.14)

where the first inequality is due to (4.10) and (4.12), the second inequality is due to (4.10) and the
fact that f(x) is increasing on [⌊x∗⌋, x∗], and the third inequality is due to (4.11) and the fact that
f(x) is concave on [x∗, ⌊x∗⌋+ 1]. Next, note that for x ∈ {0, 1, . . . , βn − 1}

f(x) = (βn − x)xk =

βn−1∑

i=x

xk ≤
βn−1∑

i=x

ik. (4.15)

Finally, plugging (4.14) and (4.15) into (4.13), we obtain

E(ξk)
2 ≤ 1

βk+2
n

· 2βk+2
n

(k + 1)(k + 2)
≤ 2

(k + 1)2
.

�

4.3. Asymptotic optimality

In this section, we put everything together and show the conditions under which Algorithm 1 is
asymptotically optimal for distributions D ∈ {U(an, bn),d-U(an, bn),Exp(an, λn)}. As mentioned
above, to obtain an explicit upper bound on the relative error from (4.7), we need to estimate
E(W ′), whereas to obtain an explicit upper bound for the failure probability from (4.8) we will
apply Petrov’s theorem (Proposition 1), which requires estimating the sum H of certain constants
hk. These estimates are provided in the following two lemmas.

Lemma 7. For D ∈ {U(an, bn),d-U(an, bn),Exp(an, λn)}, E(W ′) ≤ E , where

E = 2 ln(n/2) + 2ℓm+
nm

⌊(D − 1)ℓ/2⌋ .

P r o o f. By Lemma 4, Eξk ≤ 1/k for all D ∈ {U(an, bn),d-U(an, bn),Exp(an, λn)}, k ∈ N.
Consider separately the expectations for W ′

1, W
′
2, and W ′

3. From equations (4.3)–(4.5), we obtain

EW ′
1 =

m∑

i=1

2ℓ∑

j=1

Eξ1 +

m∑

i=1

ℓ∑

r=1

D−1∑

k=1

Eξ⌊n/2⌋−Dℓ(i−1)−⌊i/2⌋−(r−1)D−k

+Eξ⌈n/2⌉−Dℓ(i−1)−⌈i/2⌉−(r−1)D−k ≤ 2mℓ+

m(D−1)ℓ∑

j=1

Eξ⌊n/2⌋−j +Eξ⌈n/2⌉−j
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≤ 2mℓ+

m(D−1)ℓ∑

j=1

2

⌊n/2⌋ − j
≤ 2mℓ+

⌊n/2⌋−1∑

j=1

2

j
< 2mℓ+ 2 ln(n/2);

EW ′
2 =

m∑

i=1

m∑

j=1,j 6=i

Eξℓ(D−1) +
m∑

i=1

m∑

j=1,j 6=i

2∑

r=1

Dℓ∑

k=1,k%2=1

Eξ⌈(D−1)ℓ/2⌉

+
m∑

i=1

m∑

j=1,j 6=i

2∑

r=1

Dℓ∑

k=1,k%2=0

Eξ⌊(D−1)ℓ/2⌋

= m(m− 1)
(
DℓEξ⌈(D−1)ℓ/2⌉ +DℓEξ⌊(D−1)ℓ/2⌋ +Eξℓ(D−1)

)
≤ Dℓm2

⌊(D − 1)ℓ/2⌋ +
(2Dℓ+ 1)m2

(D − 1)ℓ
;

EW ′
3 =

m∑

i=1

⌊n/2⌋−mDℓ−⌊m/2⌋∑

j=1

Eξ(D−1)ℓ +

m∑

i=1

⌈n/2⌉−mDℓ−⌈m/2⌉∑

j=1

Eξ(D−1)ℓ ≤ m
n−m− 2mDℓ

(D − 1)ℓ
.

Finally, taking into account that 2Dℓm < n, we get

E(W ′) = EW ′
1 +EW ′

2 +EW ′
3 ≤ 2mℓ+ 2 ln(n/2) +

Dℓm2

⌊(D − 1)ℓ/2⌋ +
nm

(D − 1)ℓ

< 2mℓ+ 2 ln(n/2) +
nm

2⌊(D − 1)ℓ/2⌋ +
nm

(D − 1)ℓ
≤ 2 ln(n/2) + 2ℓm+

nm

⌊(D − 1)ℓ/2⌋ .

�

Lemma 8. Let hk ≤ 3/k2, k ∈ N. For each i = 1, 2, 3, consider the sum Hi corresponding to
W ′

i , where each summand ξjk in W ′
i for every superscript j is substituted with hk in Hi. Then

H = H1 +H2 +H3 < 6

(
ℓm+ 2 +

nm

(⌊(D − 1)ℓ/2⌋)2
)
.

P r o o f. Taking into account equations (4.3)–(4.5) and that 2mDℓ < n, we estimate H1, H2,
and H3 as follows:

H1 < 2ℓmh1 + 2

n/2−1∑

i=1

hn/2−i ≤ 6ℓm+

n/2−1∑

i=1

6

(n/2− i)2
< 6ℓm+

∞∑

j=1

6

j2
= 6ℓm+ π2;

H2 = m(m− 1)Dℓ
(
h⌊(D−1)ℓ/2⌋ + h⌈(D−1)ℓ/2⌉

)
+m(m− 1)hℓ(D−1)

≤ 3m2
( Dℓ

(⌊(D − 1)ℓ/2⌋)2 +
4Dℓ+ 1

((D − 1)ℓ)2

)
;

H3 = m(⌊n/2⌋ −mDℓ− ⌊m/2⌋+ ⌈n/2⌉ −mDℓ− ⌈m/2⌉)h(D−1)ℓ

= m(n− 2mDℓ−m)h(D−1)ℓ ≤
3(nm− (2Dℓ+ 1)m2)

((D − 1)ℓ)2
.

Finally, taking into account that 2Dℓm < n, we obtain

H = H1 +H2 +H3 < 3

(
2ℓm+ 4 +

Dℓm2

(⌊(D − 1)ℓ/2⌋)2 +
2Dℓm2 + nm

((D − 1)ℓ)2

)

< 3

(
2ℓm+ 4 +

nm

2(⌊(D − 1)ℓ/2⌋)2 +
2nm

4(⌊(D − 1)ℓ/2⌋)2
)

≤ 6

(
ℓm+ 2 +

nm

(⌊(D − 1)ℓ/2⌋)2
)
.

�
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Now we are ready to prove the main theorem of the paper.

Theorem 1. Algorithm 1 is asymptotically optimal on random instances with distribution

D ∈ {U(an, an + βn), d-U(an, an + βn − 1), Exp(an, βn)},

if

βn/an = o(
√
n). (4.16)

P r o o f. Recall that

D ≥ 2, ℓ = ⌈√n/(2D)⌉, Dℓ ≥ √
n/2, m(1 + 2Dℓ) ≤ n,

and thus, m <
√
n. By Lemma 7 and expression (4.7), the relative error εn of the algorithm

satisfies:

εn =
2βnE

m(n− 1)an
=

4βn
an(n− 1)

(
ln(n/2)

m
+ ℓ+

n

2⌊(D − 1)ℓ/2⌋

)

<
4βn

an(n− 1)

(
ln(n/2)

m
+

√
n

4
+ 1 +

n√
n/2−√

n/4− 2

)
= O

(
βn
an

· 1√
n

)
= o(1),

when (4.16) holds.

To estimate the failure probability δn, we extend (4.8) using Petrov’s theorem (Proposition 1).
To that end, first note that, according to (4.3)–(4.5), the sum of random variables W ′ in (4.8) is
a sum of random variables only of the type ξk, defined by (4.6). By Lemmas 5–6, these variables
satisfy the conditions of Petrov’s theorem (Proposition 1) with constants T = 1/6 and hk = 3/k2

for distribution D ∈ {U(an, bn),d-U(an, bn),Exp(an, λn)}. Using E from Lemma 7 and an upper
bound for H from Lemma 8, we show that E ≥ TH for n > 16:

E − TH ≥ 2 ln(n/2) + 2ℓm+
nm

⌊(D − 1)ℓ/2⌋ −
(
2 + ℓm+

nm

(⌊(D − 1)ℓ/2⌋)2
)

= (2 ln(n/2)− 2) + ℓm+
nm

⌊(D − 1)ℓ/2⌋

(
1− 1

⌊(D − 1)ℓ/2⌋

)
≥ 0,

since ⌊(D − 1)ℓ/2⌋ ≥ 1 for n > 16.

Now, applying Petrov’s theorem (Proposition 1) to (4.8), we get

δn = P
{
W̃ ′ ≥ E

}
≤ exp

(
− TE/2

)
≤ exp

(
− 4m

√
n/12

)
= exp

(
−m

√
n/3

)
,

since from the definition of E in Lemma 7, it follows that

E ≥ nm

⌊(D − 1)ℓ/2⌋ ≥ nm√
n/4

= 4m
√
n.

Summing up, as n → ∞, the failure probability δn → 0 and the relative error εn → 0, provided
that βn/an = o(

√
n), which completes the proof of the theorem. �

Note that constraint (4.16) on the distribution parameters in Theorem 1 is not particularly
restrictive: the parameters are not only allowed to be constant, but their ratio may grow slowly
with n. Also note that Theorem 1 can be extended to the case of dominating distributions (see
Definition 1).



116 Edward Kh. Gimadi and OxanaYu. Tsidulko

Remark 1. Let βn/an = o(
√
n). For the m-d-MST on random inputs with distribution D̂,

which has support [an, y], y ∈ R ∪ {∞}, and dominates the distribution

D ∈ {U(an, an + βn), d-U(an, an + βn − 1), Exp(an, βn)},

Algorithm 1 provides asymptotically optimal solutions.

The proof follows from Propositions 2 and 3 presented in [18], which imply that if distribution
D̂ dominates D, then for all x ∈ [an, y],

P
{∑

k∈J

ρ̂k ≤ x} ≥ P
{∑

k∈J

ρk ≤ x},

where each summand ρk (ρ̂k) is an independent random variable equal to the minimum of k i. i. d.
random variables with distribution D (D̂). Then, since (4.3)–(4.5) hold,

P
{
Ŵ > (1 + εn)OPT} ≤ P

{
Ŵ > (1 + εn)am(n− 1)} ≤ P

{
W > (1 + εn)am(n − 1)} ≤ δn,

where Ŵ and W are the weights of the solutions constructed by Algorithm 1 in the case of distri-
butions D̂ and D, while the performance guarantees εn and δn are as in Theorem 1.

5. Conclusion

In this paper, we studied the m-d-MST problem on random inputs with continuous and discrete
uniform distributions, shifted exponential distribution, and distributions dominating the above. We
proposed a new polynomial-time approximation algorithm and showed the conditions under which
the algorithm is asymptotically optimal for the considered classes of random inputs. The result
holds for any d ≥ 4, whereas the algorithms from previous papers, e.g., [9, 14], required d = ω(1)
to obtain asymptotically optimal solutions for the same classes of random inputs.

It is easy to see that the proposed algorithm can be used to solve the Given-Diameter m-d-
MST problem for 4 ≤ d ≤ √

n. For larger d, one can either modify the current algorithm along the
lines of [15] or use algorithms from [9, 14]. However, in both cases, since the algorithms start by
constructing m vertex-disjoint base trees of diameter d, for very large d they are only suitable for
solving instances with small m, in some cases only with m = 1. To a certain extent, this limitation
can be alleviated by a different approach proposed in [16] for the m-Peripatetic Salesmen Problem:
first, uniformly at random, divide the edges of a given graph into m parts E1, . . . , Em, and then,
with high probability, construct a suitable single MST in each G[Ei], i = 1, . . . ,m.
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