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Abstract: Here we consider a certain transfert operator M. .y = Ip — cTw, w # 0, ce R—{0,1}, and
we prove the following statement: up to an affine transformation, the only orthogonal sequence that remains
orthogonal after application of this transfert operator is the Meixner polynomials of the first kind.

Keywords: Orthogonal polynomials, Regular form, Meixner polynomials, Divided-difference operator,
Transfert operator, Hahn property.

1. Introduction and preliminaries

Let O be a linear operator acting on the space of polynomials as a lowering operator (the
derivative [4, 18, 19], the g-derivative [4, 12, 14, 15], the divided-difference [1], the Dunkl [6, 8, 9,
11, 13], the ¢g-Dunkl [5, 7, 13], other [17, 21]), a transfert operator (see [20]) or a raising operator
(see [2, 3, 17]). Many researchers in this vast field cited above had the concern to characterize
the O-classical polynomial sequences that is those which fulfill the so-called Hahn property: the
sequences {P,}n>0 and {OP, },>0 are orthogonal.

By the way, in [20], the authors characterized the I, (q.w)~Classical orthogonal polynomials where
I(4.) is a transfert operator acting on the space of polynomials P and defined by [20]

Iigwy == Ip +why, weC\{0}, qeC,:= {z€C, z#0, 2L L] 14w #£0, n € N},

with Ip being the identity operator in P and (hqf)(z) = f(qx), f € P (homothety). Therefore,
our goal is to consider the following transfert operator M(, . acting on P and defined by

M(c,w) =1Ip—cT,, W%O, CGR—{O,l}, (11)
where

(ruf)(@) = f(z —w), [€eP,

(translation) and to characterize all sequences of orthogonal polynomials { P, },>0 having the Hahn
property; the resulting up an affine transformation (that is to say up a composition of a homothety
and a translation; see (1.4) below), is the Meixner polynomials of the first kind (see Theorem 2
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below). Indeed, in Section 2, firstly we deal with the Mcw)-character by presenting some char-
acterizations of it (see Theorem 1), secondly, we establish the system verified by the elements of
second-order recurrence relation for the sequences { P, }n>0 and {M. )P fn>0 and thirdly we solve
it to deduce the desired result (Theorem 2). Moreover, the divided-difference equation fulfilled by
its canonical form and the second order linear divided-difference equation satisfied by any Meixner
polynomial are highlighted.

Let P be the vector space of polynomials with coefficients in C and let P’ be its dual. We
denote by (u, f) the action of u € P’ on f € P. In particular, we denote by

(w)y = (u,z™), n>0

the moments of u. The form wu is called regular if we can associate with it a sequence of monic
polynomials {P, },>o with deg P, =n, n > 0 ((MPS) in short) [18] such that

(u, P Pp) = rndpm, n,m>0; r,#0, n>0.

The sequence { P, },,>0 is then called orthogonal with respect to v ((MOPS) in short). In this case,
the (MOPS) {P,},>0 fulfils the standard recurrence relation ((TTRR) in short) [10, 18]

{ Py(z)=1, Pi(z)=2-p, 12
Prya() = (@ = Bpt1) Patr () = Y1 Pu(x), n 20,
where
Bn = M, Y+l = I+l #0, n>0.
Tn n

Moreover, the regular form u will be supposed normalized that is to say (u)y = 1.
For any form wu, any polynomial g and a,w € C\{0}, b € C, we let 1pu, hou, gu, Du =", D,u
be the forms defined by duality [18] namely

(mu, f) = (w, 7 f),  (hatt, f) = (u haf), {gu, f) = {u, gf),
(W, f)=—(u.f), (Duu,f)=—(u,D_nf)

where
(Faf)@) = f@+0), (@)= Jlaz), (D-ufa) = TDTEZD -y
and due to the well known formulas [1, 18] we have
n(fu) = (), halfu) = (hesf) (he), weP', [P, (1)

Let &, be the Dirac mass at b defined by

(0, f) = f(B), bEC, [eP.
In addition, let {P,},>0 be the (MPS) defined by
Py(z) =a "Py(ax+b), n>0, a#0, beC.
If {P,}n>0 is a (MOPS) associated with u, then {ﬁn}nzo is a (MOPS) associated with

U= (hg—107_p)u
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and fulfilling the (TTRR) in (1.2) (8, + Brs Ynt1 < Ang1, 1 > 0) with [18]

~ —b R
5, - 5na s (1.4)

Let now {P, },>0 be a (MPS) and let {u,},>0 be its dual sequence, u,, € P’ defined by
(Un, Pm) = 0pm, mn,m >0.
Let us recall some results [18].

Lemma 1 [18]. For any u € P’ and any integer m > 1, the following statements are equivalent

(1) <u’Pm*1>7éOa <u’Pn>:0a n=>m,
(ii)) IN, €C, 0<v<m-—1, MNyp_1#0,

such that
m—1
u = Z AUy
v=0
As a consequence,
— the dual sequence {uy, }n>0 of {ﬁn}nzo is given by
Un = a"(hg-1 07_p)tUn, n >0,
— when {P,},>0 be a (MOPS) then u = ug. In this case, we have
Uy = r;anuo, n>0
and reciprocally. Lastly, when ug is regular and @ is a polynomial such that ®ug = 0, then
® =0.
The monic Meixner polynomials {M,,(.; a, ¢) }n>0 of the first kind are given by [10, 16]

c " —n,—T 1
. = _— ’ _— >
M, (x;a,¢) (a+1)n<c_1> 2F1< ot ‘1 c)’ n >0,

they are orthogonal with respect to the discrete weight

la+1),

' , z€N
x!

ple) =
for « > —1, 0 < ¢ < 1. Here, the Pochhammer symbol (z),, takes the form
n
(2o=1 @n=][[G+k-1, n>1,
and 9 F7 is the hypergeometric function deﬁl;:eld by
(P ]s) =y e
k=0 )

By describing exhaustively the D_,-classical orthogonal polynomials in [1], the authors redis-
cover the (MOPS) of Meixner {M,(.; @, ¢) } >0 orthogonal with respect to the D_;-classical Meixner
form M(a,c) for a« # —n—1,n >0, ¢ € C — {0,1} and the positive definite case occurring for
a+1>0, ce€ (0,00)—{1}; they establish successively the (TTRR) elements, the divided-difference



Meixner Polynomials of the First Kind 7

equation, the modified moments, the discrete representation and the second order linear divided-
difference equation (see the following),

1+c c

C
Pn=1— (06+1)+1—” ’Yn+1:m(n+1)(“+a+1)a n =0,

D_i((z+a+1)M(a,c)) — (1 -cHz+a+1)M(a,c) =0,

(M(a,c))¢:< ¢ >"F(a+1+n)7 n>07 ceC—-{0,1}, a+1eC-(-N),

1—c¢ P(Oé-i-l) - (1.5)
1+ k)
M(a,c) = (1 - 0‘“2 a;_{_i— F&g, 0<lef<l, a#-n—-1, n>0,

k>0
(x4 a+1)(D_1 0 DiMyi1)(z;a,0) + (1= ¢ Ha + o+ 1) (D1 Mpy1) (250, ¢)

—(n+1)(1—cYHYMyy(2;0,¢) =0, n>0.
2. Main result

2.1. The M )-classical character

First of all, let w # 0 and ¢ € R — {0, 1}. By virtue of (1.1) we have

(M) )(x) = f(z) —cf(z —w), [feP. (2.1)

Particularly,

My D(@) =1-c, (Mw)§")(x) = (1 —c)z" + lower degree terms, n > 1. (2.2)

When ¢ =1, M(y ) is not a transfert operator but a lowering one since M ) = wD_,.
From (1.1), we have
M(c,w) = Ip — CTy-

The transposed tM(cw) of M. is

tM(c,w) =Ip —cTy = M(c,—w)a

leaving out a light abuse of notation without consequence.

Thus,
<M(c,7w)U, f> = <u’M(c,w)f>, u € P/a JeP.

Particularly, by virtue of (2.2) we get

(Me,—pyu)o =1—¢, (M _yu)p=(1-c) - CZ < > Fu)p, n>1.

Lemma 2. The following formulas hold

Mcw)(f9)(x) = f(2)(M(1,0)9)(@) + (T0g) (@) M(cw) /)(),  f,9€P, (2.3)
Me,—w)(f1) = (Tow f)M(e,—wyu) + (Ma oy flu, uweP, [feP, (2.4)

ha © M(cw) = M(ca-10) © ha 0 P, hq oM o) = M, _qu) © ha in P', a€C—{0}, (2.5)
0 My = Mewy o P, mpoM )y =M _pyom in P, becC. (2.6)
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P r o o f. The proof is straightforward since definitions and duality. O

Now consider a (MPS) {P,},>0. On account of (2.2), let us define the (MPS) {P,[L”(.; ¢, w) tn>0
by
(M(c,w)Pn)(x)

w#0, ceR-{0,1}, n>0. (2.7)
Denoting by {ug](c,w)}nzo the dual sequence of {PT[L”(.; ¢, w)tn>0, we have the result
Lemma 3. The following formula holds
M(c7,w)(unl](c,w)) =(1-cu,, n>0. (2.8)
P r o o f. Indeed, from the definition it follows

Wl (c,w), P(z;¢,0)) = pmy,  nym >0,

n

so we have
<(M(c,7w) (ULH(C,W)),Pm> = (1 - C)6n,m’ n,m > 0,

therefore,

(Mie—ay (Wl (¢, ), Pn) =0, m>n+1, n>0;
<M(c,7w) (u[l} (C,W)), Pn> g 1 - C, n Z 0

n

By virtue of Lemma 1, we get
n
M, —w) (ull(e,w)) = Z Anptly, 1> 0.
v=0

But,
<M(c,fw)(u£zl}(c7w))7pu> = )‘%M’ 0<p<n,

with A, =0, 0 < pp <nand A\, , =1 — c. The formula (2.8) is then established. O

Definition 1. The (MPS) {Py}n>0 is called M. -classical if {Py}n>0 and {P,Ll}(.;c,w)}nzo
are orthogonal.

Remark 1. When the (MPS) {P,},>0 is orthogonal, it satisfies the (TTRR) (1.2). When the
(MPS) {P,LH(.; ¢, w) >0 is orthogonal, it satisfies the (TTRR) (1.2) with the notations (8, < ﬁLl],
1
Yn+1 77[1—1—17 n = O)'

Theorem 1. For any (MOPS) {P,}n>0, the following assertions are equivalent.

a) The sequence {Pn}n>0 is M(c ) -classical.

b) There exist a polynomial ¢ monic, deg¢p < 1 and a constant K # 0 such that
M(c,—w) (gbuO) - K_l(l - C)UO =0, (29)
l—c—K¢'(0)wn#0, n>0. (2.10)
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c) There exist a polynomial ¢ monic, degd < 1, a constant K # 0 and a sequence of complex
numbers {\p tn>0, An # 0, n >0, such that

(KQS(x) -1+ C) (M(C,fw) o M(c,w)Pn)(x)

e~ D(K() — DMy Po) @) = MuPala). 1> 0. 2
Proof. a)=Db), a)=c).
From (2.8) and the regularity of up and ul}(c,w), we have
M) (PG e w)ug) (e,w)) = G Pag, 120,
e (g (e,w), (P (5 ¢,0))?)
(= (1—¢) == <;LO7;;3>’ ! . n>0.
By (2.4), we get
(T PY (5 ¢, w)) Moy (u (e, w)) + M1y P e, w))ub (e, w) = G Pawg, 1> 0.
In accordance with the definition of M, ), one may write
Me, ) (uf (0 0)) = ) (e,w) — el (,w)),
which yields
P (e, wpul (e, w) — e(r—o PH (e, w)) (Tl (e, w)) = ¢ Paug, 1m0 > 0. (2.12)
Taking n = 0 in (2.12) leads to
ul (e, w) — e(r_pul (e, w)) = (1 = )up. (2.13)

Injecting (2.13) in (2.12) gives
(PG ew) = (o PP (e, w) fup(e,w) = {6 P — (1= (7P (5 e,0) Jug,  n> 0. (2.14)
Now, taking n = 1 in (2.14), we obtain
up (c,w) = Ko(x)uo, (2.15)

where K be a normalization constant since ¢ monic and

1] 1]
l-c N " 1]
Ké(z) = -z +w+ L6 - .
o) = {0 e e+ gy - gy}
Applying the operator 7, to (2.15), we get
(Tt (e,w)) = K(7-00)(@)(rwuo). (2.16)

Replacing (2.16) and (2.15) in (2.13) leads to the desired result (2.9). By virtue of (2.15), the
formula in (2.14) becomes

{K(;S(PJL”(.; cw) — (T,MPJLH(.; c,w))) +(1- c)(T,wP,[LH(.; c,w)) — Cn Pn}uo =0, n>0.
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Therefore,
Ko(PIG ) = (ruPl(ew)) + (L= O wPl(56.0) = G P =0, 020,
thanks to the regularity of ug. Moreover, from (2.1) with the change w +— —w, we may write
(r—w Pl (s e,w)) = ¢! <P,[Ll}(.; c,w) — (M(c,_w)Pr[Ll](.; c,w))), n > 0.

Consequently, the last equation becomes

(Ko@) = 14 ¢)(M(e,—w) © M(c) ) () + (¢ = 1) (K p(2) — 1) (M) Pn) (2)

=c(1—c¢)(uPy(z), m>0. (2:17)

Writing into (2.17)

[ ¢(z) = ¢/ (0)z + $(0),
(Mcw)Pr)(x) = Po(x) — cPy(r — w),
(M(c,fw) o M(C,W)Pn)(x) = (1 + Cz)Pn(x) - C(Pn(x - w) + Pn(x + w))’

n
Pn(x) = Z an,kxka Qpn = 1, n>0,
k=0

and by comparing the degrees we obtain
l—-c—K¢0)wn=7¢(,#0, n>0.

Hence (2.10) and a) = b).
Finally, (2.17) is (2.11) with A, = ¢(1 — ¢)¢, # 0, n > 0. We have also proved that a) = c).

b) = a) Let us suppose that there exist a polynomial ¢ monic, deg ¢ < 1 and a constant K # 0
such that (2.9)—(2.10) are valid. From (2.9), we have

0= (Mg, —u)(uo) = K~ (1 = cJuo, 1) = (1 = ¢) ((uo, ¢) — K 1).

Thus,
K™ = (ug, ¢) = ¢'(0)Bo + ¢(0) = ¢(bo).

Necessarily, ¢(fy) # 0. Let v = K¢ug. We are going to prove that the (MPS) {P,LH(.; ¢, w) >0 is
orthogonal with respect to v. We have successively

(v, P (e, w)) = K (ug, ) = 1, (2.18)

for all n > 1,
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and for m > 1, n > 0,

(v, 2™ P (;c,w)) = % (pug, ™ (P (z) — cPy(z — w)))

K K

= ——— (duo,a" P (w)) — 17— (duo, (€ +w) " Pa(&)) ()

= 5 e (a)) -

1—c¢
K
= —{pug, (™ — (x + w)"™) P, (x)) + (ug, (x +w)™P,(x)),
A ey T (600, = @4 )™ Pa(o)) + 0, 2+ )P (2)

T (emw(@uo), (z + W)™ Po(x))

or equivalently, for m > 1, n > 0,

(0,27 Bl ) = _K;b—((c)) 2 (kil 1>“m_k+1<“07xkpn(w)>
k=1
K@(O) = m m— = m m—
C1-c l;) <k>w k<u0,xkpn(x)> + kzo <kz>w k<uo,$kPn($)>

from which thanks to the orthogonality of {P,},>0 and (2.10) we get

<v,mer[L1](.;c,w)> =0, 1<m<n-1, n>2,

<v,x"Pr[L1](.;c,w)> = <1 — Wnao (ug, P?) #0, n>1.

(2.19)

By the identities in (2.18)-(2.19), we see that {P,EH(.; ¢, w) tn>0 is orthogonal with respect to v. We
then obtain the desired result.

c) = b) Comparing the degrees in (2.11), we can deduce (2.10). Making n = 0 into (2.11), we
obtain

Ao = c(1 — )% (2.20)

Moreover, from definitions, (2.11) may be written as

O((Mew)Pr) = (Tw 0 M(e ) Pa)) + K711 = ) (7w 0 Mo ) Pr) = ¢ "K'\, Py, 0 >0,
then,
(10, S((M(e) Pr) = (T © Mooy Pa)) + K11 — ) (T o Moy P)) = ¢ 'K A (ug, P), n > 0.
Equivalently,
(Me, - (d110) = (Me, ) 0 7o) (d0) + K 11 =€) (M —yp) 0 Twstio), Pr) = ¢ "K' Ap(ug, Pa), n > 0.
By virtue of Lemma 1 and (2.20), we get

M- (610) = (M- © ) (G10) + K11 = €)M 0 7utto) — K 1(1 = ¢)2ug = 0.

A similar expression is

M(c,fw) (QSUO) - K71(1 - C)U(] = (M(C,fw) © Tw)(gbuO)

i i (2.21)
K7 (1= ¢)(Me,_y) o Twuo) — K™ (1 = ¢)cug.
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But, by (2.6) and definition of the operator (M, _.y, we have for the right side of (2.21),

(Me,—w) © ) (duo) — K11 =€) (M, © Twtio) — K~ (1 — ¢)cug
= 70 (M(¢, o) (dug)) — K~ 11— ) (( M, —w)U0) + CT—w o)
= Tw (M(c w)(@on) K~ 1(1 - C)UO)
Therefore, (2.21) becomes
M(l,w) (M(c,fw) (¢UO) — K71(1 — C)UO) = 0.

From the fact that the operator My ) is injective in P’ we get (2.9).

Lemma 4. If ug satisfies (2.9), then uy = (ha—l o T_b)uo fulfills the equation
M (¢, —wa-1) (@™ e (qx 4 b)) — a” deg® k=11 — ¢)tp = 0.

P roof. We need the following formulas which are easy to prove from (1.3)
g(mu) = n((Tpg)u);  g(hau) = ha((hag)u), g€P, ueP.

Now, with ug = (Tb o (ha)ﬂo, we have

~K 11— c)ug = (10 (ha) (K11 — e)tp).
Further,

M (e, —w) (Pu0) = M., o) (¢(76(halip))) o) Me,—w) (16 ((T—69) (halip)))
= (150 M(c,—0)) ((7-60) (hatio)) (™ ° M) (ha((ha o T_4¢)T00))

(2.6)
(;—))(Tb ohg o0 M(q_wafl)) ((ha o T—bgb)a(]).

Consequently, equation (2.9) becomes
70 ha (M(cﬁ,wa_l) (¢(az + b))iio) — K~1(1 — c)ao) —0.
This leads to the desired equality.
2.2. Determination of all M. ,-classical (MOPS)s

Lemma 5. Let {P,}n>0 be a M ,)-classical (MOPS). The following equality holds
(1]

1-c
Proof. From the (TTRR) (1.2) we have
Poy2(z) = (x = Bns1) Pot1 (%) — Y1 Pu(z), n>0.
Applying the transfert operator to (2.24), using (2.3) and (2.7) we obtain

(1= o) PMy(@ic,w) = (1= )@ — Bost) PLLy (@56,0) + cwPasa (2 — w)
~Ang1(1 — )P (25 c,w), n>0.

C
wPp1(r —w) = (B — 5£L1Jr1)Pr[LlJ]r1(ﬂf§ c,w) + (Yng1 — 7n+1)Pr[zl] (z5¢,w), n>0.

(2.22)

(2.23)

(2.24)

(2.25)
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But from the (TTRR) of {P,LH(.; ¢, w) >0, One may write
xPﬂ(.; c,w) = Pr[llj_Q(.; c,w) + ﬁy[LlilP,[Llil(.; c,w) + 'yr[ﬂ_lPﬂ(.; cw), n>0. (2.26)

Now, injecting (2.26) in (2.25) leads to the desired result (2.23). O

Proposition 1. The coefficients By, Yni1, 57[11]’ %ﬂl satisfy the following system

BB =w—. nx0, (2.27)

— C

C

Vb1 = Voby = —w? S(n+1), n>0, (2.28)

(1-0¢)

1+c
IBn+1 - IBn =w 1— ¢ n >0, (229)

n

W= e, n 1 (2.30)

P r oo f. Firstly, the higher degree test in (2.23) yields
c
Brt1 — ﬁr[ﬂq Wi > 0. (2.31)

Secondly, n = 0 in (2.23) gives

- =—w 1#_0 (w+ o — B (2.32)

Thirdly, applying the transfert operator M, to
Pi(z) =2 - fo
and by virtue of (2.7) and (2.31)—(2.32) we get (2.27) and

C
4 T ’A” = -’ m (2.33)

Thanks to (2.27), the formula in (2.23) becomes

cwPrii(z—w)=cw Pr[il(x; c,w)+ (1 —¢)(ynt1 — WT[LIL)P,L” (r;e,w), n>0. (2.34)
Moreover, multiplication of (2.24) by cw with the change x - x — w yields

cwPpio(r —w) = (x —w— Ppt1)cwPpi1(r —w) — YpyicwPp(z —w), n>0. (2.35)

Replacing (2.34) for the index n, n + 1, n + 2 in (2.35), using (2.26) for the index n, n + 1, the
formula in (2.27) and the fact that {P,LH(.; ¢, w)}n>0 is a basis , we obtain successively

C
(%[11}+2 — Yng2) — (%[LlJ]A — Vnt1) = WQW, n >0, (2.36)
(81 = e ){ (1= (B = fusr) + L+ 0w} =0, (2:37)
(W = el = G = s, > 1L (2.38)

Summing on (2.36) and taking into account (2.33) lead to (2.28) and (2.37) yields (2.29).
Lastly, (2.30) is a direct consequence of (2.38) and (2.28).
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Now, we are able to solve the system (2.27)—(2.30).
Summing on (2.29) leads to

1
Bn = Bo +w1—+cn, n > 0. (2.39)
—c
Injecting (2.39) in (2.27) yields
c 1+c
ﬁL”Zﬁo—wl_c+w1_cn, n>0 (2.40)
Also, injecting (2.30) in (2.28) gives
Tn+2 Tn+1 2 c
_nye  myl >0
nt2 n+l (1—¢)% "=
Summing the previous equality leads to
c
Vi1 = (n+1) <’71 +w2(1_ E n), n > 0. (2.41)
After replacing (2.41) in (2.30) we deduce the following
1 _ 1 2 c
Y1 = (n+1) (11 +w (1_6)2(71—1—1) , n>0. (2.42)
U

Corollary 1. Let {P,}n>0 be a M. y-classical (MOPS). The following statements hold.

1) The recurrence elements of {P,}n>0 are

1
5n:w<@+ 1+Cn>, n >0,
w —c
(1—c)? c w2/’ -
2) The recurrence elements of {Pr[ll](.;c,w)}nzo are
1
Br[}]zw<@— . +in), n >0,
w l—-c 1-c
] ) c (1 _ 0)2 v (2.44)
- - R > 0.
NPT STAEHIES EU R

Proof. The formula (2.43) is a consequence of (2.39) and (2.41). Also, (2.44) is a direct

result from (2.40) and (2.42).

Theorem 2. Up to an affine transformation, the only M 1y-classical (MOPS) is the Meirner’s

one of the first kind.

P roof. The classification of the canonical situations depends on the fact that Sy # 0 or

fo = 0.
Bo # 0. For (2.43)—(2.44), put

and
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Then,
bo_ ¢
w 1-c
Now, for (2.43), choosing a = w, b =0 in (1.4) and thanks to (2.5)—(2.6) this yields

(a+1).

~ c 1+c
= — 1
Bn 1—c(a+ )+1—c

n, n>0,

R c
fYn-i-l:(l_c)Q (n+1)(n+a+1)7 n > 0.

Therefore (see (1.5)),

~

P,=M,(;a,¢), n>0,
with & # —n — 1, n > 0. Next, for (2.44), choosing

n (1.4) and thanks to (2.5)—(2.6) this yields

= c 1+¢
T[Ll]zl—_c(a+2)+1—_cn, TLZO,
(1]

c
Vi1 = TEE m+1)(n+a+2), n>0.

Thus,
P =My(;a+1,¢), n>0,

with « # —n—2, n > 0.
Bo = 0. In this case, (2.43)—(2.44) become successively,

1
ﬁn=w1+cn, n>0,
—c
2 (2.45)
_.2_ € ( (1-¢ ﬂ) >
Yn41 w (1—6)2(n+1) n+ c w2)’ 0,
1
7[11} :w(—l c +1—+Cn), n >0,
—c —c
2.46
A2 © (n+1)(n+1+(1_6)21> n>0 240
n+l (1—c)? c  w?)’ -
For (2.45), putting
1— 2
(1= l; =a+1,
c  w
and choosing in (1.4)
we
a=uw, b:—1 (a+1),
we obtain "
~ c c
5n:1—_c(ca—|—1)—|— T n >0,
/y\nJrl:(l )2(n+1)(n+a+1), n >0
Consequently,
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with a # —n — 1, n > 0. For (2.46), putting

1— 2
( CC) 7_12 a4l
and choosing in (1.4)
b=——"(a+3)
a=w =—
b 1 —c )
we get
~ 1
1 _ L(a+2)—|— +Cn, n >0,
~[1 c
'Yr[w]rl = W(n—i—l)(n—i—a—i—?), n > 0.
Equivalently,
PN =M,(;a+1,¢), n>0,
with o # —n — 2, n > 0.
The theorem is then proved. O

Remark 2. On account of Theorem 1, Theorem 2 and after some easy calculations we get for
the divided-difference equation (2.9) fulfilled by the Meixner form M (q,c),

Mo (10

and also for the second order linear divided-difference equation (2.11) satisfied by any Meixner
polynomial M, (.;a,c), for all n > 0,

(o + 1))./\/l(a, c)) + (o + D) M(a,c) =0,

1—-c¢ 1-c
(5 +20) M1y o My Ma)(ws0,0) + (1= ) (S5 = ¢) (M) M) (a3 1, )
=¢(1—¢)? L.é—i_an(az; a, c).
a+1
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Abstract: In this paper, we consider a third-order explicit scheme based on Taylor’s formula to obtain an
approximate solution for the Cauchy problem of systems of ODEs. We prove an estimate for the accuracy of
the approximate solution with an explicit constant that depends only on the right-hand side of the equation
and the domain of the solution.
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proximate solution, Level of accuracy, Error term.

1. Introduction

It is needless to note the importance of estimating accuracy for approximate solutions of ODEs.
Here we consider the problem

i(t) = f(z@), x(0) = o, (1.1)

where x € D € R% and D is a convex domain. In what follows, we assume that the function
f: D — R%is three times differentiable with continuous derivatives in D. In practice, establishing
the highest possible accuracy of an approximate solution is one of the key problems. Thus, the
efficiency of an approximate solution is determined by its accuracy. Let z.(t) be a solution of (1.1)
in the interval 0 < ¢t < T for some 7" > 0, and let Z(¢) be its approximate solution (obtained by
some scheme) on the same interval. The accuracy of the scheme is expressed by an inequality of
the form

sup |z, (t) — 2(t)| < CelTh®, (1.2)

0<t<T

where L is the Lipschitz constant of the function f, h is the mesh size, and s is the order of accuracy
of the method. Approximate solution schemes can be implicit and explicit. In this paper, we are
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concerned with explicit methods. Frequently used one-step approximate solution schemes can be
divided into two groups:

(1) Schemes based on Taylor’s expansion of the solution;

(2) Runge-Kutta-type methods.

Schemes based on Taylor’s expansion are easy to implement, but experts prefer Runge-Kutta-
type methods. This preference is caused by the fact that the error estimates for schemes based
on Taylor’s formula contain derivatives of the function f, which can be challenging to estimate.
However, with the development of computer algebra, computations of derivatives of a rather wide
range of functions can be automated [7, 12, 13]. Therefore, schemes based on Taylor’s formula can
be implemented without any extra hurdles, due to the simplicity of implementation.

On the other hand, since the 1960s, computer simulations have been used extensively to study
dynamical systems described by nonlinear systems of ordinary differential equations (ODEs). Re-
cently, with the rise of computational power and computers being widely available, computer-
assisted proofs have come into play. These proofs, however, require verification of the accuracy of
the scheme, i.e., proof of inequality (1.2) with explicit constants.

Estimates for the accuracy of approximate solutions to ODEs are studied extensively in lit-
erature [2, 4, 6]. For example, the monographs [10, 14, 16] contain estimates for Runge-Kutta
methods. Part IIT of the well-known monograph [3] is devoted to approximate solutions of ODEs.
Schemes based on Taylor’s formula are briefly discussed in the first section from a methodological
viewpoint. But no estimates are provided. It is surprising that, among the vast amount of literature
devoted to the approximate solutions of ODEs, we did not find estimates with explicit constants.
Most estimates give the order of approximation, which is insufficient if we want to use approximate
solutions in the proofs. Except [10], which, citing [5], gives an inequality for the Runge-Kutta
method. In [15, Sect. 2, Part II], the authors mention a scheme based on Taylor’s formula, but do
not consider the problem of accuracy estimates. Some authors claim that if one takes the first n
terms of Taylor’s expansion, then the error term will be of the form

_ n
max [z~ yln)| = O(H")
But they neither provide proof nor speak about constants involved in O(h").

In [7], which is one of the most comprehensive monographs on approximate solutions of ODEs,
the authors claim that the difference between exact and approximate solutions is estimated by the
remainder term of Taylor’s expansion and in just one step it will be O(hP*1) [8, Sect. 318, p. 180];
no further details are given. In [17, 18], the problem of estimating the error is investigated for
methods of approximation of the integral

t+h

w(t—l—h):x(t)—i—/f[x(t)]dt.

Paper [8] provides explicit estimates for the approximate computation of this integral. This is
equivalent to considering the first term of Taylor’s expansion, which provides the first-order Taylor
approximation scheme. The author considers multi-step approximate solution schemes but does
not give inequalities of the form (1.2).

It turns out that schemes based on Taylor’s formula are more convenient than schemes based
on Runge-Kutta methods for obtaining explicit constants in (1.2). For example, in [1], an estimate
of type (1.2) is obtained for a second-order scheme based on Taylor’s formula. Also, they are easier
to implement in numerical approximations than Runge-Kutta-type methods. Keeping in mind an
application of the approximate solution schemes in computer-aided proofs, in the present paper,
we consider a third-order scheme based on Taylor’s formula for Cauchy problem (1.1) and give an
explicit constant C, for which inequality (1.2) holds with s = 3.



20 Abdulla Kh. Abdullayev, Abdulla A. Azamov, Marks B. Ruziboev

2. Approximate solution schemes based on Taylor’s formula

For a continuously differentiable function f(z), the initial value problem (1.1) has a unique
solution; however, it is challenging to estimate the interval where the solution exists [11]. On the
other hand, for approximation schemes, we need to know the existence of the solution. Therefore,
our first standing assumption is the following.

Assumption A. Fiz T > 0. The solution xz.(t) to the Cauchy problem (1.1) is defined on the
interval [0,T].

Usually, when considering approximate solutions, one tries to find values of the approximate
solution z,(t) on a mesh 0 =ty < t; < to < --- < t, =T. Here, to simplify the exposition, without
loss of generality, we consider the uniform mesh ¢, = nh, where h = T/N, N € N*.

We start with the Taylor expansion of the exact solution with accuracy O(h?):

2 3

() +

T (t +nh) = . (t) + ho(t) + 5

() + Ra(t,h).

By definition, we have

i (t) = [l (1)),
Eu(t) = [l ()] f (1)),
o) = f O [z O [z O] + O Te O] f [z (0)]-

We also need the fourth derivative 2V (¢). To shorten the notation, we interpret derivatives of the
function f as operators acting on x,(t) and write

i (t) = fla(8)],
E(t) = (f Nl ()],
i) = (f'1f+ 1 Pz

In particular, on the uniform mesh,

2
zi[(n+ 1)h] = z.(nh) + hf[z.(nh)] + %(f'f)[ﬂf*(nh)]
3
+ %(f”ff—i— ' f Hlx«(nh)] + Ry(nh,h), n=0,1,2,...,N — 1.

By neglecting the remainder term, we obtain the following recurrent formula for the approximate
solution:

h? h3
Tnir = hf @) + 5 (F F)@a) + Z L1+ F @), (2.1)

It is expected that elements of the sequence x,, (n = 1,2,...,N) defined by (2.1) are close
to the values of the exact solution at the points x.(h),z«(2h),...,x«(Nh). An intuitive way to
measure this closeness is to compute the value

= «(nh) — 2.2
p= max |z.(nh)—zn| (22)

However, the quantity (2.2) does not provide any information about the behavior of the solution
on the interval ((n — 1)h,nh). The main aim of this paper is to derive such estimates. If we want
to apply numerical solutions in computer-aided proofs, then we cannot ignore the behavior of the
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system on the interval (nh,(n + 1)h). Certainly, for ¢ € (nh,(n + 1)h), we can estimate w.(t) as
follows. For t € [0,T], let n(t) = [t/h]. Then |t — n(t)h| < h and

h

j2.(t) — 2. (n(H)h)] < / Fle(s)]lds < Moh,

n(t)h

where M is the maximum value of |f(x)| on some compact subset of D. The above inequality
together with (2.2) imply that

|$*(t) - xn| < MOh + |x*[n(t)h] - xn| < MOh + P

which shows that the difference between the exact and approximate solutions is, at best, of order h.
However, this estimate is very rough and insufficient for our purposes. To get a better estimate,
we use generalized Euler polygons.

From now on, we fix N, h, and T > 0 such that Nh =T and define

o=nh if tenh,(n+1)h) for n=0,...,N—1.
We start with the definition of an approximate solution.

Definition 1. A continuous function z(t) : R — [0 : T| satisfying the equation

(s —04)?
2

0=t [ (1B + (s = 0 NG + SR + £ EDEEN)ds (23)
0

is called an approximate solution of (1.1).

Although (2.3) looks like an integral equation, it is a recurrent formula, and we can construct
Z(t) explicitly step by step. Therefore, (2.3) defines a function Z(¢) on [0,7] as an approximate
solution; i.e., our notion of approximate solution is well defined.

Lemma 1. The equality £(nh) = x,, holds for all n > 0.
The lemma is proved easily by induction on the intervals [0, nh]. We use this lemma to reduce

the problem to deriving estimates of the form (1.2) for the difference |z, (t) — Z(¢)].
The remainder term of the Taylor expansion is given by the formula (see for example, [9])

1
/ =90V (4 4 shyhids,
0

where
o) = (P FEF+3L"F L+ PSP+ £ L ) (0):

By the formula for Ry, the error term is estimated by the maximum values of the derivatives of f.
To estimate the derivatives effectively along the solution and approximate solution, we need them
to stay in some compact set. Therefore, we assume the following.

Assumption B. Let K be a convex and compact domain in R%. We assume that values of the
exact solution x,(t) and the approximate solution Z(t) remain in K for all t € [0,T).
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Since, K is compact by definition, Assumptions A and B allow us to define

My = max |f(z)], M; = max|f'(z)],
zeK zeK (24)

My = max || f"(z)]|, Msz=max|f"(z)].
zeK zeK

Using these quantities, we obtain the following estimate for the remainder term of the Taylor
formula:
4 4

h 1V h 3 2 3
|Ry(nh, )| < 94 Joa%, |z, (s)]ds < o7 (M3Mg + AMy My Mg + M7 M) .

In the literature, when estimating the accuracy of approximate solutions, many authors claim that
the error is bounded by |R4(nh,h)|. However, this is not true, since R4(nh,h) is the difference
between x,(t) and its Taylor expansion, which does not directly imply any conclusions for the
difference z,(t) — Z(t). In the present paper, we show that it is possible to obtain an explicit
estimate for the latter. The main result of the this paper is the following theorem.

Theorem 1. Under Assumptions A and B, the following inequality holds:

eMT _ 1

[z.(t) — 2(t)] < oM,

(L() + Llh + L2h2)h3,

where
Lo = 5MZ My My 4+ MoM3 4 M3 Mg,
1
L= Z(Mgz\@? + AMS My My + 9MEM?EM,),

1
Ly = 5 (Mg MyMs + M§MPMs + 2Mi My M3 + 2M3 M My).

Note that our estimate for the accuracy of the method is explicit and can be computed effectively
in terms of the right-hand side of the initial value problem (1.1).

3. Proof of Theorem 1

In this section, we prove the main theorem. The key ingredient of the proof is a discretization
of the time t using a piecewise constant function os.

In what follows, we repeatedly use the following formula for the derivative of the approximate
solution. By (2.3), for t #nh (n=1,2,...,N — 1),

. —0y)? " / ~
(1) = i) + (- o)D) + 2L (PR PRE). B

Further, taking into account that 0 < ¢ — oy < h, we have

. h?
3(0y)| < Mo(l + AM; + S (Mp My + Mf)). (3.2)

P r oo f. For the exact solution, we have the equality

x4 (t) = xo +/f[a:*(s)]ds.
0
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Using this equality and equation (2.3) and adding and subtracting the term

[ raas

we obtain
t

|2 (1) — 2(1)] < /I(S)ds +/\f[l’*(8)] — fE(s)]|ds,
0 0
where

S —0 2
I(s) = ()] ~ f1#(02)] ~ (s — o) (' D]~ C7L (7 1 2o

We are going to derive an upper estimate of the form Ch3 for I(s). By the fundamental rule of
the calculus, we have

66 - 1160 = [ L= [ paeioar

Os

Substituting the derivative of the approximate solution f(r) given in (3.2) into the right-hand side,
we obtain

(r—o.)?

A2~ 5= [ FEON 10+ =0 D) + T 4 2ol .

Note that o, = o5 in this equation since r € [og, s] and o is piecewise constant. Denote the
latter term on the right-hand side by Ci:
S
(r —o4)?

¢r= / (P D)) )

Os
Using (2.4), we obtain the estimate
F 2
|Ch| < (Mo My MG + M?MO)/ - _208) dr < Dih?, (3.3)

where D1 = (M2M1M02 + M%MQ)/ﬁ
Therefore, we obtain

I(s) =/{f’[?5(r)] — f'[2(05)]} f[2(0s)))dr
7 (3.4)

(s — 04)?

+ [ PR e - P 1 )] + G

Denote the first term of this expression by J(s):

1) = [ {180)) - £} 30, ldr
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We estimate J(s), using the fundamental rule of calculus and the derivative of the approximate
solution given by (3.2):

7(s) = / / V) g o) = / / 7 1l

(u— 0y)?
2

+ (= o) (f F)E()] + (" 12+ (2 D)lE(en)] } f (o) dudr.

Define

Cy = / / u— o) [ ENS DE)] o)
(3.6)

*wf B2+ (2 N)E)) f[7(00)] fdudr.

Thus, taking into account that o, = o and using (2.4), we obtain the inequality

cisf]

where

Mo M ME (u — og) + (MZME + My MEMZ) dudr < Doh® 4+ D3h*,  (3.7)

(u—og)?
2

1 1
Dy = éMlMQMg, Dy = ﬁ(M§M§’ + My MEME).

Consequently, substituting (3.6) into (3.5) and then (3.5) into (3.4) and denoting C; + Cy by Cs,
we obtain

= / / fE(w)]fE W) f[Z (o) dudr + / FEE)(r = on)(f £)[Z(or)dr

s (3.8)
5 —04)?
SO g R )]+ O = AGs) + B(s) + G
where we used the following notation:
= [ [ - 7Pl e dudr,
Bs) = [0 = o) {750 - PRI (o)
Combining (3.3) and (3.7), we obtain
|C3| < D1h® + Doh® 4 D3h?. (3.9)

It remains to estimate A(s) and B(s). We have

/ / (/ di Iz (v)])dv>f[f(as)]dudr.
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which implies

//(/{f'” NE @) FEW)] + f'E)]fE@) }dv> os)]dudr. (3.10)

Os Os

Therefore, taking the absolute value of the expression under the outer integral (integration
with respect to r), using estimates (2.4) and (3.2), and taking into account that t — oy < h and
0y = 05 = 0,, We obtain

S T u h2
1A(s)| < /// <M0 + hM Mo + S (Ma MG + MfMO)) (M5 M2 + MoM; Ma)dvdudr

h? K3
< (MM + MoMiMa) (Mo + hM Mo + o (M M3 + MEMo))

M$=]vﬂm{]%fmmm}wnm%wr

/r_gs/f’ w)du}(f' f)[(0s)]dr

Similarly,

Again, using (2.4) and (3.2), and taking into account that ¢ — oy < h and o5 = o, in the above
equation, we obtain

r h?
IB(s)| < %MOMIM2 (MO + My Mo + = (Mp M3 + M MO))
h? h3
< My M, M, (MO + My Mo + = (Mp M3 + Mj M0)> o
Finally, substituting (3.9), (3.10), and (3.11) into (3.8), we obtain the inequality
[1(s)] <

h?
+(M3ME + MoM; Mo) (Mo + hM; My + — (M2M0 + M: M0)>

(3.11)

1 1
(My My ME + M3EMy))h3 + EJ\411\421\402h3 + —(MQQMS’ + My MEME)h?

h3
6

=

3

h? h
—|—MOM1M2 (MO + hM1M0 + — (M2M0 + Ml M0)> 3

— 6(LO + Lih + Loh®)h3,
with the required constants Ly, Li, and L.
Now, we use the compactness of the domain K and smoothness of f to obtain

|[flz(5)] = fl2(os)]| < Mifa.(s) — Z(s)|- (3.12)
Using inequalities (3.1), (3.2), and (3.12), we get the inequality

() — j kw+/ux* fE(o)]|ds
0

1

(3.13)
(L0—|—L1h—|—L2h2 h3t+/M1|$* )—$(8)|

(@)
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In (3.13), we apply Gronwall’s inequality. For our purposes, the following version is the most
convenient. Let u: R — R be a continuous function such that u(¢) > 0 for ¢ > 0 and

u(t) < Ct+ M/u(s)ds
0

for some C, M > (. Then, the following inequality holds:

Mt
1
u(t) < 05

Applying Gréwnall’s inequality to estimate (3.13), we obtain

Mt 1

(LO + Llh + L2h2)h367_

|z.(t) = 2(t)] < A

D=

This completes the proof. O

4. Conclusion

1. If a nonautonomous system is considered in a d-dimensional space, then we can interpret it

as an autonomous system in the (d + 1)-dimensional space. In particular, we can consider
the following Cauchy problem:

dz

W e ) 2(0) = o,
i=f(t,z), x(0) =< gg f(& ), =(0) =z

@ £(0) = 0.

Therefore, the difference between the exact and approximate solutions can be estimated by
the same expression with the constant \/MO2 + 1 insted of Mj.

. In the proof of the estimate for the difference between the exact and approximate solutions,

we obtained
Mit _ 1

(&
L) —2(t)] < O
2ax o (t) = 2(t)] < C—3 -

h3

with the coefficient that is considerably larger than expected, where the constant C' is a
fifth-order polynomial of the constants My, M7, M>, and Ms. If these constants are not very
large, i.e., on the order of 1, then the coefficient C' does not affect the choice of the mesh size.
In this case, the mesh size would mostly depend on (et —1)/M;. On the other hand, if
the constants My, My, Ms, and Ms are on about 10, then the coefficient at h> is on the order
of 10°, which would affect the choice of h essentially, in certain cases, it may even invalidate

the approximate solution scheme.

. Another interesting question is whether it is possible to simplify the proof of the main theo-

rem. The authors think that the proofs cannot be simplified considerably.

. It is possible to prove a similar theorem with the order of accuracy h*; i.e., we can consider

the fourth-order scheme

2 3
Pa1 = o W) + ) ) + (AT + ) )

4
+;L—4 (F"FLF+3L L EF+ LS L+ F ) ()

and prove an analogous theorem.



An Explicit Estimate for Approximate Solutions 27

10.

11.
12.

13.

14.
15.

16.

17.
18.

REFERENCES

. Azamov A.A., Abdullaev A.X., Tilavov A.M. On the derivation of an inequality for estimating the

accuracy of an approximate solution to the initial value problem. Bull. Inst. Math., 2022. Vol. 5, No. 5.
P. 105-111.

Babenko K.I. Foundations of Numerical Analysis [Osnovy chislennogo analiza]. 2nd edition. Moscow,
Izhevck: Regulyarnaya i haoticheskaya dinamika, 2002. 848 p. (in Russian)

Bakhvalov N.S. Numerical Methods (Analysis, Algebra, Ordinary Differential Equations) [CHislennye
metody (analiz, algebra, obyknovennye differencial’'nye uravneniya)]. Moscow: Nauka, 1975. 632 p.
Berezin 1. S., Zhidkov P. N. Computing Methods. Vol. 2. Pergamon Press, 1965. 464 p.

Bieberbach L. On the remainder of the Runge-Kutta formula in the theory of ordinary differential equa-
tions. J. Appl. Math. Phys. (ZAMP), 1951. Vol. 2. P. 233-248. DOI: 10.1007/BF02579687 (in German)
Brenan K. E.; Campbell S. L., Petzold L. R. Numerical Solution of Initial- Value Problems in Differential-
Algebraic Equations. Philadelphia: SIAM, 1995. XII4+-251 p. DOI: 10.1137/1.9781611971224
Buchberger B., Collins G. E., Loos R., Albrecht R. Computer Algebra: Symbolic and Algebraic Compu-
tation. Vienna: Springer, 1983. VII+283 p. DOI: 10.1007/978-3-7091-7551-4

Butcher J.C. Numerical Methods for Ordinary Differential Equations. 3rd edition. United Kingdom:
John Wiley & Sons Ltd., 2016. 544 p.

Cartan H. Formes Différentielles. Hermann Paris, 1967. 190 p. (in French)

Hairer E., Norsett S., Wanner G. Solving Ordinary Differential Equations I. Nonstiff Problems. 2nd
edition. Berlin, Heidelberg: Springer, 2008. XV+528 p. DOI: 10.1007/978-3-540-78862-1

Hartman P. Ordinary Differential Equation. STAM, 2002. XVIII4624 p. DOI: 10.1137/1.9780898719222
Gathen J., Gerhard J. Modern Computer Algebra. 3rd edition. Cambridge University Press, 2013. 796 p.
DOTI: 10.1017/CB09781139856065

Geddes K.O., Czapor S.R., Labahn G. Algorithms for Computer Algebra. NY: Springer, 2007.
XXII+586 p. DOI: 10.1007/b102438

Kendall A. E. An Introduction to Numerical Analysis. 2nd edition. John Wiley & Sons, Inc., 1989. 693 p.
Krilov V.I., Bobkov V. V., Monastirniy P.I. Computational Methods [Vychislitel'nye metody]. Vol. II.
Moscow: Nauka, 1977. 399 p. (in Russian)

Lambert J. D. Numerical Methods for Ordinary Differential Systems: The Initial Value Problem. Wiley,
1992. 304 p.

Milne W. E. Numerical Calculus. Princeton University Press, 1949. 404 p.

Milne W. E. The Remainder in linear methods of approximation. J. Res. Nat. Bur. Stand., 1949. Vol. 43.
Art. no. RP2401. P. 501-511.


https://doi.org/10.1007/BF02579687
https://doi.org/10.1137/1.9781611971224
https://doi.org/10.1007/978-3-7091-7551-4
https://doi.org/10.1007/978-3-540-78862-1
https://doi.org/10.1137/1.9780898719222
https://doi.org/10.1017/CBO9781139856065
https://doi.org/10.1007/b102438

URAL MATHEMATICAL JOURNAL, Vol. 10, No. 1, 2024, pp. 28—43
DOI: 10.15826/umj.2024.1.003

ON A GROUP EXTENSION
INVOLVING THE SPORADIC JANKO GROUP J,

Ayoub B. M. Basheer

School of Mathematical and Computer Sciences, University of Limpopo (Turfloop),
P. Bag X1106, Sovenga 0727, South Africa

Mathematics Program, Faculty of Education and Arts, Sohar University,
Sohar, Oman

ayoubbasheer@gmail.com

Abstract: According to the electronic Atlas [23], the group J2 has an absolutely irreducible module of
dimension 6 over F4. Therefore, a split extension group having the form 46:J, := G exists. In this paper, we
consider this group. Our purpose is to determine its conjugacy classes and character table using the methods
of the coset analysis together with Clifford-Fischer theory. We determine the inertia factors of G by analyzing
the maximal subgroups of J2 and the maximal of the maximal subgroups of Jo together with other various
information. It turns out that the character table of G is a 53 x 53 real-valued matrix, while Fischer matrices
of the extension are all integer-valued matrices with sizes ranging from 1 to 8.

Keywords: Group extensions, Janko sporadic simple group, Inertia groups, Fischer matrices, Character
table.

1. Introduction

Visiting the history of the classification of finite simple groups, one can see that it was only
a century after the establishment of the last Mathieu group that Z. Janko could construct a new
sporadic simple group in 1964. This simple group has been named in his honor, is denoted by
J1, and has order 175560. Then Janko predicted the existence of other sporadic simple groups;
namely, Jo, J3, and Jy, which later are all proved to exist. According to Wilson [22], the original
construction of the second Janko group Jo was due to Marshall Hall (and thus, in some other papers,
this group is referred to as Hall-Janko group HJ but here we use the more familiar notation Js).
Hall constructed this group as a permutation group acting on 100 points. Starting with the group
Us(3), the group J, appears as a maximal normal subgroup of index 2 of the automorphism group
of a graph I' associated with Us(3) (for further details on the vertices and how are they connected,
see the description given on page 224 of [22]).

The group J has order 604800 = 27 x 33 x 52 x 7. It has Schur multiplier and outer automorphism
groups both isomorphic to Zs. From the Atlas of Wilson [23], one can see that the group J; has
a 6-dimensional absolutely irreducible module over Fy4. Therefore, a split extension group of the
form 4%:J, := G exists. The present paper focuses on the group G. Our purpose is to determine its
conjugacy classes and the inertia factors of this extension with the fusions of their conjugacy classes
into the classes of Jo. We will also find the character tables of these inertia factors and, finally, the
full character table of the extension G under consideration. The methods used here to achieve the
previous purpose are the coset analysis technique and the theory of Clifford—Fischer matrices. The
most interesting part of this paper is the process of determining the inertia factor groups, where
there are three inertia factor groups; namely, H; = Jo, Hs, and Hs. The main technique used for
determining the structures of Hs and Hj is the analysis of the maximal subgroups of J and the
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maximal subgroups of these maximal subgroups. There are many possibilities for Hy and Hj, and
combining all of them leads to contradictions except for only one possibility where we find that
Hy = 221455 and Hz = 22 x As. We use a method of the coset analysis together with Clifford-
Fischer theory to construct the character tables of He and Hj, but we organize the columns of the
character tables of these inertia factors according to the centralizers sizes. This paper determines
all Fischer matrices of G; their sizes vary between 1 and 8. The character table of G is a 53 x 53
real-valued matrix, which will be divided into 63 parts corresponding to 3 inertia factors and 21
conjugacy classes of G = Js.

If G = N-G is a group extension (here, N is the kernel of the extension and G is isomorphic
to G/N), then the character table of G produced using the coset analysis and Clifford-Fischer
theory is in a special format that cannot be obtained by the direct computations using GAP [18]
or Magma [15]. Another interesting point is the interplay between the coset analysis and Clifford—
Fischer theory. This can be seen at the size of each Fischer matrix, where it is equal to the number
of G-classes corresponding to [g;]g obtained via the coset analysis technique. In other words,
computations of the conjugacy classes of G using the coset analysis technique will determine the
sizes of all Fischer matrices.

From the Atlas [23], we can see that Jo has an absolutely irreducible module of dimension 6
over the field F4. With « being a generator of the field Fy, the following two elements ¢g; and go are
6 x 6 matrices over [F4 that generates Js:

a®> &> 0 0 0 0 a 1 o> 1 o o

1 a2 0 0 0 0 a 1l a 1 1 «

1 1 a2 a2 0 0 a a a®> o> 1 0
N=l a1 1 a2 00| #2700 0 0o 1 1 |’

0 a®> a2 &2 0 « a®> 1 o o> a o

a2 1 o> 0 a® 0 a?2 1 o2 a o «a

where o(g1) = 2, o(g2) = 3, and 0(g192) = 7.

Using the above two generators of Jo together with few GAP commands, we were able to
construct our split extension group G = 45:.J; in terms of 7 x 7 matrices over F,. With « being a
generator of the field Fy, the following elements g, and g, generate the group G-

2

0 1 a a o2 0 0 a 01 1 0 a®> 0

a o2 0 a a o2 0 1 1 a2 a2 o2 1 0

0 0 a®> o> &> 0 0 1 a 0 a 0 o 0
1= 1 a 0 o> 1 1 0|, go=| 1 1 0 1 0 1 0|,

1 0 1 a 0 0 O > 01 0 1 0 0

a2 a 1 0 0 a2 0 a 1 a a 0 a2 0

a2 o2 a 0 o2 1 1 a 1 o2 1 o 1 1

where 0(g,) = 6, 0(g,) = 12, and 0(g,7,) = 10.

To make the computations easier, we used a few GAP commands to convert the matrix represen-
tation of G into permutation representation. We represented G in terms of the set {1,2,...,4096}.

Using GAP, we see that the group G possesses only one proper normal subgroup of order 4096.
This normal subgroup is an elementary abelian group isomorphic to N. In GAP, one can check for
the complements of N in G, where in our case we obtained four complements, all isomorphic to Jo,
and each of these four complements, together with IV, gives the split extension in consideration.

For the notation used in this paper and how Clifford—Fischer theory and the coset analysis
techniques are used, we follow [1-14, 17].
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2. Conjugacy classes of G = 45:J,

Here we compute the conjugacy classes of G using the coset analysis technique (see [2] by
Basheer, [5, 6, 8] by Basheer and Moori, or [20] and [21] by Moori for more details) since we are
interested in organizing the classes of G corresponding to the classes of J,. Note that J, has 21
conjugacy classes (see the Atlas [16] or Atlas of Wilson [23]). Corresponding to these 21 classes of
Ja, we obtained 53 classes in G.

In Table 1, we list the conjugacy classes of G, where in this table:

e k; represents the number of orbits Q;1, Qi2,. .., @ik, for the action of N on the coset Ng; =
Ng;, where g; is a representative of a class of the complement Jy of N in G. In particular, the
action of N on the identity coset N produces 4096 orbits each consists of a single element.
Therefore, for G, we have ki = 4096.

e fi; is the number of orbits fused under the action of Cg(g;) on Q1,Q2,. .., Q. In particular,
the action of C(lg) = G = Ja on the orbits Q1,Q2,. .., Q) affords three orbits of lengths
1, 1575, and 2520 (with corresponding point stabilizers .Jo, 22+4:S3, and 22 x As. Thus,
fir =1, fiz =1575, and fi3 = 2520.

e m,;; are weights (attached to each class of G). These weights are computed by the formula

NN o 1 1 Ca(gi)]
mi; = [Ng(Ng;) : Cg(g:5)] = |N|7|C§(g@'j)|’

where N is the kernel of an extension G in consideration.

Table 1. The conjugacy classes of G.

I lgle | ki \ fij | mi; | l9i]a] 0(gis) | lgilel]  1C&(gi)l]
fu=1 mi1=1{ gn1 1 1[2477260800
g1 =1A |k1 =4096 | fio =1575| mi2 =1575] gi2 2 1575 1570 864
f13 = 2520 mi3 = 2520 gi3 2 2520 983 040
foa=1 ma1 = 16| ga1 2 5040 491 520
g2 = 2A k?z = 256 f22 =15 moo = 240 g22 2 75600 32768
f23 =120 mo3 = 1920 ga3 4 604 800 4096
fos =120 mos =1920| gos 4 604 800 4096
far=1 ma; = 64| g31 2 161 280 15360
faz=1 may = 64| g3 | 4 161 280 15 360
f33 =1 mg33 = 64 gs3s 4 161 280 15360
g3 =2B | k3=64 faa=1 may = 64| gay 4 161 280 15360
f35 =15 mas = 960 gss 4 2419200 1024
fa6=15| mss =960 gs6 4 2419 200 1024
f37 =15 ma7 = 960 gsv7 4 2419200 1024
fas =15  msg =960 gss 4 2419 200 1024
gi=3A | ks=1 fii=1] my =409 gu 3 2293 760 1080
fsr =1 ms =256 gs1 3 4300 800 576
gs =3B | k=16 fso=4| msa =768 g5 6 12902 400 192
fs3=12| ms3 =3072| gs3 6 | 51609600 48
for=1 meg =256| ge1 | 4 1612800 1536

continued on the next page




On a Group of the Form 4°:.J,

31

Table 1 (continued from the previous page)

e ki | fij | mij [ lgilglolgi) | loilal] 1G9l ]]
g6 — 4A | ke = 16 fo2 = 3] 1ex = T68] g2 | 4 4838400 512
fez=3| mez="T68| ge3 4 4838 400 512
fea=3| mes=T68| ges 4 4838400 512
fos = 6| mes =1536 ge5 | 4 9676 800 256
gr=5A | kr =16 frn=1] mn =256 gn 5 516 096 4800
fro=15| mz =3840| grp | 10 | 7741440 320
gs =5B | kg=16 far=1 mg1 = 256 | gs1 ) 516 096 4800
fro=15| mgo =3840| ggo | 10 7741 440 320
go = 5C' kg =1 for=1] mgr =4096| go1 ) 49545 216 50
gio = 5D kip=1 f1071 =1 mip,1 = 4096 g10,1 ) 49 545 216 50
g11 =64 | k=1 Jitg =1|mi11 =409 | g111 | 6 |103219200 24
f1271 =1 mi21 = 1024 g12,1 6 51 609 600 48
gl2=6B | kiz=4 | fioo=1|miss=1024| gias | 12 | 51609600 48
f1273 =1 miz3 = 1024 g12,3 12 51609 600 48
fi24=1|mi124=1024| g124 | 12 | 51609600 48
g13 = TA k‘lg =1 f1371 =1 mi3,1 = 4096 g13,1 7 353 894 400 7
fran=1|mug1 =1024] g1an | 8 | 77414400 32
Gia=8A | kia=4 flapg =1|mu2=1024| g1a2 | 8 | 77414400 32
f1473 =1 mig3 = 1024 9143 8 77414 400 32
fraa=1|migq =1024| g1ga | 8 | 77414400 32
f1571 =1 m1571 =1024 g1571 10 30965 760 80
gi5 = 10A| k15 =4 f15’2 =1 mi52 = 1024 g15,2 20 30965 760 80
f1573 =1 mis3 = 1024 915,3 20 30965 760 80
f15’4 =1 mis 4 = 1024 gi15.4 20 30965 760 80
f16,1 =1 m1671 = 1024 916,1 10 30965 760 80
gie =10B| kig=4 f16,2 =1 mig2 = 1024 916,2 20 30965 760 80
f16,3 =1 mie3 = 1024 916,3 20 30965 760 80
f16,4 =1 mie4 = 1024 g16,4 20 30965 760 80
gi7 = 10C k17 =1 f17,1 =1 miri1 = 4096 g17.1 10 247726 080 10
gis = 10D k‘lg = f18,1 =1 mig1 = 4096 g18,1 10 247726 080 10
g0 =12A[ ko =1 | fio1 =1|migs =4096| gro1 | 12 |206438400 12
goo = 15A k‘g(] =1 f2071 =1 moo,1 = 4096 920,1 15 165150 720 15
g1 = 15B| ko1 =1 | far1=1|mar1 = 4096 gor1 | 15 | 165150720 15

3. Inertia factor groups of G = 4./,

We have seen in Section 2 that the action of G on N produced three orbits of lengths 1, 1575,
and 2520. By a theorem of Brauer (see, for example, [2, Theorem 5.1.1]), it follows that the action
of G on Irr(N) will also produce three orbits of lengths 1, 7, and s, where

that is

1+7+s=|Irr(N)| = 4096;

r—+s=4095.

(3.1)
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The values of r and s will be determined through deep investigation on the maximal subgroups of
Jo or on the maximal of the maximal subgroups of J; together with various information including
sizes of the Fischer matrices, fusions of the conjugacy classes of some subgroups into the group Js,
and other information. In Table 2, we supply the maximal subgroups of Jy (see the Atlas [16]).
We will need these subgroups to determine Hy and Hs.

Table 2. The maximal subgroups of G = Js.

M, |M;| [Ty M)
Us(3) 6048 100

(3 Ag):2 2160 280
2+ A, 1920 315
22+4:(3 x S3) | 1152 525
Ay x A 720 840
As x Dy 600 1008
L3(2):2 336 1800
52: D1 300 2016

As 60 10080

First, since 1, r, and s are the lengths of the orbits on the action of G on N (which can be
reduced to the action of G on N), it follows that [G : Hy] = 1, [G : Hy] = r, and [G : H3] = s,
where Hy, Hy, and Hj are the inertia factors in G = Js. It follows that H; = G = Jy and 7, s | |G];
that is r, s|604 800. Now, 604 800 has 192 positive divisors, where 140 divisors are less than 4 095.
Out of these 140 divisors, only four pairs (r,s) satisfy (3.1). These are the pairs

(r,5) € {(63,4032), (315,3780), (945,3150), (1575,2520) }. (3.2)

Here, we do not distinguish between the pairs (r,s) and (s,7) and therefore we exclude the other
four pairs (4032, 63), (3780, 315), (3150,945), and (2520,1575) from our consideration and restrict
ourselves only to those in (3.2). Another point we put in mind is that since G is a split extension
of 4% by J, and 49 is an elementary abelian group, it follows that the three character tables of Hy,
H,, and H3, which we will use to construct the character table of G, are ordinary. From the Atlas
and Table 1, we have |Irr(G)| = 53 and |Irr(H;)| = |Irr(G)| = |Irr(J3)| = 21. Since

3
> [Ier(H;)| = |Iex(G)| = 53,

i=1
we have |Irr(H;)| + |Trr(Hz)| + |Irr(H3)| = |Irr(G)| = 53, that is
|Irr(H2)| + |Irr(H3)| = 32. (3.3)

Our next task is to show that (r,s) = (1575,2520) and the action of G on Irr(N) is dual to the
action of G on classes of N. This will be achieved by excluding the other possible pairs by getting
a contradiction to some fact in each case.

Proposition 1. (r,s) # (63,4 032).
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P r oo f. To obtain a contradiction, suppose that (r,s) = (63,4032), i.e., r = 63 and s = 4032
(or [Jo : Ho] = 63 and [Jo : H3] = 4032) and consequently |Ha| = 9600 and |Hs| = 150. Since
|Hs| = 9600 and the maximal subgroups of Jo are given in Table 2, it follows that |Hs| is bigger
than the size of any maximal subgroup of Jo, a contradiction. Thus, (7, s) cannot be (63,4032). O

Proposition 2. (r,s) # (315,3780).

Proof. To obtain a contradiction, suppose that (r,s) = (315,3780), i.e., » = 315 and
s =3780 (or [Jo : Ha] = 315 and [J2 : H3] = 3780) and, consequently, |H2| = 3840 and |H3| = 320.
Since |Hz| = 3840 and the maximal subgroups of J; are given in Table 2, it follows that Hy does
not sit in any of the maximal subgroups of J, a contradiction. Thus, (r, s) cannot be (315,3780). [

Proposition 3. (r,s) # (945,3150).

Proof. To obtain a contradiction, suppose that (r,s) = (945,3150), i.e., r = 945 and
s = 3150 (or [Ja : Ho] = 945 and [J2 : H3] = 3150) and, consequently, |Ha| = 1280 and |H3| = 384.
Since |Hz| = 1280 and the maximal subgroups of J are given in Table 2, we see that Hj is not
among the maximal subgroups of J, and does not sit in any of them. This contradiction proves
that (r,s) cannot be (945,3150). O

Proposition 4. The action of Jo on Irr(4%) is dual to the action of Jo on the conjugacy classes
of N =465,

P roof. We have seen in Section 2 that the action of Jy on the conjugacy classes of N = 46
produced 3 orbits of lengths 1, 1575, and 2520. From (3.1), we have r+s = 4095, where r and s are
the lengths of the second the third orbits on the action of Jo on Irr(4%). Further, by (3.2), we have
(r,s) € {(63,4032),(315,3780), (945,3150), (1575,2520)}. We also proved in Propositions 1, 2,
and 3 that (r,s) & {(63,4032), (315,3780), (945,3150)}. Therefore, (r,s) = (1575,2520) and the
action of .J; on Irr(49) is dual to the action of .J; on the conjugacy classes of N = 45, as claimed. OJ

Proposition 5. The inertia factor groups have the forms 2274:85 and 22 x As.

P r oo f. From Proposition 4, we can see that the orbit lengths on the action of Jo on Irr(49)
are 1, 1575, and 2520. It follows that [G : Hi| = 1, [G : Hy] = 1575 and [G : H3] = 2520
and, consequently, Hy = G = Jo, |Ha| = 384, and |H3| = 240. By (3.3), we also have |Irr(H2)| +
|Irr(H3)| = 32. Now we investigate the maximal subgroups of Jy to locate Hs and Hj. Since
|Hs| = 384 and the maximal subgroups of Jo are given in Table 2, it follows that Hj is either an
index 5 subgroup of 217445 or an index 3 subgroup of 22+4:(3 x S3). If Hy < 2174 A5 is such
that [2174:45 : Hy] = 5, then Hy must be a maximal subgroup in it since the index is a prime
number. Now, 2174: 45 has 4 maximal subgroups of orders 384, 320, 192, and 120. The maximal
subgroup of order 384 has the structure 22t4:6 and 19 ordinary irreducible characters. Also, if
Hy < 22+4:(3 x S3) is such that [2274:(3 x S3) : H] = 3, then Hy must be a maximal subgroup
in it since the index is a prime number. Now, 22%4:(3 x S3) has 4 maximal subgroups of orders
576, 384 (twice), and 72. The two maximal subgroups of order 384 have structures 22*4:53 and

21+4: A4, where [Irr(22+4:93)| = 12 and [TIrr(2!+4:44)| = 15. Thus, we have
Hy € {2274:6,2%T1.55 2174 4, (3.4
[Trr(2214:6)| = 19,  |Trr(2274:83)| = 12, [Irr(2'74:A44)| = 15. '

Next, consider Hs. Since |Hs| = 240 and the maximal subgroups of J, are given in Table 2, we
deduce that Hg is either
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e an index 9 subgroup of (3" Ag):2,
e an index 8 subgroup of 2174: 45, or
e an index 3 subgroup of A4 x As.

Consider each of these cases. Using GAP, one can see that the group (3 4g):2 has four maximal
subgroups of orders 1080, 216, 60, and 48. Therefore, Hs cannot be a subgroup of (3 Ag):2
since [(3'A¢):2 : H3] = 9, which is impossible. Next, consider the case where H3 is an index 8
subgroup of 2174: A5, Checking the order of all maximal subgroups of 2'74:45, which can be
done using GAP, shows that 2!7*:A5 has four maximal subgroups of orders 384, 320, 192,
and 120. Therefore, Hy « 214 A, Finally, we turn to the last case where we consider Hs to
be a subgroup of A4 x Ay of index 3. The group A4 x As has five maximal subgroups of orders
240, 180, 144, 120, and 72. The maximal subgroup of order 240 has the structure 22 x As and 20
ordinary irreducible characters. We deduce that Hz has the structure 22 x A5 and |Irr(H3z)| = 20.
Using this together with (3.4), we conclude that (Hs, H3) = (2274:53,22 x Aj) is the required
pair of inertia factor groups since it consists of (3.3), and all other possibilities are exhausted
and each lead to a contradiction, except (Ha, H3) = (2214:53, 2% x A5). Hence, we have the result. [J

Next, we construct the character tables of Hy, Hy, and H3 and determine the fusions of the
conjugacy classes of these groups into the classes of H; = G = J,. The character table of the simple
Janko group Jo can be found at the Atlas. As subgroups of G = Js that generated by ¢g; and g
given in Section 1, and a being a generator of 4, the two inertia factor groups Ho = 2274:S5 and
Hj = 2% x Ajy are generated as follows: Hy = (ay, ) and Hz = (B, 32) , where

NS}

1 1 aa o o O a 1 o 1 « Q

a2 a2 1 a a o 0O 1 0 0 0 «

a = a2 a o2 o2 o o2 g = a 0 1 0 o 1
1 « 1 1 1 0 ’ a a 1 o o® « ’

a2 a a o2 a o a a2 a a a o?

a2 a a o o «a a 1 o o2 0 o?

1 a o> 0 1 1 a 0 a®> 0 1 o?

0 0 > 1 1 1 1 &> a a a 0

. 0 a2 0 1 o a? _ o2 a1 0 1 1

Pr= a o 1 1 1 1 , Pa= 0 a o2 a 0 a2

1 0 a2 o> 0 0 0 a o> 1 1 0

01 o> 0 o 0 0 1 a o 0 o

We recursively use Clifford—Fischer theory to construct the character table of Hs. The action
of S3 on the set Irr(2274) produced 6 orbits of lengths 1, 3, 3, 3, 3, and 6 with the corresponding
inertia factor groups Ss3, Zs (four times), and the identity group. Also, Hj is the direct product of
the elementary abelian group 22 by As. Thus, the character table of Hj is easy to construct since
we know the character tables of both 22 and As. In this paper, we list the full character tables of
Hjy and H3 and organize the columns of the character tables according to the orders and the sizes
of the centralizers.

Recall that Hy and Hj are not maximal subgroups of Jo, but they are maximal of some maximal
subgroups of Jo (Hy is a maximal subgroup of 22+4:(3 x S3) while Hj is a maximal subgroup of
Ay x As). We determined the fusions of the conjugacy classes of Hy and Hs into the classes Jo
using the permutation characters of Jo on 2274:(3 x S3) and A4 x As; the permutation characters of
2274:(3 x S3) and A4 x As on Ho and Hg, respectively, together with the sizes of centralizers. The
following proposition plays a great role in determining the fusions; its proof can be found in [2].
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Proposition 6. Let K1 < Ky < Ks, and let ¢ be a class function on Ki. Then,
(Q,Z)Tgf)ng = ¢T§f More generally, if K1 < Ko < --- < K, is a nested sequence of subgroups

of K,, and 1 is a class function on K, then (¢T§i)T§g g = Q,Z)Tg?
P roof. See Proposition 3.5.6 of [2]. O

We supply the full character tables of the inertia factor groups Hs and Hg together with the
fusions of their conjugacy classes into the classes of Jo in Tables 3 and 4.

Table 3. The character table of Hy = 2274:55.

| l9lm, | 1la 2a 2b 2c 3a 4a 4b 4c 4d 8a 8b 8|
[1Cu,(g)]]384 128 16 16 3 32 32 32 16 8 8 3]

| =& |1A 2A 2B 2A 3B 4A 4A 4A 4A 8A 8A B8A|
X1 1 1 1 1 1 1 1 1 1 1 1 1
X2 1 1 1-1 1 1 1 1-1-1-1-1
X3 2 2 2 0-1 2 2 2 0 0 0 0
X4 3 3-1-1 0 3-1-1-1-1 1 1
X5 3 3-1-1 0-1 3-1-1 1 1-1
X6 3 3-1 1 0-1 3 -1 1-1-1 1
X7 3 3-1 1 0 3-1-1 1 1-1-1
Xs 3 3-1-1 0-1-1 3 -1 1-1 1
Xo 3 3-1 1 0-1-1 3 1-1 1-1
X10 6 6 2 0 0-2-2-2 0 0 0 0
X11 12 -4 0-2 0 0 0 0 2 0 0 0
X12 12 -4 0 2 0 0 0 0-2 0 0 0

4. Fischer matrices of G = 4%..J,

We now calculate the Fischer matrices of G = 45:J5. Following Section 3 of [5], we label the
top and bottom of the columns of the Fischer matrix F; corresponding to g; by the sizes of the
centralizers of g;j, 1 < j < ¢(g;), in G and m;j, respectively.

The rows of F; are partitioned into parts F;r, 1 < k < t, corresponding to the inertia factors
Hy, Hy,...,Hy, where each Fj; consists of ¢(g;x) rows corresponding to the a;l—regular classes
(those are the Hy-classes that fuse to the class [g;]¢). Thus, each row of F; is labeled by a pair
(k,m), where 1 <k <t and 1 < m < c(gs). We list the values of |Cz(gi;)| and m;;, 1 < i < 27,
1 <j <e(g;), in Table 1. The fusions of classes of Hy and Hj into classes of G are given in Tables 3
and 4, respectively. Since the size of the Fischer matrix F; is ¢(g;), it follows from Table 1 that the
sizes of the Fischer matrices of G = 45:.J5 range between 1 and 8 for every i € {1,2,...,21}.

The Fisher matrices have interesting arithmetic properties (see Proposition 3.6 in [5]). We
used these properties to calculate some entries of these matrices and construct systems of algebraic
equations. We solved these systems of equations using the symbolic mathematical package Maxima
[19] and, hence, computed all of the Fisher matrices G that we list below.
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J1
g1 g1 g12 g13
O(glj) 1 2 2
|Ca(g15)] 2477260800 | 1570864 | 983040
(k7 m) ‘CHk (glkm)’
(1,1) 604 800 1 1 1
(2,1) 384 1575 39 —25
(3,1) 240 2520 —40 24
mi; 1 1575 2520
Jo
g2 g21 g22 923 924
o(g2;) 2 2 4 4
|C=(g2;)] 491520 | 32768 | 4096 | 4096
(k7 m) ‘CH]C (Qka)’
(1,1) 1920 1 1 1 1
(2,1) 128 15 15 -1 -1
(2,2) 16 120 -8 -8 8
(3,1) 16 120 —8 8 -8
maj 16 240 | 1920 | 1920
J3
g3 g31 g32 933 934 935 936 937 938
o(9g3;) 2 4 4 4 4 4 4 4
|C=(935)] 15360 | 15360 | 15360 | 15360 | 1024 | 1024 | 1024 | 1024
(k7 m) ‘CH]C (QBkm)’
(1,1) 240 1 1 1 1 1 1 1 1
(2,1) 16 15 15 15 15 -1 —1 —1 -1
(3,1) 240 1 -1 -1 1 -1 -1 1 1
(3,2) 240 1 -1 1 -1 -1 1 1 -1
(3,3) 240 1 1 -1 -1 -1 1 -1 1
(3,4) 16 15 —15 15 —15 1 -1 1 -1
(3,5) 16 15 —15 —15 15 1 —1 —1 1
(3,6) 16 15 15 —15 —15 1 1 -1 -1
m3; 64 64 64 64 960 960 960 960
F5
Fy 95 g51 | 952 g53
g4 ga1 o(gs;) 3 6 6
0(945) 3 |Cx(g55)] 576 | 192 48
|Cq(g4))] 1080 (k,m)  |Chy(g5km)]
(k,m)  [Cu,(9arm)| (1,1) 36 11 1
(1,1) 1080 1 (2,1) 3 12| —4 0
My 4096 (3,1) 12 3 3 -1
ms; 256 | 768 | 3072
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Je6
g6 gel | g62 | 963 | Y64 ge65
O(gﬁj) 4 4 4 4 4
1C(96)] 1536 | 512 | 512 [ 512 | 256
(k,m)  |Cw, (g6km)|
(1,1) 96 1] 1| 1] 1 1
2,1) 32 3] -1 -1 3| -1
(2,2) 32 30 3] -1] -1| -1
(2,3) 32 3] -1 3] -1 -1
(2,4) 16 6| —2| —2| -2 2
mg; 256 | 768 | 768 | 768 | 1536
Fr F3
gr gm gr2 gs gs1 gs2
o(g75) 5|/ 10 o(gs;) 5| 10
1C(977)] 4800 | 320 | [[Cs(gsy)] 4800 | 320
(k>m) |CHk (g7km)| (k>m) |CHk (g8km)|
(1, 1) 300 1 1 (1, 1) 300 1 1
(3,1) 20 15| -1 (3,1) 20 15| -1
mry; 256 | 3840 ms; 256 | 3840
Fo9 F1o
g9 991 g10 g10,1
0(go;) 5 o(g105) 5
|C7(g95)] 50 | | [Cz(g105)] 50
(kvm) ‘CHk(g9km)‘ (k7m) ‘CH]C (glokm)‘
(1, 1) 50 1 (1, 1) 50 1
myj 4096 mioj 4096
Fi2
Fi 912 g12,1 | 9122 | 9123 | g124
o(g12;) 6 12 12 12
I 11,1 |C§(912j)| 48 48 48 48
o(g115) 6
C—= . 24 (k‘, m) |CHk (912km)|
|Cz(g115)]
(1, 1) 12 1 1 1 1
(k,m)  |CH, (g11km)| B B
(3, 1) 12 1 1 1 1
(1,1) 24 1 B B
' 1006 (3, 2) 12 1 1 1 1
M1; (3,3) 12 1| -1 -1 1
mi2; 1024 | 1024 | 1024 | 1024
F14
Fis g14 9141 | 914,2 | 914,3 | G144
0(g14;) 8 8 8 8
g13 g13,1 .
’ \05(914]-)\ 32 32 32 32
0(g13;) 7
C (s - (k,m)  |Chy(91486m)|
| G(913J)|
(1, 1) 8 1 1 1 1
(k,m)  |Ch, (913km)] _ B
) - : (2,1) 12 1 1 1 1
! : 1096 (2,2) 12 1 1 -1 -1
M3 (2,3) 12 1] —1| -1 1
mi4; 1024 | 1024 | 1024 | 1024
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Fi1s5
gdi5 g151 | 9152 | 9153 | 9154
O(g15j) 10 20 20 20
|C§(g15j)| 80 80 80 80
(k,m)  |Ch, (g15km)]
(1,1) 8 1 1 1 1
(3,1) 12 1 -1 1 -1
(3,2) 12 1 1 -1 -1
(3,3) 12 1 -1 -1 1
mys; 1024 | 1024 | 1024 | 1024
Fi6
d16 g16,1 | 9162 | 916,3 | J164
0(gl6j) 10 20 20 20
|C§(g16j)| 80 80 80 80
(k,m) |CHk (g16km)|
(1,1) 8 1 1 1 1
(3,1) 12 1 -1 1 -1
(3,2) 12 1 1 -1 -1
(3,3) 12 1 -1 -1 1
mi6; 1024 | 1024 | 1024 | 1024
Fi7 Fi18
g1 g17,1 g18 g18,1
o(g17;) 10 o(g1s;) 10
1Cal9175)] 10 1Cz(g18;)| 10
(k,m) |CHk (917%m)| (k,m) |CHk (g18km) |
(1,1) 10 1 (1,1) 10 1
mi7; 4096 mig; 4096
F19 F20
g19 g19,1 920 g20,1
O(glgj) 12 O(gg(]j) 15
|Ca(g195)] 12 | | |Ca(g205)] 15
(k,m) |CHk(gl9km)| (k,m) |CHk(.920km)|
(1,1) 12 1 (1,1) 15 1
mig; 4096 ma2o; 4096
Fo1
921 921,1
o(go15) 15
|Cz(g21,)| 15
(k,m) |C,, (9218m)|
(1,1) 15 1
mglj 4096

5. Character table of G = 4°..],

In Sections 2, 3, and 4, we have determined:
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e the conjugacy classes of G = 4°%:.Jo (Table 1);
e the inertia factors Hy, Ho, and Hs;

e the character tables of all inertia factor groups of G (the Atlas together with Tables 3 and 4);
in these two tables, we also supplied the fusions of the classes of the inertia factors Hy and
Hj into classes of G;

e the Fischer matrices of G (see Section 4).

Following [2, 5], without any difficulties, one can construct the full character table of G in the
format of Clifford—Fischer theory. The table will be composed of 63 parts corresponding to 21
cosets and three inertia factor groups. The full character table of G is a 53 x 53 R-valued matrix,
and we give it in the format of Clifford—Fischer theory in Table 5. We conclude by remarking that
the accuracy of this character table has been tested using GAP.
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On a Group of the Form 4°:.J,
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0 0 0 0 0 0 I 11— 0 O I1I— 1 1I— 1 1I— § ¢— ¢— ¢ e X

0 0 0 0 0 0 -1 1 O O I— 1 I— 1I— 1 S ¢ G— g 6IX

0 0 0 0 0 0 I 1- 1 o0 O I— 1 1T 1I— I— G G ¢ G SIX

0 0 0 0 0 0 - 1- 1-0 O I— 1 T T 1T § G G G X

T T - I— 1 T - -1 1-—1I-1 0 O 0 0 ¥ ¥%¥ ¥ ¥ 9TxX

I T I I I - 1 I— 1I-1- 11 0 0 0 0 ¥ ¥ ¥ ¥ aIX

T - 1 I - 1 -1 I—-—1-1-1 0 0O 0 0 ¥ ¥V ¥ ¥ VX
- I1- - 1I- 1- 1 1 1T 1I-1-1 0 O o o0 ¥ v v ¥ eIx
e A 4 V— s&%— 0 0 0 VvV W o0 I1I— 1 11— T ¢ ¢— ¢— ¢ erx
V— Vv v W= Vv- 0 0 0 < ¥V 0 11— 1 1I1I—- 1 &€ ¢— ¢ ¢ X
V- V- vV- v—- w o0 0 0 vV W o 1I— 1 I I— € ¢ e— ¢ orx
V— V- V- V=V o o0 0 W v o 1— 1 1 TI- ¢ ¢ e— ¢ 6X
YV WV V=V /=0 0 0 V W o0 1I— 1— 1 1 ¢ € ¢ e 8X
vV V- &W— W% v—- 0 0 0 W ¥V o I1I— 1I— 1 T € € ¢ ¢ X
M A 4 v 0 0 0 VvV W o 1I— I1I— I— I— ¢ g g g X
vV vV NN A 4 o o0 0 wWw v o I— I1— I— I— ¢ ¢ ¢ ¢ €X
- 1 T - I- 1-— 1- 1 1 1T 1T 1 1I— 1 11— 1 - 1I— 1 X
- 1I- I— 1I- 1 I 11— 1-1 1 1T 1 1= 1I— 1 1I— 1 - 1 X
I - I—- 1 - I1- 1 I1-1 1 1 1T 1T I— I—- 1— 11— 1 I eX
I I I I I I 1 1 1 1 T 1T 1T 1T 1T 1 I I I X
g0 90T V0L VOI g0T g9 g9 &9 VS gS d¢ Ve dc¢ d¢ d¢ gt 9t gt vi | o |
0T 0z 0% 0z 0z gl el Tl 0c 0c & 91 9T 91 9T 0¥z 0¥z 0k 0¥ | [(6)Hol |
°0T PO 20T 90T P0T 929 99 ©»9 q¢ g vg bz [g 9g pz 2¢ qz »vng o1 | “H[F] |

(1 —=+/5)/2 and A* = (14 +/5)/2.

where in Table 4, A
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Abstract: For a finite poset (partially ordered set) U and a natural number n, let S(U, n) denote the largest
number of pairwise unrelated copies of U in the powerset lattice (AKA subset lattice) of an n-element set. If U
is the singleton poset, then S(U,n) was determined by E. Sperner in 1928; this result is well known in extremal
combinatorics. Later, exactly or asymptotically, Sperner’s theorem was extended to other posets by A.P. Dove,
J.R. Griggs, G. O. H. Katona, D. J. Stahl, and W. T. Jr. Trotter. We determine S(U,n) for all finite posets with
0 and 1, and we give reasonable estimates for the “V-shaped” 3-element poset and, mainly, for the 4-element
poset with 0 and three maximal elements. For a lattice L, let Gpin(L) denote the minimum size of generating
sets of L. We prove that if U is the poset of the join-irreducible elements of a finite distributive lattice D,
then the function k + Guin(D¥) is the left adjoint of the function n ~ S(U,n). This allows us to determine
G'min(DF) in many cases. E.g., for a 5-element distributive lattice D, Gupin(D?023) = 18 if D is a chain and
Gmin(D?923) = 15 otherwise. The present paper, another recent paper, and a 2021 one indicate that large
direct powers of small distributive lattices could be of interest in cryptography.

Keywords: Sperner theorem for partially ordered sets, Antichain of posets, Unrelated copies of a poset,
Incomparable copies of a poset, Distributive lattice, Smallest generating set, Minimum-sized Generating set,
Cryptography with lattices.

1. Introduction

This paper belongs both to extremal combinatorics and lattice theory, and it is intended to be
self-contained for those who know the concept of a free semilattice, that of a distributive lattice,
and the relation between lattice orders and lattice operations.

Our main goal is to establish a bridge between the combinatorial topic of Sperner (type) the-
orems and the lattice theoretical topic of minimum generating sets of finite lattices; this goal is
accomplished by Theorem 1 in Section 2. If we start from the Sperner (type) theorems proved
by Griggs, Stahl, and Trotter [9], Dove and Griggs [6], and Katona and Nagy [10], then the just-
mentioned “bridge” can lead only to asymptotic results, in which we are less interested, or to
rather special distributive lattices. Hence, we modestly generalize their Sperner theorems, see
Observation 1, and we give reasonable estimates for a particular case; see Proposition 1.

A poset (that is, partially ordered set) U is said to be bounded if it has a smallest element,
denoted by 0 = Oy, and a largest element, 1 = 1y; these elements are uniquely determined if
they both exist. In Section 3, we give an ezact formula for the maximum number of pairwise
unrelated isomorphic copies of a finite bounded poset among the subsets of an n-element set; see
Observation 1, which is an easy generalization of a result of Griggs, Stahl, and Trotter [9] from
chains to bounded posets. The situation becomes more exciting in Section 4, where we present
estimates for two particular posets, V and W given in Fig. 1.

! This research was supported by the National Research, Development and Innovation Fund of Hungary,
under funding scheme K 138892.
2 This paper is dedicated to my colleague Eszter K. Horvdth, PhD, on her siztieth birthday.
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e N

Vv D=Dn(V) w Dn( W)

Figure 1. Two posets and the corresponding distributive lattices

The search for small generating sets has more than half a century-long history. Indeed, this
topic goes back (at least) to Gelfand an Ponomarev [7]; see Zadori [14] for details of their result
on subspace lattices. For small generating sets in some other lattices, see also the introductions
and the bibliographic sections of Czédli [1-3]. Recently in [1] and [3], we have pointed out that
large lattices and large powers of (small) lattices can have applications in cryptography provided
that they have small generating sets. This led to the original motivation of the present paper: we
wanted to determine how many elements are needed to generate a large direct power of a small
distributive lattice.

Even though we prove only estimates rather than exact Sperner theorems in Section 4, they are
sufficient to determine the minimum number of generators of direct powers of the corresponding
distributive lattices with quite good accuracy and, in most of cases, exactly; this will be formulated
in (4.7) and exemplified explicitly by (4.15) and implicitly by all collections of concrete data dis-
played in the paper. Note that even less accuracy would be satisfactory from a cryptographic point
of view, in which the role of a small minimum number of generators is to indicate that there are
many small generating sets. Hence, in addition to the exact lattice theoretical results that we can
obtain by combining Theorem 1 with Observation 1 or (2.12), Section 4 also offers new possibilities
for the cryptographic protocols given in [1] and [3].

2. A bridge between combinatorics and lattice theory

The purpose of this section is to generalize a result of Czédli [3] from finite Boolean lattices to
finite direct powers of finite distributive lattices. To do so, we are going to borrow several concepts,
notations, and ideas from [3] without further notice. Except for the sets N* := {1,2,3,...} and
No := {0} UNT, all sets and structures in this paper are assumed to be finite even when this is not
explicitly mentioned.

Next, we recall some concepts and notations, and introduce a few new ones. For a real number x,
the lower integer part and the upper integer part of x are denoted by |x| and [x], respectively.
For n € Ny, note the rule: [n/2| + [n/2] = n. A function f: Ny — Ny is non-bounded if for each
k € Ny, there exists an n € Ny such that f(n) > k. For a non-bounded function f: Ny — Ny, the
left adjoint f* of f is the function

f*:Ng = Ny defined by k+— min{n € Ny: k< f(n)}. (2.1)

(The terminology “left adjoint”, taken from Czédli [2], is explained by categorified posets, but we
do not need this fact.) If f(x) < f(y) holds whenever x < y, then f is an increasing function.
For Ny — Ny functions f; and fo, f1 < fo means that fi(x) < fa(z) holds for every x € Ny. The
following lemma follows straightforwardly from definitions and it belongs to folklore, so we do not
prove it in the paper.
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Lemma 1. If f, fi, and fo are increasing non-bounded Ny — Ny functions then so are their
left adjoints. Furthermore, for all n,k € Ny,

k< f(n) ifandonlyif [*(k)<n, (2.2)
k> f(n) if and only if f*(k) > n, (2.3)
f(n) =max{y € No: f*(y) <n}, and (2.4)
fi<fe ifandonlyif fy < fi. (2.5)

For a poset U and a natural number k € NT, let kU = (kU, <) denote the cardinal sum of k
isomorphic copies of U. That is, if (Uy;p1), ..., (Ug; pr) are pairwise disjoint isomorphic copies of
U = (U;<), then

(kU; <)== (U1 U---UUg; p1 U+ Upg).

Then for x € U; and y € Uj, if ¢ # j, then neither + < y nor y < z, that is, x and y are
incomparable, in notation, x || y. In other words, U; and U; are unrelated for i # j. We obtain
the (Hasse) diagram of kU by putting k copies of the diagram of U side by side. For k € Ny, the
(k+1)-element chain will be denoted by Cj. Note that kCq is the k-element antichain. For n € NT,
[n] will stand for the set {1,...,n} while [0] := (). For a set A, the powerset lattice (also called the
subset lattice) of A is the lattice ({X : X C A};C). In this lattice, which we denote by P(A) or
(P(A); ©), the operations V and A are U and N, respectively. For an element y in a poset U, we
denote {z € U : x < y} by Jy or, if confusion threatens, by |yy. Similarly, 1y and ¢y stand for
{reU:y<uz}.

For posets Uy and Us and a function ¢: Uy — Us, ¢ is an order embedding if for all x,y € Uy,

r<y <= ¢(r) <py).

Let ¢: U; < Us denote that ¢ is an order embedding. Furthermore, let Uy <%° U, denote that
there exists an order embedding ¢: U; — Us. For example, if U is a poset, then the function
U — P(U) defined by y — Jyy is an order embedding. Thus,

for any poset U, we have that U <%° P([|U]]). (2.6)

If Uy C Us and the function Uy — Us defined by x — x is an order-embedding, then U; is a subposet
of Us; this fact is denoted by Uy < Us. A poset cannot be empty by definition; the only exception
is that for every poset U, OU is a subposet of (and is embedded into) any other poset; the following
definition needs this convention.

Definition 1. Let U be a finite poset. For k,n € Ny, let

S(U,n) := max{k € Ny : kU °* P([n])} and
S*(U, k) := min{n € Ny : kU “° P([n])} = min{n € Ny : k < S(U,n)};

(2.6) implies that the definition “="in (2.8) makes sense. For n € NT, let

fsp(n) :== < > and f5(k) :=min{n € N* : k < fy,(n)}. (2.9)

n
[n/2]
For the sake of better outlook and optical readability, let us agree that in in-line formulas, we often

write Cpin(m,t) instead of (T) ; especially when m ort is a complicated expression with subscripts.
With this convention, fs,(n) = Chin(n, [n/2]).
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Remark 1.  The notation in Definition 1 is coherent with (2.1) since the functions
S*(U,-): Ng = Ng defined by k& — S*(U,k) and f} are the left adjoints of the functions
S(U,—): Ng — Ny defined by n — S(U,n) and fy,, respectively. (For S*(U,—), this follows
immediately from kU “5° P([n]) <= k < S(U,n).)

The remark above enables us to benefit from Lemma 1. Note that the notation fg, comes
from Sperner’s original Binomial coefficient as a Function. For subsets X and Y of [n], using the
terminology of Griggs, Stahl, and Trotter [9], we say that X and Y are unrelated if x || y for all
x € X and y € Y. So S(U,n) is the maximum number of pairwise unrelated isomorphic copies of
U in P([n]).

With the notation introduced in Definition 1, Sperner’s Theorem from [13] asserts that
S(Cp,n) = fsp(n) while a Sperner theorem (i.e., a Sperner-type theorem) proved by Griggs, Stahl
and Trotter [9, Theorem 2] asserts that

n—t
fort e Nt S(Cyyn) = fp(n—1t), thatis, S(Ciyn)= < > (2.10)
’ [(n—1)/2]
Note that, by convention, fgp(n —t) = 0 for n < t. For later reference, some values of S(Cy,n) are
as follows; here and later: the numbers of our tables in exponential forms are approximations in
which the significands are correctly rounded to the given digits

n 17 18 2024 2025 2026
S(Cyyn) | 1716 | 3432 | 2.137 - 10506 | 4.272 - 10596 | 8.544 . 109Y°

(2.11)

The length of a finite poset U is the largest t such that C; is a subposet of U. The result cited
in (2.10) has been generalized by Katona and Nagy [10, Theorem 4.3] to the following one.
If U is a finite poset of length t such that S*(U,1) = ¢ then,

for every n €Ny, S(U,n)= fop(n—1). (2.12)

A proper sublattice of a lattice L is a nonempty subset X of L such that X # L and X is closed
with respect to V and A. A subset Y of L is a generating set of L if no proper sublattice of L
includes Y. As L is assumed to be finite, the least size of a generating set of L makes sense; we
denote it by

Gnin(L) := min{|Y'| : Y is a generating set of L}. (2.13)

In the k-th direct power L* := L x --- x L (k-fold direct product) of L, the lattice operations are
performed component-wise; we are interested in Gmin(Lk) for some distributive lattices L. The set
of join-irreducible elements of L is denoted by J(L); by definition, = € L belongs to J(L) if and
only if x covers exactly one element; in particular, the smallest element 0 = 0z, of L is not in J(L).
With the order inherited from L, J(L) = (J(L); <) is a poset.

Now that we have (2.13) and Definition 1, we can formulate the main result of the paper.

Theorem 1. If D is a finite distributive lattice and 2 < k € NT, then Guin (D) = S*(J(D), k).

P roof. We are going to use lots of ideas from Czédli [3], where the theorem was proved for
the particular case when D is a finite Boolean lattice.

For t € NT, denote by Fieet(t) = Fineet (71, - - ., 7¢) the free meet-semilattice with free generators
x1, ..., xr. We know from folklore and from §4 in Page 240 of McKenzie, McNulty and Taylor [12]
(and it is not hard to see) that Fieet(t) is a subposet of P([t]); in fact, Fieet(t) is (order isomorphic
to) P([2]) \ {[t]}-

Let U := J(D). With Uy :=U x {0} x--- x {0}, ..., Uy := {0} x --- x {0} x U, it is clear that
Uiu---ulUg C J(Dk). As each element 7 of D¥ is the join of some elements of Uy U --- U Uy, we
have that J(D*) = Uy U--- U Uy & kU.
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To prove that Guin(D¥) > S*(J(D), k), let n := Guin(DF) and pick an n-element generating
set {g1,...,9,} of D¥. By (2.2), we need to show that k& < S(U,n). So, we need to embed kU into
P([n]). As Fpeet(n) = Fueet (21, .., 2,) is embedded into P([n]) and kU = J(D¥), it suffices to
give an order embedding J(D*) — Fineet(n). In the meet-semilattice reduct (D¥;A) of the lattice
(D*;A,V), let B :=[g1,...,9gn]x denote the meet-subsemilattice generated by {gi,...,g,}. By the
distributivity of the lattice D*, each u € J(D¥) is obtained so that we apply a disjunctive normal
form to the generators ¢1,...,g,. That is, u is the join of some meets of the generators. By the
join-irreducibility of u, the join is superfluous, and so u is the meet of some of the g1, ..., g,. Thus,
u € B, and we have seen that J(DF) C B. Since Fpeet(n) is free, there exists a (unique) meet
homomorphism ¢: Fieet(n) — B such that ¢(z;) = g; for all i € {1,...,n}. Since each of the
generators g; of B is a p-image, ¢ is surjective.

Define a function ¢: B — Fiyeet(n) by the rule

»(0) = A\{p € Fueat(n) : 0(p) = b}.
Then, for every b € B,

(1) = o(\{p € Fucet(n) : o(p) = b}) = A{p(p) € Funcet(n) : @(p) = b} =b

shows that ¢(1(b)) = b. Hence, 1(b) is the least preimage of b with respect to .
Now assume that by,bs € B. If by < by, then

(P(b1) AN (b2)) = @((b1)) A p(1h(b2)) = b1 A by = by

shows that 1(b1) A ¥(by) is a p-preimage of by. As 1(by) is the smallest preimage, we obtain that
P(by) < (by) ANp(be) < 1(be), that is, ¢ is order-preserving.
Conversely, if 9 (b1) < 9 (ba), then

b1 = (1)) = ((b1) A (b)) = p(P(b1)) A @(th(b2)) = b1 A by < by,

whereby ©: B — Fineet(n) is an order-embedding. Restricting 1) to J(DF), we obtain an embedding
of J(D*) into Fipeet(n), as required. Consequently, G, (D) > S*(J(D), k).

To prove the converse inequality, Guin(D*) < S*(J(D), k), now we change the meaning of n as
follows: let n := S*(J(D),k). We have to show that D* has an at most n-element generating set.

Let U := J(D); then kU = J(DF) as in the first part of the proof. Furthermore, we know from
(2.8) that kU is order embedded in P([n]). Since k > 2, kU has no largest element. Thus, using that
Fineet (n) is order isomorphic to P([n]) \ {[n]}, kU is also embedded in Fiyeet(n) = Fineet (T1,- -, Tn)-
So we assume that kU is a subposet of Fieet(n). A subset X of kU is called a down-set of kU
if for every y € X, lxyy € X. The collection Dn(kU) = (Dn(kU); C) of all down-sets of kU
is a distributive lattice. Since kU = .J(D¥), we obtain by the well-known structure theorem of
finite distributive lattices, see Gritzer [8, Theorem 107] for example, that Dn(kU) = D¥. Hence,
it suffices to find an (at most) n-element generating set of Dn(kU). For i € {1,...,n}, define
Y :={y € kU : y < z;, understood in Fieet(n)}. Then Y; € Dn(kU), and we are going to show
that {Y7,...,Y,} generates Dn(kU). For every X € Dn(kU), X = U{lxvy : v € X} = V{lwwy :
y € X}. Therefore (since the meet in Dn(kU) is the intersection), it suffices to show that for each
u € kU,

oy = ﬂ{Yi cu € Y5}

The “C” inclusion here is trivial since the Y;’s are down-sets. To verify the converse inclusion,
assume that v € ({Y; : v € Y;}. This means that for all i € {1,...,n}, if u € Y;, then v € V;.
In other words, for all i € {1,...,n}, if v < x;, then v < z;. Thus, v < A{z; : v < z;}. As
each element of Fieet(n) is the meet of all elements above itself, u = A{z; : v < x;}. By this
equality and the just-obtained inequality, v < u, that is, v € |gpyu. This shows the “2” inclusion
and completes the proof. O
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3. A Sperner type theorem

Let us repeat that a poset U is bounded if 0 = Oy € U and 1 = 1y € U. Even though we
have not seen the following statement in the literature, all the tools needed in its proof are present
in Lubell [11], Griggs, Stahl, and Trotter [9], and Dove and Griggs [6]; this is why we call it an
observation rather than a theorem.

Observation 1. Let U be a finite poset, let n,k € Ny, and let p := S*(U, 1), that is,
p=min{p’ € No: U “Z5* P([p'])}-

Then the following four assertions hold.

(a) Ifn=p, then S(U,n) = fo(n —p).

(b) If k> 1, then S*(U,k) < p+ f5 (k).

(¢) IfU is bounded and n > p, then S(U,n) = fon(n—p), i.e., S(U,n) = Cpin(n—p, [(n—p)/2]).
(d) If U is bounded and k > 1, then S*(U,k) = p + f4 (k).

If |U| = 1, then p = 0. Hence, Sperner’s Theorem, see [13], is a particular case of Theorem 1.
Clearly, so is (2.10), which we quoted from Griggs, Stahl and Trotter [9]. The forthcoming Table 1
shows that parts (c) and (d) would fail without assuming that U is bounded.

P roof. Aswe have already mentioned, all the ideas are taken from Lubell [11], Griggs, Stahl,
and Trotter [9], and Dove and Griggs [6].

To prove part (a), let B:={n—p+1,n—p+2,...,n}. As|B| = p and we can replace U with a
poset isomorphic to it, we assume that U C P(B). The |(n—p)/2|-element subsets of {1,...,n—p}
form a k := fgp(n — p)-element antichain ® in P([n — p]). For X3, Xy € ® and Y1,Y, € U, if
X1 # Xa, then some ¢ € {1,...,n —p}isin X; \ Xy and so i € (X3 UY))\ (X2 UY3). Hence,
{XUY : X edandY € U}; Q) = (kU; <) is a subposet of P([n]). Thus, S(U,n) > k = fo(n—p),
as required.

To prove part (b), observe that for k > 1, part (a) implies that

{n:p<neNyand k< S(U,n)} D{n:p<neNyand k < fo,(n —p)}. (3.1)

Observe also that, by (2.8), k < S(U,n) <= kU ¥ P([n]). Hence, we can compute as follows;
note that (3.1) will be used only once

(2.8)

S*(U,k) "= min{n:n € Ny and k < S(U,n)} (3.2)
= min{n :p <n € Ny and k£ < S(U,n)} (3.3)

(3.1)
< min{n:p<n€Nyand k < fp(n —p)} (3.4)
=min{p+n’:n' € Ny and k < fo,(n')} (3.5)
=p+ min{n':n’ € Ng and k < fo,(n")} = p + fi, (k). (3.6)

To prove (c), assume that U is bounded. It suffices to verify that

SU,n) < fa(n —p),

which is the converse of the inequality proved for part (a). With the notation k := S(U,n), we
know that there exists an order embedding f: kU — P([n]). Let Uy, ..., Uy be the pairwise disjoint
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isomorphic copies of U such that kU is the union of them. For i € [k], denote the restriction of f
to U; by fi, and let X; := fi(1y,) and Z; := f;(Op,). Since the interval

is order isomorphic to P(X; \ Z;), it follows that |X; \ Z;| > p. Hence, we can pick a chain
Z; = YO(Z) C Yl(l) C---C Y;@l C Y},@ = X;. If we had that Y C Yt(]) for some ¢ # j € [k] and
s,t € {0,...,p}, then

F0u) = fi(0p) = Zi =Y cv® c v v = X; = f;(1y,) = f(1,)

and the fact that f is an order embedding would imply that Oy, < 1y, which is a contradiction.
Hence Ys(i) and Yt(j ) are incomparable for ¢ # j. Therefore, letting

kG = ) oty
i€[k]
with y(()i) < ygi) <= yl(f), the “capitalizing map” kC, — P([n]) defined by ysi) — Y is an order
embedding. Thus, it follows from Griggs, Stahl, and Trotter’s result, quoted here in (2.10), that

S(U,n) =k < S(Cp,n) = foo(n —p),

as required. We have shown part (c).

To prove part (d), observe that in the argument for (b), part (a) yielded inequality (3.1), which
was used only once in (3.2)—(3.6). Now that part (c) turns (3.1) into an equality, (3.2)—(3.6) turn
into a computation proving the required equality S*(U, k) = p + f3,(k), completing the proof. [

4. Lower and upper estimates for non-bounded posets

For any finite poset U, Dove and Griggs [6] and Katona and Nagy [10], independently from
each other, gave lower estimates and upper estimates of S(U,n). Their estimates are asymptotically
equal if n tends to infinity. Thus, S(U, n) is asymptotically known?® for each U. In general, however,
this knowledge does not give us too much information on S(U,n) for a small n. By parsing the
arguments in Dove and Griggs [6] or Katona and Nagy [10], one can obtain some estimates for a
small n but sometimes, putting generality aside, other constructions could be easier and could give
better estimates. This will be exemplified by two small concrete posets; see Propositions 1 and 2
later. But first of all, let us agree that the set of all permutations of [n] are denoted by Sym,,; its
members are written in the form 7 = (m1,...,m,). For @ € Sym,,, j € [n] and X € P([n]) \ {0}, we
denote by

Is(j, ) :=={mm : 1 <m < j}, Lp(X,7):=max{m € [n]: 7, € X}, (4.1)
and I'(X):= {7 € Sym,, : Is(Lp(Z;, 7),7) C X}

the j-th initial set of @, the last position of X in 7, and the set of permutations associated with X,
respectively. We let Lp((), 7) := 0 and Is(0,7) = (). Of course, we can change “C” in (4.2) into “=".

3When writing arXiv:2308.15625v2, the earlier version of this paper, I did not know about Dove and
Griggs [6] and Katona and Nagy [10]; thank goes to Déniel Nagy (the second author of [10]) to call my
attention to these two papers.
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The following statement is due to Lubell [11] and (apart from terminological changes) was used
successfully by Dove and Griggs [6], Griggs, Stahl, and Trotter [9], and Katona and Nagy [10]:

if X,Y € P([n]) such that X || Y, then I'(X)NIT(Y) =0 and (4.3)
for every X € P([n]), we have that |T'(X)| = |X]|!- (n — | X|)!. (4.4)
Next, let W denote the 4-element poset W with 0 and three maximal elements, see Fig. 1. For

n € NT we define

3n—2— 2[n/2)

wS(Won) = | Sa(n=1)]. (4.5)

With the convention that Cpi,(n1,n2) = 0 unless 0 < ny < nq, let

WE?)JJli?’j(;)(un—nﬁ/zj;i—?’i) Loenen

0SWim) i= ¢ sl 7 ; n—3i—3 (4.6)
j ~3i— ’ |
; ;3 <J'><(n—3)/2+j—3i> if ne{357}

Note that 1,S(W,1) = S(W,1) and 1,S(W,2) = S(W,2). Hence, we can often assume that n > 3.
The natural density of a subset X of NT is defined to be lim, . |X N [n]|/n, provided that this
limit exists.

Proposition 1. For 3 < n € N*, ""S(W,n) and ,S(W,n) defined in (4.5) and (4.6) are an
upper estimate and a lower estimate of S(W,n), that is,

S(W,n) < S(W,n) <"™S(W,n).

The functions 10S(W, =), S(W,—), "S(W,—), and 1/4 - foo(—) are asymptotically equal. Fur-
thermore, denoting the left adjoints of the functions 10S(W,—) and "PS(W,—) by 1065* (W, —) and
UPS*(W, —), respectively,

WSHFW, k) < S*(W,k) < 105" (Wyk) and 0 <1,5"(W, k) —"PS*(W,k) <1 (4.7)
for all k € N*, and the natural density of the set
{k € N* ™S (W, k) = 108" (W, k)}
s 1.

The proof below uses lots from the proofs in Dove and Griggs [6] and Katona and Nagy [10];
we are going to discuss the differences in Remark 2.

Proof. First, we deal with "PS(W,n). Let k := S(W,n), and let Wy,..., W} be pairwise
unrelated copies of W in P([n]). In particular, (W;, C) is order isomorphic to W. The assumption
n > 3 gives that "PS(W,n) > 1. Thus, we can assume that k > 2 as otherwise

S(W,n) = k < "S(W, n)

is obvious. In accordance with Figure 1, we use the notation W; = {Z;, C;, D;, E;} where Z; C C;,
C; || D;, etc., and Z; || E; for ¢ # j, etc. As it is trivial (and used also in Dove and Griggs [6] and
Katona and Nagy [10]), if i #j € [k], Y € P([n]), Y, Y" € W;, and Y/ CY CY”, then W; U{Y}
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is still unrelated to W;; we are going to use this “convexity principle” implicitly. As its first use,
we can assume that Z; equals the intersection C; N D; N E; as otherwise we could replace Z; by this
intersection.

We claim that with some pairwise distinct elements ¢;, d;,e; € [n] \ Z;, we can change W; to
Wz'/ = {Zi7Zi U {Ci}, Z; U {di},Zi U {el}} such that Wy, ..., W;_q, Wz’/7 Wit1, ..., Wy still form
a system of pairwise unrelated copies of W. Let C] = C;\ Z;, D, = D; \ Z;, and E| = E; \ Z;.
If at least one of C!, D} and E! is not a subset of the union of the other two, say, C! ¢ D} U EI,
then any choice of ¢; € C/\ (D, UE!), d; € D, \ E!, and e; € E!\ D, does the job by the convexity
principle. So we can assume that each of C/, D) and E! is a subset of the union of the other two.
Take an element from C/\ D.. As C! C D} U E!, this element is in E!; we denote it by z¢ -p. £ -
The meaning of its subscripts is that ¢ -p g belongs to C! and E! but not to D). By symmetry,
we obtain elements ¢ p g € (C/ND;)\ E! and ¢ p g € (D;NE})\C!. The subscripts show that
these three elements are pairwise distinct. This fact and the convexity principle imply that W; can
be changed to the required form with ¢; := ¢ -p,E, di *== v¢c,p,~E, and €¢; := x—¢,p,g. Therefore,
in the rest of the proof, we assume that for all ¢ € [k],

W; = {ZZ, Z; U {CZ'}, Z; U {dl}, Z; U {62}}
Letting
T, = F(ZZ) U F(ZZ U {Cz}) U F(ZZ U {dz}) U F(ZZ U {ei}),

our next task is to find a reasonable lower bound on |I';|. With the notation z; := |Z;|, we can
order the first z; components of a

7= (m1,...,m) € D(Z;)NT(Z; U{c}),

which form the set Z;, in 2! ways. We have that 7,11 = ¢;, and the last n — z; — 1 components can
be ordered in (n — z; — 1)! ways. Hence,

T(Zi U{a})| = zil(n — 2z — 1),

and the same is true for |I'(Z; U{d;})| and |I'(Z; U {e;})|. This fact, (4.3), (4.4), and the inclusion-
exclusion principle yield that

ITi| = go(zi), where
go(z) =z!(n—2)+3(x+1)(n—2—-1)! =3zl(n —x —1)! (4.8)
= (TL + 2$1)$2'(’I’L —1- xz)' .

Note that z; > 1 as otherwise Z; = () would be comparable with Z; for j € [k] \ {i}. (Here we used
that £ > 2.) We also have that z; < n — 1 since Z; U {¢;} € P([n]). Thus, we can use later that
ze€nm—1={1,...,n—1}.
For the auxiliary function
91(z) := go(z) — go(z — 1),

we have that
g1(z) = go(2) - 2!(n — 1 — )|, where go(z) =42 — 2z — (n? — 2n).

The smaller root of the quadratic equation go(z) = 0 is negative while the larger one is strictly
between n/2 — 1/2 and n/2 — 1/4. Hence the largest integer = for which g2(z) and so g;(z) are
negative is = [(n — 1)/2|. Therefore, on the set [n — 1], go takes its minimum at [(n —1)/2].



Sperner Theorems and Minimum Generating Sets 53

(0) (1) (2) (3) (4) (%) (6) (7) (8) (9) (10)
A@ A2 A3 A22 A23 A32 A33 A222 322 232 A223
R P VAY VAY "\ RN RN "\ i i P i

¥
oE

[ T " \
1o T Vo
T

Mo
: : \ U v I v I \ U
. . \ 7 v N \ 7
\ !
23

-
N

Baly [ L] N [ e ] [
Be|\ /| | | [2: :'_'..3 HR e {.3 H

st [2] 2] [2] 2] [E] [2

3

Figure 2. Copies of A := [16]. Here |By| = - -+ = |By4| = 3. In the copy Aé)o), the oval stands for a 7-element
subset. In each other copies, the total number of elements in the ovals is also 7.

Let M := go(|(n — 1)/2]). Using that the I';’s are pairwise disjoint by (4.3) and
I'yU...T% € Sym,,, we obtain that
k k
kM =Y M <> [Ty <|Sym,|=n!. (4.9)
1=1 i=1

Dividing this inequality by M (and dealing with odd n’s and even n’-s separately), we obtain the
required inequality
S(W,n) =k <"™S(W,n).

Next, we turn our attention to 105 (W, n). Let m := |n/3]. Forn ¢ {3,5,7}, let h := [(n—1)/2].
Forn € {3,5,7}, h stands for (n — 3)/2. With A := [n], let us fix pairwise disjoint 3-element subsets
By, By, ..., By—1 of A, and denote the “remainder set” A\ (ByU---UB,,—1) by R. These subsets
are visualized in Figure 2, where n = 16, m = 5, h = 7, and A with subscripts and superscripts
is drawn eleven times (in four groups separated by spaces). We can assume that n > 3. For
i € {0,...,m — 1}, the elements of B; are denoted as follow: B; = {¢;,d;,e;}. For i € Ny, call a
vector 7 = (vg,...,v;i_1) € {2,3} eligible if i < m — 1 and vy + vy + --- +v;_1 < h. Note that
for i = 0, the empty vector is denoted by () and it is eligible. As Figure 2 shows, there are exactly
eleven eligible vectors for n = 16; they are the lower subscripts of the copies of A; because of space
consideration, we write 232 instead of (2,3,2), etc., in the figure. (The upper subscripts of A help
to count the copies but play no other role.)

For each eligible @, we define a family of copies of W in P([n]) = P(A) as follows. Let i denote

the dimension of @, that is, ¥ = (vg,...,v;—1). For j =0,...,7— 1, pick a vj-element subset X; of
Bj. In the figure, X; is denoted by a dotted oval with v; sitting in its middle. Furthermore, pick
a subset X; of A\ (BpU By U---U B;) such that X; =h — vy — -+ — v;—1. In the figure, X; is the

dashed oval (without any number in its middle). Let us emphasize that X; C B; holds only for

j < i but it never holds for j = i. Denote (Xy, X1,...,X;) by )?, call it an eligible set vector, and
let Zg:=XoU---UX;. Clearly,

regardless the choice of 7 and X, we have that

4.10
|Z ;| is always the same, namely, |Z;|= h. (4.10)

For convenience, let ¢; := {c¢;}, d; := {d;}, & := {e;}, and Z; := (. Observe that {¢;,d;,e;,%;} is a
copy of W in P(B;); in each copy of A in the figure, this copy of W is indicated by its diagram for
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exactly one . It follows that

2gi=ziUdg =235, cg=¢UZg

is also a copy of W but now in P(A) = P([n]).

To prove that 1,5(W,n) < S(W,n), we need to show that 1,0.5(W,n) is the number of eligible
set vectors X and for distinct eligible set vectors X #* X* , the corresponding copies W¢ and W,
of W are unrelated.

First, we deal with the number of eligible set vectors X = (Xo,...,X;). As each of the B;’s are
3-element and there are [n/3] many of them, the largest value of ¢ is at most |n/3| — 1, the upper
limit of the outer summation index in (4.6). The eligible vector ¥ that gives rise to X is uniquely
determined by X since 7= (|Xol, ..., |Xi_1]).

Let j := |{t €{0,...,i—1} : v; = 2}|. This j, which corresponds to the inner summation index
n (4.6), is the number of 2’s in dotted ovals in the figure. There are (;) possibilities to choose
the j-element set {t € {0,...,7 — 1} : v, = 2}; this is where the first binomial coefficient enters
into (4.6). For each t € {0,...,7 — 1} such that v; = 2, we can choose the 2-element subset X; of
B; in 3 ways. As there are j such t’s, this brings the power 3/ into (4.6). Since X; is a subset of
the n — 3i — 3-element set A\ (ByU---U B;) and

‘XZ‘IZh—Uo—---—UZ‘_l:h—2j—3(i—j):h+j_3i7

the second binomial coefficient in (4.6) gives how many ways we can choose X;. Therefore, (4.6)
precisely gives the number of eligible set vectors X.

Next, assume that X = (Xo,...,X;) and X* = (Xg,...,X%) are distinct eligible set vec-
tors with corresponding (not necessarily different) eligible vectors ¥ = (vg,...,v;—1) and ¥* =
(v3,-..,v%_1). Assume also that a and a® are in W such that (X,a) # (X*,a*). We need to show
that a g =a; U Zx and a%, =a; UZy o are incomparable. There are two cases to consider; both
can easily be followed by keeping an eye on Fig. 2 in addition to the formal argument.

First, assume that 7 7 i°, say, i <i®. Observe that [a%;, N B;i| = [X?| = v} = 2 but |ag N B[ =
[@| < 1. So la%, N Bi| > lag N Bj|. (Pictorially, a dotted oval, labeled by 2 or 3, has more
elements than |a@;| symbolized by one of the vertices of the diagram of W drawn in B;.) Hence,

g_ ag. For the sake of contradiction, suppose that ag C a%,. Then for every j € {0,...,i—1},

= |BjNag| < [BjNa%,| = v;. Hence, we can compute as follows the computation is motlvated

by comparing, say, Ag ) and A§3)2 in Fig. 2:

‘aiﬂ(BH_lU---UBm_lUR)‘ = ’Xz’ =h—vy—- " — Vi1 Zh—va—---—?}i._l
== b)) B 07 - )
= | X5+ (1 X2 [ 4+ [ X+ [a@ge]) + (of — [ags])
= la%, N (Biy1U-+-UBy_1 UR)] +( ? — @) > |a%, N (Bit1 U+ U B;,—1 UR)|.

The strict inequality just obtained contradicts that a ¢ C a;Z_, and we conclude in the first case
that a g || a%, as required.

Second, assume that i = ¢*. If X; || X7 for some j € {0,...,4} or there are s,t € {0,...,i}
such that* X, C X? but X; D X7, then the validity of ag | a;?. is clear. Thus, we can assume
that X; C X? for all j € {0,...,i}. Then

ho=|Xo| 4+ |Xi| <|X3| 4+ + X7 =h

7

4According to the convention of lattice theory, “C” is the conjunction of “C” and “#”.
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Table 1. Some values of 1,b,5(W,n) and "PS(W,n); the known values of S(W,n) are encircled.

n 3] 4[5[6 |78 09]10]11[12]13] 14
WSWn) [ D[ @[ ® ] 9 |17 36|66 120 | 234 | 456 | 876
WS(W,n) | 1| 2| 3| 6 |10]20]37|70| 132|252 | 480 | 924

n 15 16 17 18 19 20 21
1S (W,n) | 1680 | 3625 | 6340 | 12330 | 23960 | 46 766 | 91 224
WS(W,n) | 1775 | 3432 | 6630 | 12870 | 24967 | 48620 | 94631

n 22 23 24 25 26
1S (Wyn) | 178388 | 348656 | 683130 | 1337896 | 2625364
UPS(W,n) | 184756 | 360554 | 705432 | 1379671 | 2704 156

n 27 28 29 30
10S(Wyn) | 5149872 | 10119348 | 19877904 | 39104 856
UPS(W,n) | 5298418 | 10400600 | 20410200 | 40116 600

together with |X;| < [X?|, for all j € {0,...,i}, imply that X; = X7 for all j € {0,...,i}.
Combining this equality with X; C X? for all j € {0,...,i}, we obtain that X = X*, contradicting
our assumption. We have shown that 1,S(W,n) < S(W,n), as required.

It is well known that no matter how we fix two integers s and ¢,

(Ln?é]f—t> is asymptotically 2S<Ln72j

this folkloric (and trivial) fact was used in Dove and Griggs [6] and Katona and Nagy [10], too.
This fact and (4.5) yield that "PS(W, —) is asymptotically 1/4 - fs,(—). Hence, to obtain the
required asymptotic equations, it suffices to show that 1,5(W, —) is asymptotically 1/4 - fg,(—),
too. Let n and g be small positive real numbers. As > 7, 27 = 2, we can fix a ¢ € Nt such
that > ;27" > 2 —n. Using (4.11) and assuming that i < ¢, we obtain that the second binomial
coefficient in (4.6) is asymptotically 273 f,(n — 3) or, rather, it is 1/8-273 £ (n). So it is at least
1/8 - 87%(1 — ) fsp(n) for all but finitely many n. Hence, assuming that n is large enough and, in
particular, |[n/3| > q,

Zi : 3j<;>.8—i.%(1_u)fsb(n):; 1) fp(n Eq:g i i () L 1id

i=0 j=0

ST 0D

) =2"%fp(n) if n— oo; (4.11)

8B+ 1) > (1 —p)fan(n)(2—n) =

M@
ool =

<.
Il
o

As the last fraction in (4.12) can be arbitrarily close to 1/4, it follows that 1,5(W,n) is asymptoti-
cally at least 1/4- fg,(n). It is asymptotically at most 1/4- fg,(n) since so is "PS(W, n) and we know
that 1,S(W,n) < S(W,n) < "PS(W,n). This completes the argument proving the “asymptotically
equal” part of Proposition 1.

Next, we turn our attention to the left adjoints of our estimates. First of all, we claim that

for every n € NT,  "PS(W,n) < 1,S(W,n + 1). (4.13)
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Let "PTS(W,—) be the same as "PS(W, —) except that we drop the outer “lower integer part”
function from its definition. It suffices to prove (4.13) with "P*S(W,n+1) instead of "PS(W,n+1).
We can assume that n > 10 as otherwise (4.13) is clear by Table 1°. Let T'(n) denote the sum of
the two summands in the upper line of (4.6) that correspond to (i,7) = (0,0) and (4,75) = (1,1).
After a straightforward but tedious calculation, if n = 2m, then

Wt S(W,n) < PES(W,n)  2m(2m —2)(2m — 3)
WSWyn+1) = Tn+1)  (m—12(11m—12)°

(4.14)

Subtracting the numerator from the denominator, we obtain 3m3 — 14m? + 23m — 12, which is
clearly nonnegative for 5 < m € N7 (in fact, for all m € NT), whence the fraction is at most 1 for
n = 2m > 10. For an odd n = 2n + 1 > 10, (4.14) turns into

Pt (W,n) < WHS(W,n)  4(2m +1)(2m — 1)(2m — 3)

WSW,n+1) — T(n+1)  (dm+1)(11m2 —19m +6) ’

and now the subtraction gives the polynomial 12m? — 17m? + 13m — 6, which is clearly nonnegative
for 2 < m € NT (in fact, for all m € NT). Thus, passing from m to n, the required inequality
WS (W,n) <10S(W,n + 1) holds for all 10 < n € NT. We have shown the validity of (4.13).

Next, we deal with (4.7). By Table 1, the first few values of "PS* (W, k) and those of 1,5 (W, k)
are as follows:

k 1[2[3[4]5[6]7[8[9]10[11]12]13[14]15
WS W,k) |3|4(5]6|6|6|7|7|7| 7|8 |8]|8]|38]3 (4.15)
WSW,j) [3[5]6|6|6|6|7|7|7| 8|8 |8]|8]38]83

This implies (4.7) for k& < 15 (in fact, for & < 29), so we can assume that £ > 15. Using (4.15)
and the obvious fact that 1,S(W, —) is a strictly increasing function on N* \ [7], there is a unique
7 < n € NT such that

1OS(W,7”L) <k< 1OS(I/V,TL + 1).

Using (4.13) and the inequality 1,05 (W, n) < "PS(W,n), we obtain that

either 1,L,S(W,n) <k <"PS(W,n) (4.16)
or "PS(W,n) <k <1,5(W,n+1). (4.17)

If (4.16), then "PS*(V, k) = n and 1,b,5* (W, k) = n + 1. If (4.17), then
WSTW, k) =n+1=1,5"(V, k).

In both cases, 0 <1,5*(W, k) — "PS*(W, k) < 1, as required.
Next, for t € NT, let

By = {k € [t] : "S* (W, k) < 108" (W, k)}.

To settle the last sentence of Proposition 1 about density, it suffices to show that lim;_,~ (| E¢|/t) = 0.
Let € < 1/12 be a positive real number; we are going to show that |E;|/t < € for all but finitely
many t’s. Asymptotic equalities will often be denoted by “~”. As we have already proved that

SV, =) ~ 2=,

5The table was obtained by the computer algebraic program Maple V Release 5, which ran on a desktop
computer with AMD Ryzen 7 2700X Eight-Core Processor 3.70 GHz for 1/5 seconds.
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(4.11) yields that "PS(W,n — 1)/"S(W,n) — 1/4 as n — oo. This fact, 1/6 < 1/4 < 37!, and
10S(W,n) ~"PS(W,n) allow us to fix an ng = ng(e) € N* such that for all n > ny,

UPS(W,n)/6 < S(W,n —1) < "S(W,n)-371, (4.18)
UPS(W,n) —168(W,n) < "PS(W,n) - €/12. (4.19)

Later, it will be important that ng does not depend on ¢. Hence, from now on, we can assume that
UPS(W,ng) < t. Since lim; o, "PS(ng 4+ i) = oo in a strictly increasing way, there exists a unique
r =r(t) € Nt such that "?S(ng+r —1) <t <"S(ng+r). Since € is small, (4.18) and (4.19) yield
that for all ¢ € [r],

UPS(VV, ng+ 1t — 1) < 1OS(W, ng + Z) < UPS(VV, ng + i), (4.20)
long goo‘dr interval
WS(W,ng +1)/6 < t. (4.21)

Observe that (4.20) and 1,5 (W, ng+i—1) < "PS(W,ng+i— 1) imply that for every k in the left
open and right closed interval ("PS(W,ng + i — 1),16S(W, ng +4)], which is under-braced in (4.20),
106S5* (W, k) = "PS*(W, k) = ng+1. So this interval is disjoint from |E;| for any ¢ € N*. Thus, letting

c = UPS(VV, no and d:= UPS(VV, no + 7"),

E; is a subset of
[1,dU [ (SW,ng + i), "PS(W, ng + )]

1€[r]

Hence,

B < e+ ("S(W,ng + 1) — 10S(W,ng + 1))

1€][r]
(4.19) c 6
< L. up N — £ up —
< et g Z S(W,ng + 1) ¢+ 15 | Z S(W,ng+r —1)
i€[r] i€{0,...,r—1}
(4.18) € , ed , ed 4 ed
< — d < — = — = = —.
< c—|—12‘ Z 3 d_c+1223 c+12 3 c+9
1€{0,...,r—1} 1€Ng

This inequality and (4.21) yield that
Bl /t < |Eyl/ (™S (W,ng +1)/6) < (c+€d/9)/(d/6) = 6¢/d + 2¢/3.

Ast — oo, r =r(t) and d = "PS(W,no + r) also tend to oo. So for all sufficiently large ¢, we have
that 6¢/d < €/3, whereby |E;|/t < €/3 + 2¢/3 = €. Thus, 0 < |E;|/t < e for all but finitely many
t, and this is true for every positive € < 1/12. That is, lim;cn+ |E¢|/t = 0. Hence, the natural
density of E is 0 and that of N* \ E, which occurs in Proposition 1, is 1, as required. The proof
or Proposition 1 is complete. O

Remark 2. (Differences from [6] and [10]) The differences we are going to summarize here are
partly due to the fact that, naturally, more can be proved for a small particular poset than for all
finite posets. When proving that S(W,n) < "PS(W,n), the only novelty is the argument between
(4.8) and (4.9). More novelty occurs in our proof of 1,.S(W,p) < S(W,n). As opposed to Dove and
Griggs [6], where several “layers” are populated, we use no iteration and we have (4.10). Compared
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to Katona and Nagy [10], our construction performs better for small values of n; the following table
shows what lower estimates could be extracted from [10]

n 10 50 100
by [10]: 21 | 14833897694 226 | 12229253 884310811 313 310 605 728
1S(W,n) : | 66 | 31761385392516 | 25286 044 048 404 745 303 553 386 716

(We have no similar numerical comparison in case of [6].) Except for (2.12), which is quoted from
[

10] and does not apply for W, [6] and [10] give only asymptotic results but no concrete values of
S(U,n) for a poset U.

Remark 3. Even for a small n, the trivial algorithm for determining S(W,n) is far from being

feasible. For example, for n = 10, the “cover-preserving” copies of W in P([10]) form a

7

> Crin(10,) - Cpin(10 — i, 3) = 15 360-element, set .
=0

All the (S(W,10) + 1)-element subsets of H should be excluded, but no computer can exclude
Chin (15360, S(10) + 1) > Chin(15360,67) > 10

subsets; the first inequality here comes from Table 1.

Next, we investigate another small poset, V; see Fig. 1. Define

He=221/2)
S =30 (o) )
up o 2n —3|n/2] -1 n—2
S(V,n) := <1+ 2n—Ln/2J—1>'<L(n—2)/2J>‘ (4.23)

Proposition 2 (Mostly from Katona and Nagy [10]). For 2 <n € Nt Proposition 1 remains
valid if we substitute V- and 1/3 - foo(—) for W and 1/4 - foo(—), respectively.

A few values of 1,5(V,n) and "PS(V,n) are listed below:

n 23456789 10|11 ] 12] 13
WS(Vom) [ 11247 ]13]24]|46 86| 166 | 314 | 610 |, (4.24)
WS(Von) [ 1124714254890 | 173 | 326 | 632

n 14 15 2022 2023
16S(V,n) | 1163 | 2269 | ~ 2.848220 - 1059 | ~ 5.695 500 - 10506 (4.25)
wS(V,n) | 1201 | 2340 | ~ 2.848846 - 10°% | ~ 5.696 752 - 1006 |’ '
S /168 ~ | 1.033 | 1.031 1.000219 853 1.000 219 780

We do not prove this proposition in the paper. It would be straightforward to simplify the
proof of Proposition 1 to obtain a proof of Proposition 2. (The simplification means that |B;| = 2
and all the eligible vectors ¢ are of the form (1,...,1) and so we do not need them.) Note that
arXiv:2308.15625v2, the earlier version of this paper, contains a detailed proof of Proposition 2.
However, our construction to prove that 1,5(V,n) < S(V,n) is included already in Katona and
Nagy [10, last page], where 1,b,S(V,n) = S(V,n) is conjectured. Note the little typo in [10, equation
(27)]; the upper limit of the summation should be |(n + 3)/2] rather than [(n + 2)/2]. After that
this typo is corrected, (27) in [10] is the same as (4.22).


https://arxiv.org/abs/2308.15625v2

30 do” can be modified or a much simpler worksheet would do.

VVVVVVVVVVVVVVVVVVVVVVVVVYVVVYVYVYVYyV
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The computation for the following mini-table took twelve minutes; see Footnote 5
n 2022 2023 2024
10S(W,n) ~ | 2.136194 - 1059 | 4.271332 - 1059 | 8.540 554 - 10506 (4.26)
UWS(W,n) ~ | 2.136987 - 1056 | 4.272916 - 10596 | 8.543 720 - 10596 ’
PS/,S ~ 1.000371 103 1.000 370920 1.000 370737

It follows from Propositions 1 and 2, Table 1, (2.11), (4.15), (4.24), (4.25), and (4.26) that the
minimum sizes of generating sets of the k-th direct powers of the lattices Dn(V') and Dn(W), drawn
in Fig. 1, and the 5-element chain C4 are given as follows

k 2022 | 2023 | 3- 10996 | 5. 10606
Gmin(C§) 18 18 2025 2026
Gmin(D(V)F) | 15 15 2023 2023
Gmin(DW)F) | 16 | 16 2023 2024

5. Appendix: Maple worksheet

In this section, we present the Maple worksheet that computed Table 1; see Footnote 5. For
the rest of the numerical data in the paper, either the two parameters in the “for n from 3 to

restart;

timeO:=time():

#An upper bound for Sp(W,n):
upSW:= proc(n) local s; s:=n/(3*n-2-2*floor(n/2));
floor(s*binomial(n-1, floor((n-1)/2)));

end:

# A lower bound for Sp(W,n):

loSW:=proc(n) local s,i,j,ub,lb,h,summand,returnvalue;

s:=0;

if (n=3) or (n=5) or (n=7) then h:=floor((n-3)/2)
else h:=floor((n-1)/2)

fi;

for i from 0 to ceil(n/3)-1 do ub:=n-3-3%*i;

#ub: Upper number in the 2nd Binomial coefficient

if ub >= 0 then

for j from O to i do 1b:=h-2*j-3*(i-j);# j: number of 2’s,
#1b: Lower number in the 2nd Binomial coefficient
if (1b>=0) and (1b<=ub) then

summand:=binomial(i, j)*3~j*binomial (ub,1b);

s:=s+summand;

fi;#end of the "if (1b>=0) and (1b<=ub)" command

od; #end of the

j loop

fi; #end of the "if ub >= 0" command

od; #end of the i

loop

returnvalue:=s; #the procedure returns with the last result

end:
for n from 3 to 30 do lower:=loSW(n):

upper:= upSW(n) :

if lower>0 then ratio:=evalf (upper/lower) else ratio:=undefined fi :
upper=°*,

print(‘n=‘, n, ¢ lower=‘ ,lower,
ratio=‘, ratio);

upper, ¢

if lower>10"6 then

[

print(‘lg(lower)=°,evalf(log[10] (lower)),
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> ‘1g(upper)=°,evalf(log[10] (upper))) fi;

> od:

> time2:=time():

> print(‘The total computation needed ‘, time2-timeO, ‘ seconds.);

Based on Theorem 1, some results analogous to Proposition 1 have recently been proved in [4]
and [5].
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Abstract: This paper deals with the problem of Black—Scholes pricing for the Quanto option pricing with
power type powered and powered payoff underlying foreign currency is driven by Brownian motion and Poisson
jumps, via risk-neutral probability measure. Our approach in this work is probabilistic, based on Feynman-Kac
formula.

Keywords: Financial derivatives, Quanto option, Power payoff, Risk-neutral dynamics.

1. Introduction

This study focuses on the pricing of Quanto options with a powered-power payoff, where the
underlying foreign currency is driven by a combination of Brownian motion and Poisson jumps,
with the aim of avoiding arbitrage. Quanto options are derivatives that permit investors to acquire
foreign assets without being exposed to the corresponding foreign exchange risk. These options are
typically used when an investor wants to gain exposure to foreign assets without assuming foreign
exchange risk [6]. For instance, if an investor wants to invest in a foreign market but does not want
to take on the associated foreign exchange risk, they could utilize. Although, swap options remain
a valuable strategic tool for the financial institutions by managing currency risks and exploring
the opportunities from international markets. The main reason that traders buy and sell these
assets is covering their risks in currency exposure, in addition to speculating that expected foreign
currency appreciation will happen. So, this trading allows investors to take advantage of this real
appreciation. Along with that, these financial instruments are multi-functional and cover more areas
as portfolio diversification, tax optimization, the reduction of risk, etc. At times, a circumstance,
where an investor tries to overcome currency problems and at the same time, manage their tax
implications and portfolio diversification by using Quanto option which exists.

Conventionally, Quanto options have been solved using the Black—Scholes model as the under-
lying asset opinions under the guard condition of volatile constantly [1]. Although volatility imply
method involves smiles and skews, however it is not a reason which leads to confusion. Address-
ing this, a series of local and volatility models are adopted, with a volatility, which is considered
as a deterministic function of multiple factors such as the asset’s price, underlying asset, current
time, maturity, and option strike price. Local variability hypothesis of Quanto options addresses
the accuracy of option price by overcoming the constraint of exogenously assumed volatility of
options inherent in Black-Scholes model. In actual, Dupire [4] and Derman [3] were the leading
researchers that developed and enhanced the permanent local volatility model as they identified a
special diffusion process that is in line with the observed densities of the risk neutral probabilities
which are derived from the implied volatility surfaces obtained from the European-style options in
the market. The main advantage of local volatility models is their simplicity which is such that a
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randomness source is just one input, the price of underlying assets, thus giving the ability to easily
calibrate. Here we have the power option that is a derivative in which the payoff is depended upon
the underlying assets in the square root, cubic form, etc. Through this structure, the purchaser will
be able to go for one side with respect to specific derivative or its volatility, or he will be left out
depending on the trend observed in the Vanilla Options. Power options are commonly associated
with the difference in the current price of the underlying instrument over fees that would exhibit
intensity. Option in power call counterpart corresponds to cash flow of max(S$ — K'), while option
in power put partners with max(K — S%), where o > 0, € N. Taking Black-Scholes [1] leverage
and diversification are the key discretionary using for only those investors who seek to acquire
larger initial capital or premium, and, most possibly, this desire contributes to creation of their
appeal.

Results are presented in this article are novel and have likely substantial value for the future
comparisons of respective researches. Our work would encompass a variety of new findings at one
point. The approach deals with gaps in the Black—Scholes risk-neutral valuation method, where
the powered a-power Quanto call option prevails in the domestic currency which is fixed before
and the use of the Feynman—Kac formula, both with and without Poisson jumps.

2. Price of Quanto option for a payoff at maturity

A foreign equity powered a-power Quanto call option, struck in a predetermined domestic
currency, matures with a payoff given by

Vo (max (S — Ky, 0))" = Vo [(S — Kp)*]" = Vo [(S¢ — Kp)" Iszask,] ,

where Vj represents a fixed exchange rate and Ky denotes the foreign currency strike price.
Assuming n > 0 is an integer, the payoff transforms into

n

Wy (?) (82)" 7 (—K )™ Liggorc,y- (2.1)

Jj=0

Theorem 1. Let S; represent the asset price in foreign currency X, and V; denote the foreign
exchange rate in foreign currency per unit of the domestic currency, both with constant volatilities
os and oy, respectively. We consider the risk-neutral dynamics (in domestic currency, cf. [5]) for
a dividend-paying asset with rate q as follows:

d
{dSt = (ry —q— posoy)Sidt + UsstdB;@ , (2.2)

Qd
dVy = (Td - ’I“f)‘/;gdt + vatth R

where B;@d and Wth, t €10,7], are Q%-standard Wiener processes. Then, for o > 0, the price of a
European power-a Quanto call option at time t in domestic currency with the payoff (2.1) is given

by
Gy (1,57) = Voo ™aT0 3 (n) (= I ;)19 §o D) o= {ry=a-posov—(-at-1)o3/2}7 N (g, ).
L\ j ’
Jj=0
Here

In(Sf/Ky) + a (rf —q—pogoy — (1 +a(n—7j)/2) 0'%/2) T
acg\/T ’

dij =
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P r oo f. Using the Feynman-Kac formula, as stated in Theorem 4.33 of the reference [2], the
arbitrage price of a call option at time ¢, where ¢ is less than or equal to the expiration date 7', can
be determined under the risk-neutral probability measure Q¢

a —r (T— " /n g T
C, (t,8%) = Ve ma(T “ZQ) (—K )" Ega [(S$) ]H{S%>Kf}\]-}]. (2.3)
j=0

Hence, it remains to evaluate the conditional expectation in (2.3) for 0 < j < n. In order to
compute that, we must compute the solution for the SDE (2.2). Applying Ito’s lemma on process
(InS;) for t > 0, hence

2
d(InSy) = <rf —q— posoy — 0—;) dt + anB;@d.

Integrating both sides, we get,

T T o2 T .
/ d(lnSu):/ (rf—q—pagav—75> du+/ Usng ,
t t t
In St =|ry—q—poso —0—*29 (T—-t)+o (BQd—BQd>
St f—4q— posoy 9 S T t )
ie.

d d
{T‘fqupUSUV70’%/2}(71725)4»05 (Bg 7B;Q )
ST = Ste .

We then have

(59)"F = S ga(n=g)(rf=a-posov —0F/2)T-aln—j)os VT2 (2.4)

where
Bgd . Bi@d
NG

which is independent of F3, we find that ST > K if and only if

T—t=7 and Z=-— ~ N(0, 1),

In(S§/Ky) + (rf —q— posoy — 0%/2) T
OcO’S\/7_'

It follows from (2.4), (2.5) and from the independence of Z with F; that

zZ <

= —dg,j. (25)

n—j a(n—j) a(n—j5)(ry—q—posov—o%/2)T
EQd [(S%) JH{S%>Kf}|‘Ft:| e St( ])e ( j)( f q—posoy 3/2)
xEqu [V L5, ) |F] = a(r.S7),

where g(7,x) is given by

2
(i an—j5)(rr—q—pogoy—22 )7 P~
g(7'7x) =X ( ])e ( ! sov 2 ) EQd |:€ ( j) SIZH{Z<d2’j}’B:| .

Since Z ~ N (0, 1), we obtain

d .
g7, z) = g2 Deatn=i)(r—a—posov—o3/2)r [ L —am-josyre—sti2g,
oo V2T
dg’j

— po(n—j) a(n—j){rf—q—pasav—(1—a(n—j))0§/2}T/ L —(z+a(n—j)osv7)?/2 4
=z e e z.
oo V2T
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Applying the substituting v = z + a(n — j)og/7 and setting

In(Sp/Kyf) + (rf —q— posoy — 0%/2) T

dij = daj+a(n—jlosyT = p— +a(n —jlosVT

(2.6)

_ In(S¢/Ky) +a(ry—a—posov — (1+a(n—j)/2)03/2) 7
aos\/T

)

we get
A . . dij 1
_ .a(n—j) a(n—]){rf—q—pasav—(1—04(71—]))0%/2}7 / —v2/2d
g(r,x) ==z e —e z
( ) —o0 V 2 (27)

_ wa(nfj)eoz(n—j){rf—q—pasav—(1—a(n—j))0§/2}7’N(dl j)-
From (2.6) and (2.7), (2.3) becomes

Cq (t,S?) :‘/Oefrd(Tft) Z <’I’L> (—Kf)l’j Sta(n*j)ea(n—j){Tf—q—pasav—(1—06(71—]'))(7%/2}7]\[((11,].),

=0

where

. (Sf/Kp) +a(ry—q—posoy = (L+a(n—j)/2)0§/2) T
aosy/T

Fig. 1 depicts the progression of the Quanto expense concerning maturity time 7" and the strike

price K.
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Figure 1. Powered power Quanto option value plotted against maturity time and strike price.

Now, our attention shifts to analyzing Quanto option premiums concerning the foreign currency
strike price and maturity time. With r4 = 0.5,Vy = 30, = 5,7y = 0.01,¢q = 0.1, p = 0.01, 05, = 0.3,
and o, = 0.2, Fig. 1 illustrates the values of Quanto call option prices for K € [34,44] and T' € [0, 4].
The plot reveals that while the evolution of Quanto option values isn’t strictly monotonic, there’s
a discernible trend of increasing option prices with higher strike prices and longer maturities.
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3. Pricing Quanto option with jumps

Theorem 2. Suppose Sy represents the asset price in foreign currency X, where (N;), t € R+,
is a standard Poisson process with intensity A > 0, independent of (By), t € R+, under a probability
measure Q. Let V; denote the foreign exchange rate in foreign currency per unit of the domestic
currency, both with constant volatilities og and oy, respectively. We assume the following risk-
neutral dynamics for a dividend-paying asset with rate q.

dS, = (r — q — posov)Sydt + 055, dBL" + nS,_dN;,
AV, = (rg — rp)Vedt + oy VidW 2,

where B;@d and Wth, t €10,7T], are Q¢ — standard Wiener processes. Then, for oo > 0, the price
Cy (t,58) of a European power-o Quanto call option with jumps, at time t in domestic currency
with the payoff (2.1), is given by,

Cy = Voe ) T=0 3 (?) (=K )t 500 o= {rs—a—posov—(1=a(n=y)ok/2}r
5=0

~ Z WN(CZIJ)'
n>0
Here
In (S¢(1+n)"/Kf) +a(rf —q—posoy — (1+a(n—j)/2) 08/2) T
aosy/T '

Proof. As earlier, let us start by employing Feynman—Kac formula, as stated in [2, Theo-
rem 4.33]. Under the risk-neutral probability measure Q% the arbitrage price of the call option at
time t < T can be determined

dij =

e —rq(T— & n j a\n—j
Catt5) = Voo 00 S (7) (KM B 58 sl ). 89
=0

where . .
59 = Sgea{rf*quosovwéﬂ}(Tft)faos(B?i -By )(1 4 ) Nr—Ne,

We then have
(S2)" i = S?(n_j)ea(”*j)(Tf*Q*PUSUV*U§/2)T*C“(”*J‘)US\/FZ(l + )N (3.9)
where
Bf - BY
VT

which is independent of F;, we find that S% > K if and only if

T—t=r1, Z=-— ~ N(0, 1),

In (SP(1+ )"/ K —q- —0%/2
5 o (SEA+n)"/ ) talr—a—posov —o§/2)T _ —dy;. (3.10)
aog\/T 7

It follows form (3.9), (3.10) and the independence of Z with F; that

anf' aln—1 aln—i 7’—_0—0-_0.2 .
EQd [(ST) JH{S%>Kf}“Ft} = St( ])6 ( j)( F—q—posoy—o/2)

XE@d [e—a(n—j)aSﬁZ(l _|_ n)NTH{Z<d2’j}|ft:| = g(T, Sta)’
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where g(7,x) is given by
g(r,z) = xa(n—j)ea(nfj)(rf*quosovfo?gﬂ)rEQd [e—a(n—j)asﬁZ(l + W)NT]I{Z<d2,j}‘-7:t}

= g r 95—/ S BN, = m)Bqu [e DIV 4 L5 gy ) IF].
n>0
Since Z ~ N (0, 1), we obtain
g(r,z) = po(n—j) galn—3)(rs—a—posoyv —o%/2)r
daj  q
o V2r

_ xa(n—j)ea(nfj){rfquposov7(17a(n7j))ag./2}7—6)\7'

X Z P(NT = n)(l +n)" e*a("*j)Us\/szzQDdz

n>0

n da . ;
« Z ()‘(T - t)) i1 67(z+a(nfj)og\/7_—)2/2dz.
n! —oo V2T

n>0
Applying the substituting v = z + a(n — j)og/7 and setting

dij :=daj+ a(n—jlosyT
In (S¢(1+n)"/Ky) +a(rf —q—posoy —og/2) T 4
- p— + a(n —j)osV/T (3.11)

_ In(SpA+n)"/Kp) +a(ry—q—posoy — (1 +a(n—j)/2)05/2) T
acsy/T ’

we get

n  pdij
g(T,x):xa(n—j)ea(nfj){rfquposovf(lfa(nfj))og/Q}re)\TZ M/ Li 1 2,

=~ n! —oo V2T
S AT =) 12
a(n—j a(n—j){ry—g—posoy—(1—a(n—j))o%/2}r _
— ( ])e)\-i— ( ]){ f—q—posoy —(1—a(n—j)) 5/2} ZTN(dl,j)-
n>0

From (3.11) and (3.12), (3.8) becomes

€, — Vol 3 (”) (1)1 §20=3) =) {rs-a-prsov—(1-atn-)ok 2}

=0 N

> Z ()‘(Tni_!t))n]\/(dl’j)7

n>0

where
P In (S +n)"/Ky) +a(ry—q—posoy — (L +a(n—j)/2)0%/2) T
1= v |

The diagram below illustrates the Quanto premium evolution with jumps concerning maturity
time 7" and the strike price K.

Using the same dataset as before, with r4 = 0.5,Vy = 30, = 5,7y = 0.01,¢ = 0.1, p = 0.01,
os = 0.3, and o, = 0.2. Additionally, setting n = 5,A = 5,n = 6 and N = 5, Fig. 2 depicts
the progression of Quanto option prices with jumps. It’s noticeable that the Quanto option value
exhibits an upward trend concerning both variables, maturity time and strike price.
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Figure 2. Powered power Quanto option call with jumps plotted against maturity time and strike price.

4. Conclusion

Quanto options are crucial tools for managing risk in the foreign exchange market. Determining
their fair prices without arbitrage opportunities is essential. In this study, we have developed
formulas to find the no-arbitrage prices for powered Quanto options. We considered scenarios
where the underlying currencies follow Brownian motion and Brownian motion with jumps. We
supported our theoretical framework with numerical simulations and results. We hope this research
will inspire further exploration and interest in pricing exotic options.
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Abstract: Let G = (V, E) be a simple connected graph. The modified Sombor index denoted by mSo(G)
is defined as

mSo(G) = Z
uwveE V d2 + d2
where d, denotes the degree of vertex v. In this paper we present extremal values of modified Sombor index

over the set of trees and unicyclic graphs.

Keywords: Modified Sombor Index, Trees, Unicyclic graphs, Extremal values.

1. Introduction

A topological index is a real number derived from a structure of a graph that is not dependent on
the way the vertices are labeled. A wide range of different topological indices have been employed
in QSAR (Quantitative Structure — Activity Relationship) and QSPR (Quantitative Structure —
Property Relationship) studies. Any topological indices belong to one of the two classes: they are
either bond-additive, or distance based. Typical representation of bond-additive indices are two
Zagreb indices, Harmonic index and Randi¢ index.

Let G = (V, E) be a simple connected graph. By the open neighborhood of a vertex v of G we
mean the set

Ng(v) ={ueV:uw e E}

and by the closed neighborhood,
N¢[v] = Ng(v) U {v}.

The degree d,, of a vertex v is the cardinality of its open neighborhood. We denote by F,, and C), a
path and a cycle with n-vertices, respectively. A length of a cycle is the number of edges contained
in the cycle. A star of order n > 2, denoted by S, is a tree with at least n — 1 leaves. A contraction
of an edge e = ww is the replacement of u and v with a single vertex such that edges incident to
the new vertex are the edges other than e that were incident with w or v and the resulting graph
is denoted by G.uwv.

Recently, a degree based topological index called the Sombor index was introduced by Ivan

Gutman in [4]. It is defined as
> o Va+d

weE(G)
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and further studied in [1-3, 6, 9, 10]. A variant of Sombor index namely, modified Sombor index,
denoted by mSo(G), is defined as

So(
mio(C MZG;E Va2 +d2

In [8], a lower bound on a Modified Sombor index of unicyclic graphs with a given diameter is
presented. In [7], bounds of modified Sombor index in terms of spectral radius and energy is given.
A study on modified Sombor index matrix is done in [11]. An extreme value of the product of the
Sombor index and the modified Sombor index is studied in [5].

In [7], to determine the extremal trees, unicyclic graphs, bicyclic graphs with respect to modified
Sombor index were proposed. We determine the extremal graphs for the class of trees and unicyclic
graphs, which answers the problem posed in [7]. In particular, we show that star and paths are
the graphs with minimum and maximum modified Sombor index among all trees, and for unicyclic
graphs we show that U, (n—1,2,2) and cycle are the graphs with minimum and maximum modified
Sombor index.

2. Graph transformations

To begin with we present some graph transformations which will be useful to determine the
extremal trees and unicyclic graphs.

Transformation A (see Fig. 1). Let G be a nontrivial connected graph and u,v € V(G), such
that d(v) > 3 in G and P; : uujus ... u, and Py : vv1vs...vs be two paths in G. Now we denote
the graph H obtained from G by concatenating the paths P; and Ps.

e, uy A
e Us—1
\ o

UQ'-.“ Vs_1

; ' .
ur_\__/w

Uy U1

Figure 1. Transformation A.

Theorem 1. Let H be the graph obtained from G wusing Transformation A, then
mSo(G) < mSo(H).

P r oo f. The vertex v; in path P, is made adjacent to vertex u,. Then

1

1 1
Vb VB VR \/d2
a€eN(v)\v1 a aeN(v)\v1 V d _1 +d2

mSo(H) =mSo(G) —
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50(G) — 1 2 L, < 1 1 >
=mdo — -
\/S V8 J&+4 -t Vidy =12 +d2 &2+ d2
1 2 1 1 1
mSo(H) > mSo(G) — — + Z ( - )
\[ VR VI3 N\ Vidy =124+ d2 /& +d2
So(H) > mSo(G) — —+ = - 4 2L 1 o s0@
moo moo — —= —_— = = —_— = = moo .
- 5 8 V13 V5 V10

0

Transformation B (see Fig. 2). Let G be a nontrivial connected graph and u € V(G), such that
d(u) > 3 in G and P : uujuy...u; be the path in G. The H is constructed from G by removing
the leaf u; in the path P and attaching it to the vertex v by an edge uu;.

u (751 U9 Up—2 U1 U

%

Figure 2. Transformation B.

Theorem 2. Let H be the graph obtained from G wusing transformation B, then
mSo(H) < mSo(G).
P r oo f. Applying Transformation B to graph G, we have

1 1 1 1
mSo(H)ZmSO(G)—ﬁ—%JF%Jr (dy +1)2+1

1 1
Y ey
aeN(u) d%—ng{ aeN(u) (dU+1)2+dg‘

1 1 1
=me(G) - (dy +1)2 ae%: <\/(du—1)2+d§_ \/dg+dg>
mSo(H) < mSo(G) — \/, \/_ < mSo(G).

O

Transformation C (see Fig. 3). Let G be a nontrivial connected graph, uwv € E(G) with
N(v) N N(u) = . We denote the graph H obtained from G.uv and making the vertex v adjacent
to u by an edge uv.
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Figure 3. Transformation C.

Theorem 3. Let H be the graph obtained from G wusing transformation C, then
mSo(H) < mSo(G).

P r o o f. From the definition of Transformation C, we have d,,d, > 2. Then

mSo(H) =mSo(G) - — —

! s> Ly L
d% + d% a€N(u)\v Vv d% + da a€N(v)\u V d% + dgé

+ > . + =
—1)2 2 —1)2 )
NN fuy V(o T du =12+ /(dy +dy— 1) +1

Since,

1 1 1
Sy Loy Ly <o
2 2 Z 2 2 —_1)2 2
a€N (u)\v du + dc“ a€EN(v)\u d” + dc“ a€N(v)UN (u)\{u,v} \/(dv tdy 1) + dc“

1 1
— + <0 forany d,,d, > 2.
VEZ A+ \(dy+d,—1)2+1
Thus mSo(H) < mSo(G). O

Transformation D (see Fig. 4). Let G be a unicyclic graph with cycle of length «, denoted by
Cy and u € C,, such that d(u) = 3in G and P : uujus...u; (t # 2) be the path in G. Let w be the
neighbour of v in Cy,. The graph H is constructed from G by removing the leaf v; and including it
in the cycle C, between the vertices u, w.

Theorem 4. Let H be the graph obtained from G wusing transformation D, then
mSo(G) < mSo(H).

P r o o f. From Transformation D, we have d, = 3. Then

Case 1: t >3
1 1 1 1 1 1
So(H) =mSo(G) - —= - —+ 2 L L 1 _ s
mSolH) =mSolG) = == Bt E-m T ym T e T Ml
Case 2: t =1
So(H) = mSo(G) — —— — —2— + 2 > mSo(@)
moo = Mmoo _— e — —— moo .
V10 V13 V8 T
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Ca ------ C{ Y+l e @ @@ s s

G H

Figure 4. Transformation D.

Lemma 1. Let G be a unicyclic path with cycle of length n — 2, say Cp—o and u € Cp_o with a
path uuius. Let H be the graph obtained from G by removing the vertices w1 and uo and included
in the cycle C—o. Then mSo(G) < mSo(H).

Proof. Letthed,=31in V(G). Then,

)
mSo(H) =mSo(G) — VAN VT + NG > mSo(G).

0

Let U, (n1,n2,n3) be the family of n-vertex unicyclic graph obtained from attaching nq—2,no—2
and n3—2 pendent vertices to the three vertices of a triangle respectively, where ni+ns+mng = n+3
and ny > ng > nz > 2.

Lemma 2. For anyn>5,ni+ngs+n3=n-+3 andny > no > ng > 3,
mSo(Up(n —1,2,2)) < mSo(Uy(ni,n2,n3)).
P roof. Since n; > ny > ng > 3, we need to prove
mSo(Up(n + 1,n2 —1,n3)) < mSo(U,(n1,n2,n3))

for no > 3. Let
T —2

T)=—, x2>3.
Then )
—4x* —3x + 2
" _
f (x) - ($2 4 1)5/2 <0

implies that f(x + 1) — f(z) is decreasing function for # > 3. Thus
mSo(Up(n1 + 1,n2 — 1,n3)) — mSo(Uy(n1,na,n3))
=mSo(Uy(n1 + 1,n2 — 1,n3)) — mSo(Up—1(n1,n2 — 1,n3))
—(mSo(Uyp(n1,n2,n3)) — mSo(Up—1(n1,n2 — 1,n3)))

N 7”L2—2 7”L2—3 4 1 1 4 1 1
Vni+1l e —12+1  Vni+nd i+ (ne—1?2  Vnd+ni  V(na—1)2+n3
ny—1 ny — 2 1 1
= 2 N 2 + 2 2 2 5+
Vin+1)?2+1 yni+1 n+1)2+n3  /ni+n3
1 1

Vi A 02+ (na— 12 /02 + (n2 — 1)2).
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Since
1 1 <0
N N B CP S L
1 1 <0
\/n%—i—n% \/(ng—l)z—i-n% ’
1 1 <0
Vi +1)24+n2  /n? +n?
1 1 <0
V(1 + 12+ (ngy — 1)2 \/nl ng—12
then

mSo(Uy(n1 + 1,n9 — 1,n3)) — mSo(Uy,(n1,ng,n3))
< f(n2) = f(ng —1) = (f(n1 + 1) = f(n1)) <0.

3. Extremal trees and unicyclic graphs

In this section, we determine the extremal values of the modified Sombor index on the class of
trees and unicyclic graphs.

Theorem 5. Let T be a tree with n-vertices, where n > 3. Then
mSo(S,) < mSo(T) < mSo(P,).

P r o o f. By repeated use of the Transformation A, any tree T" can be transformed into a path.
Thus by Theorem 1, mSo(T) < mSo(P,).

Now by repeated use of the Transformation C' on T, we obtain a star. Thus by Theorem 3,
mSo(T) > mSo(S,). O

Corollary 1. Let T be a tree on n vertices, where n > 3, then
n—1 2 n—2

— < mSo(T) < — + .
\/n2—2n+2_m0()_\/5 V8

Theorem 6. Let G be an unicyclic graph with n-vertices, where n > 4. Then

mSo(Up(n —1,2,2)) < mSo(G) < mSo(C,,).

P r o o f. By repeated use of the transformation A, any unicyclic graph G can be transformed
into a comet. Thus by Theorem 1, mSo(G) < mSo(COy—q,). Furthermore by using Theorem 4
and Lemma 1, we get mSo(COy—q,q) < mSo(Cy).

Now by repeated use of the Transformation B on G, we obtain a unicyclic graph G’ with a cycle
and remaining vertices as leaves. Thus by Theorem 2, mSo(G) > mSo(G’). Furthermore repeating
the transformation C' on G’ we get U, (n1, na,n3). By Theorem 3, mSo(G’) > mSo(Uy(n1,n2,n3)).
Furthermore using Lemma 2, we get mSo(Uy,(n1,n2,ng)) > mSo(Uy(n —1,2,2)). O

Corollary 2. Let G be an unicyclic graph on n vertices, where n > 4, then

n—3 n 2 < S( )<
moo
VnZ—2n+2 VnZ-2n+5 \f‘ -

N
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V1

U2

|

103

Un—a+1

Un—a

(a) (b)

Figure 5. (a) Comet COp_g.o  (b) Up(n —1,2,2).

4. Conclusion

Bounds on modified Sombor index in terms of graph parameters are determined and various
topological indices are compared with modified Sombor index in [7]. In [7] an open problem was
proposed to determine the extremal trees, unicyclic graphs and bicyclic graphs with respect to
modified Sombor index. Extremal trees and unicyclic graphs are determined here, which answers
a part on the problem.
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Abstract: We consider antipodal graphs I' of diameter 4 for which I'y 2 is a strongly regular graph.
A.A.Makhnev and D.V.Paduchikh noticed that, in this case, A = I'34 is a strongly regular graph without
triangles. It is known that in the cases p = p(A) € {2,4,6} there are infinite series of admissible param-
eters of strongly regular graphs with k(A) = u(r + 1) + r2, where r and s = —(u + 7) are nonprincipal
eigenvalues of A. This paper studies graphs with u(A) = 4 and 6. In these cases, I' has intersection arrays
{r? 4+ 4r+3,r2 +4r,4,1;1,4,7%2 + 4r, 72 + 4r + 3} and {r? + 6r + 5,72 + 61,6, 1;1,6,72 + 61,72 + 6r + 5},
respectively. It is proved that graphs with such intersection arrays do not exist.

Keywords: Distance-regular graph, Strongly regular graph, Triple intersection numbers.

1. Introduction

We consider undirected graphs without loops or multiple edges.

Let T' be a connected graph. The distance d(a,b) between two vertices a and b of T' is the
length of a shortest path between a and b in I'. Given a vertex a in a graph I', we denote by I';(a)
the subgraph induced by I' on the set of all vertices that are at distance ¢ from a. The subgraph
[a] =T'1(a) is called the neighbourhood of the vertex a.

Let ' be a graph and a,b € T'. Then the number of vertices in [a] N [b] is denoted by
w(a,b) (by A(a,b)) if a and b are at distance 2 (are adjacent) in I'. Further, a subgraph in-
duced by [a] N [b] is called a p-subgraph (a A-subgraph). Let T' be a graph of diameter d and
i,7 € {1,2,3,...,d}. A graph I'; has the same set of vertices as I" and vertices u and w are adja-
cent in I'; if dr(u, w) = 4. A graph I'; ; has the same set of vertices as I' and vertices v and w are
adjacent in T'; if dp(u,w) € {i,j}.

If vertices u and w are at distance i in I, then we denote by b;(u,w) (by ¢;(u,w)) the number of
vertices in the intersection I';yq(w) (I';—1(u)) with [w]. A graph I' of diameter d is called distance-
regular with intersection array {bo,b1,...,bg_1;c1,...,cq} if the values b;(u,w) and ¢;(u,w) are

!The study was supported by National Natural Science Foundation of China (12171126) and grant Lab-
oratory of Endgeeniring Modelling and Statistics Calculations of Hainan Province.
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independent of the choice of vertices u and w at distance ¢ in I for any i = 0,...,d [1]. Let
a; = k; — b; — ¢;. Note that, for a distance-regular graph, by is the degree of the graph and ¢; = 1.

Let I' be a graph of diameter d, and let x and y be vertices of I'. Denote by péj(az,y) the
number of vertices in the subgraph I';(x) NT';(y) if d(z,y) = ! in I'. In a distance-regular graph,
the numbers péj(x, y) are independent of the choice of vertices = and y, are denoted by péj and are
called the intersection numbers of the graph I (see [1]).

Let I' be a distance-regular graph of diameter d > 3. If I' is an antipodal graph of diameter 4
with antipodality index r, then, by [1, Proposition 4.2.2], T' has intersection array {k,k — a; —
1,(r—=1eo, 1;1,c0,k —a; — 1, k}.

Consider an antipodal distance-regular graph I' of diameter 4 for which I'y 5 is a strongly regular
graph. Makhnev and Paduchikh noticed in [3] that, in this case, A = I'3 4 is a strongly regular
graph without triangles and the antipodality index of I' equals 2. It is known that in the cases
w= u(A) € {2,4,6} there arise infinite series of admissible parameters of strongly regular graphs
with k(A) = pu(r + 1) + 2, where r and s = —(u + r) are nonprincipal eigenvalues of A.

In the present paper, we consider graphs with p(A) = 4 and 6. In these cases, I" has intersection
arrays

{(r? +dr +3,7% +4r,4,1;1, 4,72 + 4,1 + 4r + 3}
and
{r? +6r 45,72 +6r,6,1;1,6,7 + 6r,7> 4+ 61 + 5},

respectively.
If u(A) = 4, then A has parameters (v,7? + 4r + 4,0, 4), where
(r? +4r + 4)(r? + 4r + 3)

v=1+ (2 +4r+4)+ 1 .

Further, A has nonprincipal eigenvalues r and —(r + 4), and the multiplicity of r is equal to
(r+3)(r + 2)(r? + 5r + 8)/8.

Theorem 1. A distance-regular graph with intersection array
(2 +dr+3,7% +4r,4,1;1, 4,72 + 4,0 + 4r + 3}
does not exist.
If u(A) = 6, then A has parameters (v,7? + 67 + 6,0, 6), where
v =1+ (r®+6r+6) + (r* + 6r +6)(r* + 67 + 5)/6.

Further, A has nonprincipal eigenvalues r and —(r 4+ 6), and the multiplicity of r is equal to
(r 4+ 5)(r? 4+ 6r + 6)(r 4+ 4)/12. Therefore, r is even or congruent to 3 modulo 4.

Theorem 2. A distance-regular graph with intersection array
{r® +6r+5,7% +6r,6,1;1,6,r> + 6r,7> + 6r + 5}
does not exist.

Corollary 1. Distance-reqular graphs with intersection arrays

{32,27,6,1;1,6,27,32}, {45,40,6,1;1,6,40,45}, {77,72,6,1;1,6,72,77},
{96,91,6,1;1,6,91,96}, {117,112,6,1;1,6,112,117}

do not exist.
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2. Triple intersection numbers

Let I" be a distance-regular graph of diameter d. If ui,us, and us are vertices of the graph I'

uiu2u3

} is the set of vertices
r1T2T3

and 71,79, and 73 are nonnegative integers not greater than d, then {

w € I" such that
UjUU3 UL U2U3
d(w, u;) = 1y, [ }:H }‘

rrars rrars

The numbers [%ﬁ;fﬂ are called triple intersection numbers. For a fixed triple w1, us, ug of vertices,

UL UU3
rirers |°

we will write [rqrers] instead of {

Unfortunately, there are no general formulas for numbers [rirors]. However, [2] suggests a
method for calculating some numbers [rirors).

Assume that u, v, and w are vertices of the graph I', W = d(u,v), U = d(v,w), and V = d(u, w).
Since there is exactly one vertex x = w such that d(z,u) = 0, then the number [0jh] is 0 or 1.
Hence, [th] = jWéhV- Similarly, [ZOh] = 5iW5hU and [ZjO] = 5iU5jV-

Another set of equations can be obtained by fixing the distance between two vertices from
{u,v,w} and counting the number of vertices located at all possible distances from the third.
Then, we get

d d d
> i) = p%, — [0jn], Y [ilh] = p}, — [iOk], > [ijl] = p} — [ij0]. (2.1)
=1 =1 =1

At the same time, some triples disappear. If |i — j| > W or ¢ +j < W, then pyj[-/ = 0; therefore,
[ijh] = 0 for all h € {0,...,d}. Define

d
S v,w) = Y QriQuyQun |

r,8,t=0

uvw]
rst

If Krein’s parameter qzhj is 0, then Sjjp(u, v, w) = 0.

3. A distance-regular graph with intersection array
{r2 +4r + 3,72 +4r,4,1; 1,4, 7> + 4r,r> + 4r + 3}

In this section, I" is a distance-regular graph with intersection array
{r? +4r 43,72 +4r,4,1;1,4,7% + 4r, 72 + 4r + 3}.
Then, I" has
L+ (2 +4r+3)+ (P2 +4r +3)(r* +4r) /4 + (r* +4r +3) + 1
vertices and the spectrum
(r+3)(r+1) of multiplicity 1,
(r*+5r+8)(r*+3r+4)(r+1)

r+3 of multiplicity

16 (r + 2) ’
r?+57+8)(r+4)(r+3)(r+1
r—1 of multiplicity ( 3((5 (r+)2() )( )7
2 2
+574+8)(r* +3r+4)(r+3
—(r+1) of multiplicity (T " 26(7;7"4—2; )(7" )’

(7“2 +37°—|—4)(7°+3)(7"+ 1)r
16 (r + 2)

—(r+5) of multiplicity
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The multiplicity of r 4+ 3 is equal to

(r2 +5r +8)(r2 +3r +4)(r +1)
16(r +2) '

Further,
(r2 457 +8,7r+2) = (3r+8,7+2)

divides 2 and (r + 2,72 +3r +4) = (r + 2,7 +4) divides 2; therefore r + 2 divides 4. Consequently,
r = 2, a contradiction with the fact that the multiplicity of r + 3 is equal to

(r2 + 50 +8)(r2 +3r +4)(r + 1)/(16(r 4+ 2)) = 22 x 14 x 3/64.

Theorem 1 is proved.

4. A distance-regular graph with intersection array
{r? +6r+5,7>+6r,6,1;1,6,r> + 6r,7> + 61 + 5}

In this section, I' is a distance-regular graph with intersection array
{r® +6r+5,7> +6r,6,1;1,6,r> + 6r,7% + 67 + 5}.
Then, I" has
L+ (2 +6r+5)+ (2 +6r+5) (12 +6r)/6+ (r>+6r+5)+1

vertices, the spectrum

(r+5)(r+1)
r+5 of multiplicity f=(r+4)(r+3)(r+2)(r+1)/24,
(r+6)(r+5)(r+4)(r+1)/24,

(r+5)(r+4)(r+3)(r+2)/24,
(r+5)(r+2)(r+1)r/24,

of multiplicity 1,

r —1 of multiplicity
—(r+1)
—(r+7)

of multiplicity
of multiplicity

and the matrix @ (see [1]) of dual eigenvalues

Lemma 1. The intersection numbers are

1 f fr+6)(r+5) fr+5) flr+5)r
(r+2)(r+3) r+1 (r+4)(r+3)
B S s N A 1 5.}
r+1 (r+2)(r+3)(r+1) r+1 (r+4)(r+3)(r+1)
10 “rj2—2 0 r)2+1
] fr+6)(r—1) f B for+Tr
r+1 (r+2)(r+3)(r+1) r+1 (r+4)(r+3)(r+1)
L IEEebs) fees) | flreor
(r+2)(r+3) r+1 (r+4)(r+3)

ph=4, pi =1 46r, plh=r46r, pi=1r6+2r3+29r2/6—7Tr, piy=0,
P =6, pla=r>4+6r—7, piys=06, piy=r1/6+2r>429r%/6—Tr +12,

Py =ri+6r—7, ph=1, pi3=2;
Pl =12 4+6r, ply=4, ply=1 piy=11/6+2r3+20r%/6 —Tr, p3; =1+ 6r,

p‘ll3:7°2+67"+5,

pay = 14/6 + 21 + 4112 /6 + 51,
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P roof. Direct calculations using formulas from [1, Lemma 4.1.7]. g

Fix vertices u, v, and w of the graph I' and define

(1} - [15]

Let A =T'9(u), and let A be a graph with vertices from A in which two vertices are adjacent
if they are at distance 2 in I'. Then A is a regular graph of degree

P2y =116 + 213 +29r% /6 — Tr 4 12
on
ko = (r2+ 6r +5)(r% + 6r)/6 = r*/6 + 23 + 4112 /6 + 5r

vertices.

Lemma 2. Let d(u,v) = d(u,w) = 2 and d(v,w) = 1. Then, the triple intersection numbers
are

[111] = ryq, [112] = [121] = =14 + 6, [122] =73+ 74+ 72 +6r —19, [123] = [132] = —r3 + 6;
[211] = —r3 —rg +4, [212] = [221] = r3 + 74 + 72 + 61 — 12,
[222] = /6 4 213 4+ 1712 /6 — 197 + 36,
[223] = [232] =73+ 14 + 72+ 6r — 12, [233] = —r3 — 1y + 4, [234] = [243] = 1;
[311) =73, [312] =[321] = —r3+6, [322] =r3+ry+7r2+6r—19, [323] =[332] = —ry4 + 6;
[333] = 7y, [422] =1,

where r3 + 14 < 4.

P roof. Simplification of formulas (2.1). O

By Lemma 2, we have

/6 + 2r® + 1712 /6 — 19r + 28
< [222] = —2r3 — 21y + 74 /6 4+ 203 + 1792 /6 — 197 + 36 < r1/6 + 203 + 1772 /6 — 197 + 36.

Lemma 3. Let d(u,v) = d(u,w) = 2 and d(v,w) = 3. Then, the triple intersection numbers
are

[112] = —r;; + 6, [113] =711,

[121] = —ri2+6, [122] =ry+rig+7°+6r —19, [123] = —r1 +6, [132] = —ryp + 6;
[212] = [221] = 711 4+ 119 + 72+ 6r — 12, [213] = [231] = —r1y — 112 +4,  [214] = [241] = 1,
222] = —2r3 — 214 + 11 /6 + 21 + 1772 /6 — 19r 436,  [223] = [232] = 711 + 712 + 72 + 61 — 12;
[312] = —r12 +6, [313] =712, [321] = —r11 +6, [322] =711 +r1g + 2 + 61 — 19,

323 = —r12 +6, [331] =711, [332] = —r11 +6;  [422] =1,

where r11 + r12 < 4.
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P roof. Simplification of formulas (2.1). O

By Lemma 3, we have
/6 +2r% +17r% /6 — 19r + 28
< [222] = —2r3 — 21y + 74 /6 4+ 203 + 1792 /6 — 197 + 36 < r1/6 + 203 + 1712 /6 — 197 + 36.

Lemma 4. Let d(u,v) = d(u,w) = 2 and d(v,w) = 4. Then, the triple intersection numbers
are

[113] = [131] =6, [122] =72 4 6r — T;
[213] = [231] =72 4+ 6r — 7, [222] = 1/6 4 213 + 2912 /6 — Tr 4 12;
[313] = [331] =6, [322] =%+ 6r —T;
[422] = 1.
P roof Simplification of formulas (2.1). O

By Lemma 4, we have
[222] = #1/6 4 213 + 29r% /6 — Tr 4 12.
Recall that
Plo =12 461 =T, poy=16+2r>429r%/6 —Tr +12, paz=71>+6r—7, p3,=1.

Let v and w be vertices from A. Then the number d of edges between A(v) and A — ({v} UA(v)) is

uvT uvy 5 [uvZ
=0t [y | + 98 [ 55| + 7 | oy
P12 | 991 + D30 993 + Do 994

where x,y, and z are vertices from {gf} for © = 1,3, and 4, respectively. Now, d satisfies the
inequalities

(r? 4+ 6r —7)(r*/3 + 4r® + 17r%/3 — 387 +56) +r1/6 + 23 + 29r% /6 — Tr + 12 < d
< (r?+6r —7)(r*/3+ 4% + 17r* /3 — 38r + 72) +r1/6 + 2r® + 2977 /6 — Tr + 12.
On the other hand,

2 weA(w) A (v, w) >

d= Z (p%Q_l_)‘A(an)):kA(p%Q_l_ kn

weA(v)
So,
d=(r"/6+2r3 +29r2/6 — Tr +12)(r*/6 + 2r> 4+ 29r% /6 — Tr + 11 — \),
where )\ is the average value of degree of the vertex w in the graph A. Consequently,
2 4 3 2 4 2
s S N
o (P4 6r = T)(rt/3 4+ 4r% +17r2/3 — 38r 4 72)

1
=~ 7”4/64‘27"34‘297"2/6—77“4—12 +
and
P I o RO = DOT/3 4 AT 1778 - 38 £72)
0 6 r4/6 4+ 2r3 +29r2/6 — Tr 4+ 12
4 2 9 B A 5 2
< g3 I g O = DOT/3 4 4r7 + 1707/ — 38r 4 56)

,
6 6 r4/6 + 2r3 4+ 2972 /6 — Tr + 12
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Lemma 5. Let d(u,v) = d(u,w) = d(v,w) = 2. Then, the triple intersection numbers are

111] =ryg, [112] =—r7—rg+6, [113] =77, [121] = —r19 — 19 + 6,
[122] = 17 +rg + 79 + 110 + 72 + 6r — 19, [123] = —r7 — 13 + 6,
[131] =710, [132] = —ri9—1s+6, [133] =rg;

[211) = —rg — 719 + 6, [212] = [221] =77 + 18 + 79 + 110 + 72 + 61 — 19,

[213] = [231] = —ry9 — 17 + 6, [222] = —2r7 — 2rg — 2rg — 2119 + 71/6 + 213 + 1712 /6 — 197 + 48,
[223] = [232] =17+ rs+ 19+ 110+ 2+ 6r — 19, [224] = [242] =1, [233] = —rs — 15 + 6;
[B11] =rg, [312] = —ry9g—rg+6, [313] =r10, [321] = —r7—1rs+6,

(322 =77 +71g + 79+ 110+ 72 +6r — 19, [323] = —r19 — rg + 6,

[331] =r7, [332]=—r7—rg+6, [333] =r9; [422] =1,

where
rg+r7, r9+ 110, 7 +78, T10 + 78, 8 + 719, 17+ 1r19 < 6.

P roof. Simplification of formulas (2.1). O

By Lemma 5, we have

4 17 2 4 17 2
%+2r3—|—TT—19r—|—24§[222]:—2T7—2r8—27“9—27’10+%—i—2r3—|—Tr—19r+48
4 17 2
§%+2r3+%—19r+48.

Let d(u,v) = 2.
Let us count the number e of pairs of vertices (s, t) at distance 2, where s € {4} } and t € {45 }.
On the one hand, by Lemma 2, we have

/6 + 23 + 1712 /6 — 19 + 28 < [222] < r1/6 + 2r® + 1712 /6 — 19r + 36,
S0,

8 172 8 172
(r2—|—6r—7)<%+2r3+%—19r+28) §62§(r2—|—67’—7)<%—|—2r3+%—197“—{—36).

On the other hand, by Lemma 5, we have
[212] =71 +rg 419+ 110 +7° 4 6r — 19

and

4 17 2
(r2—|—6r—7)<%+2r3+%—19r+28) < e
2

J ' i ) 2 T4 3 29r
= =D (7 + 75+ 7o) + (r +6r—19)(E+2r +T—7r+12)
%
4 172
S(r2+6r—7)(_7" L3y LT

— 19 36).
6 5 r +
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In this way,
4 29 2 4 17 2
(ﬁ+ﬁr—unCé+2ﬁ+~é;—7w+m>—03+6r—ﬂ<%~+m3+—g——u%+3®
< (7 + 1+ 79+ 7i0)

9 r 3 2972 9 rd 3 1772
gO"+6r—HDCg+2r+~z——7r+H)—O"+6r—ﬂ(g~+%'+—g——ﬂﬁ+2®.
Consequently, ' ' ' A

(re +ri + 78 +riy) < —145r3/6 — 1612 — 96r — 12,
a contradiction.
Theorem 2 is proved. O

The corollary follows from Theorems 1 and 2.
So, we have shown the nonexistence of graphs with intersection arrays
{r2 +4r 43,12 +4r,4,1; 1,4, 7% + 4r, r? + 4r + 3}
and
{r? +6r+5,12+6r6,1; 1,6,7% + 6r,r> + 6r + 5}.

In particular, distance-regular graphs with intersection arrays

{32,27,6,1; 1,6,27,32}, {45,40,6,1; 1,6,40,45}, {77,72,6,1;1,6,72,77},
{96,91,6,1; 1,6,91,96}, {117,112,6,1; 1,6,112, 117}

do not exist.
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Abstract: In 1996, the first author defined analogs of the concepts of complete (divisible), reduced, and
periodic abelian groups, well-known in the theory of abelian groups, for arbitrary varieties of algebras. In 2021,
the first author proposed a modification of the concepts of completeness and reducibility, which is more natural
in the case of associative rings. The paper studies the modification of these concepts for associative rings.
Artinian M-complete, M-reduced rings, and minimally M-complete associative nilpotent rings, simple rings
with unity, and finite rings are characterized.

Keywords: Associative ring, Artinian ring, Finite ring, Complete ring, Reduced ring.

1. Introduction

In the theory of abelian groups, the notions of complete (divisible), reduced, and periodic (in
particular, primary) groups are of great importance. In [16] (see also [17, 19]), some analogs of
these notions were defined for arbitrary varieties of algebras. In the mentioned papers, the concepts
of (atomic) complete, (atomic) reduced, and solvable algebra [30] (see also [31]) were defined by
means of the atoms of these varieties and the Malcev products for these atoms [15]. Furthermore,
the notions of periodic and primary algebra were defined using notions of (atomic) completeness,
(atomic) reducibility, and solvability. In particular, an algebra is called periodic if each of its
monogenic (i.e., one generated) subalgebras is finitely reduced. Note that a group or semigroup is
periodic as a universal algebra (in our sense) if and only if it is periodic as a group or semigroup
in the ordinary sense.

It is different for associative rings. In the theory of associative rings, a ring is called periodic
if its multiplicative semigroup is periodic (in the ordinary sense). Any finite nonprime field is a
periodic ring in the ordinary sense. On the other hand, such a field is monogenic, but it is not a
finitely reduced ring; i.e., it is not a periodic algebra in the sense of papers [16, 17, 19]. To remove
this difference, paper [21] suggests modifying the concepts of complete, reducible, periodic, and
primary associative rings. This is done by using a special set M of subvarieties of the variety As of
associative rings, where M is the union of the set of lattice atoms of subvarieties of As and the set of
all varieties, each of which is generated by some finite nonprime field. In this case, M-periodic rings
are rings with finite monogenic subrings (i.e., there is an analogy with groups and semigroups).
Moreover, every finite field is both M-periodic and M-primary. Thus, the modification of the
concepts discussed, given in [21], is more natural for associative rings.
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In [21], properties of M-periodic and M-primary associative rings are studied. In addition,
paper [21] characterizes the M-periodic, M-primary, and M-reduced varieties of associative rings.
From the results of paper [21] (in particular, Remark 5.17), it follows that the class MC of all
M-complete rings of As is closed with respect to homomorphic images, extensions, and direct sums
in As. Furthermore, the class MR of all M-reduced rings of As is closed with respect to subrings,
direct products, and extensions in As. Besides, the variety As is transverbal (in the sense of [15])
with respect to any variety belonging to M.

If we replace the set At(L(As)) by the set M in paper [18], the main result of [18] will
change. From the modified result, we obtain that any ring R belonging to As contains the largest
M-complete subring Cnv(R); Cm(R) is a two-sided ideal of the ring R; the factor ring R/Cm(R)
is an M-reduced ring. All of the above means that the basic properties of the modified concepts of
completeness and reducibility for associative rings are saved. Further, let a mapping ry @ As — As
be such that rv(R) = Cm(R) for all R € As. From the above, we obtain that ryp is a radical in
the sense of Kurosh and Amitsur (see, for example, [1, p. 91] or [6, p. 27]). Here, MC is a radical
class and MR is a semisimple class.

We say that the radical rng is the M-complete radical and the ideal Cy(R) of R is the
M-complete radical of the ring R. Note that Chi(R) contains any M-complete subring of the
ring R. Therefore, ry is a strict radical in the sense of Kurosh [13] (see also [6, p. 148]).

In papers [10, 11, 20, 24, 25], the complete radical of an associative ring was studied. It is
easy to verify that analogous main results of these papers also hold for the M-complete radical. In
papers [12, 22, 26-28], the structure of complete and reduced associative rings was studied. The
main results of these papers are significantly modified if we replace the concepts of completeness
and reducibility with the concepts of M-completeness and M-reducibility.

Recall that in the theory of abelian groups, the concept of a complete group coincides with that
of a divisible group. Any minimal divisible abelian group is isomorphic to the (additive) quasi-cyclic
group C,eo, where p is a prime, or to the additive group Q% of the field Q of rational numbers.
Minimal divisible abelian groups have significant importance since any divisible abelian group is a
direct sum of minimal divisible abelian groups (see, for example, [4, Theorem 23.1, p. 124]). An
associative ring R is called minimal M-complete if it is a nonzero M-complete ring, and all proper
subrings of the ring R are M-reduced rings.

This paper aims to characterize M-complete, M-reduced associative Artinian rings, and min-
imal M-complete finite associative rings. Note that the class of Artinian rings contains all finite
rings.

Nevertheless, in this paper, we do not limit ourselves to Artinian rings and provide some results,
which are valid for all associative rings. We will use the results from papers [12, 22, 23, 26-29]
on the study of complete and reduced associative rings and modify them for the concepts of M-
completeness and M-reducibility. If the obtained results have fundamental changes, then proofs
are provided. The modified formulations of the statements are given only with references to similar
statements if the changes are insignificant. Before formulating and proving the basic results of the
paper, we will provide and prove several lemmas. Some lemmas are of independent interest.

First, let us give some definitions, notations, and facts about associative rings.

2. Basic definitions, notations, and preliminary information

Further in the paper, by a ring we mean an associative ring (not necessarily with the unity),
by an ideal we mean a two-sided ideal. Denote by |M| the cardinal number of a set M. Positive
integers are denoted by k,l,m,n (sometimes with subscripts), and primes are denoted by p and q.
Denote by R™ the additive group of the ring R. A ring with zero multiplication will be called an
abelian ring. An abelian ring with an additive group R* is denoted by RY. Denote by O the zero
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ideal of the ring R. A simple ring is a nonzero ring having no ideal besides O and itself. The
smallest n € N is said to be the characteristic of a ring R if nR = O and is denoted by char R. If
there is no such n, then char R = 0 is assumed.

The set of natural numbers is denoted by N, and the set of primes is denoted by P. Denote by
7 the ring of integers, and by Q the field of rational numbers. Furthermore, let Z,, denote the ring
of residue classes modulo n > 1. The finite field (Galois field) of p™ elements is denoted by Fpm.
A prime field is a field, which has no proper subfields. Any prime field is isomorphic to the field Q
of rational numbers or the finite field ), of p elements.

If M is a nonempty subset of a ring R, then (M) and (M) denote the subring and the ideal of
R generated by M, respectively. The subring generated by a € R is called monogenic and denoted
by (a). An element e € R with the property e? = e is called an idempotent of R. The idempotent
e € R is called basic if o(e) is the unity of the factor ring R/J(R), where J(R) is the Jacobson
radical of the ring R and o is the natural homomorphism of R to R/J(R). A ring R is called
idempotent if R?> = R, where R?> = (a-b| a,b € R).

Denote by M, (R) the ring of square n x n matrices over a ring R. For a commutative ring
R with unity, R[z] denotes the ring of polynomials in x over R. Denote by Z(X) a free (in As)
ring over the infinite countable set X = {x1,x9,...}, ie., the ring of polynomials with integer
coefficients in noncommuting variables of X with zero free terms. An identity is a formal equality
of the form f(z1,22,...,2,) =0, where f(z1,29,...,2,) € Z(X).

Suppose that ¢ is the natural homomorphism of Z,[z] onto Zy[z] and f(x) € Z,k[r] is a unitary
polynomial of degree m such that go( f (m)) is an irreducible polynomial over Z,; then the factor
ring Z,x[z]/(f(x)) is called a Galois ring of characteristic p* and order p™. The Galois ring, up
to isomorphism, is defined by the numbers p, k, and n and is denoted by GR(p*,m). It is obvious
that GR(p*, 1) = Z, and GR(p,m) = Fpm. Galois rings play a special role in the structural theory
of finite associative rings.

Let varY denote the variety of rings defined by a system X of ring identities, and let var
be the least variety of rings containing a class K of rings (in other words, var K is the variety
generated by K). The free monogenic ring in As will be denoted by Z(z). Below we use the
following important notations:

2 =var {nx =0, vy =0} = var Z2;

Fym =var {pz =0, 2P" =z} = var Fpm.

Let V be a variety of rings. A ring R is called V-complete if R has no homomorphisms onto
nonzero rings from V. Equivalently, V(R) = R, where V(R) is the verbal ideal of R (i.e., V(R) is
the least ideal in the set of all ideals I of the ring R such that the factor ring R/I belongs to V).
A ring is called V-solvable if it has no nonzero V-complete subrings.

Let M be the union of two sets Z and F of varieties of rings, where

Z={Z)|peP}, F={Fm|peP, mel,},

ie, M = ZUF. Note that M contains the set At(L(As)), where At(L(As)) consists of the
varieties ZS and F, for any prime p (see, for example, [9]). A ring R is called M-complete if
R is M-complete for every M € M. We call a ring R M-reduced if R has no nontrivial M-
complete subrings. By analogy, the concepts of Z-complete (F-complete) ring and of Z-reduced
(F-reduced) ring are defined. We point out the connection between the concepts of completeness
and M-completeness, as well as the concepts of reducibility and M-reducibility. Obviously, any
M-complete ring is complete. But the converse statement, generally speaking, is incorrect. For
example, any nonminimal finite field F' is complete, while F' is M-reduced. On the other hand, any
reduced ring is M-reduced.

Recall that if a variety V is given by an identity system 3, then the V-verbal V(R) of a ring R
coincides with the ideal of R generated by the values in R of all polynomials that are the left-hand
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sides of the identities of Y. For varieties ZI? and F,m and a ring R, we indicate formulas to calculate
the corresponding verbals:

Z)(R) =pR+ R*, Fym(R) =pR+ Rym,
where R,m is the ideal generated by the set
{rpm —r|re€R}.

It is clear that a ring R is M-complete (M-reduced) if and only if ZS(R) =R (ZS(R) = 0) and
Fpm(R) = R (Fpm (R) = O) for all p and m, respectively.

It is clear that the M-complete radical Cnvi(R) of a ring R is equal to the sum of all M-complete
subrings of R. A ring R is M-complete if and only if Cym(R) = R. In particular, the M-complete
radical Cyvi(R) of any ring R is an M-complete ideal of R. A ring R is M-reduced if and only if
Cm(R) = O. From a well-known fact for arbitrary radicals (see, for example, [1], Proposition 1,
p. 91) it follows that the M-complete radical of a ring R is the intersection of all its ideals I such
that the factor ring R/I is M-reduced.

Similarly, the Z-complete radical Cz(R) and the F-complete radical Cr(R) of a ring R are
defined by the sets Z and F, respectively. Recall that a radical r is called strict if the radical r(R)
of a ring R contains every r-radical subring A (i.e., a subring with the property r(A4) = A) of R.
As above, the M-complete radical is strict. It is clear that Z-complete and F-complete radicals are
also strict. A ring is M-complete if and only if it is simultaneously Z-complete and F-complete.
Denote by 9 (3, §) the class of all rings belonging to the varieties of rings from the set M (Z, F),
respectively. It is clear that M-complete (Z-complete, F-complete) radicals are upper radicals
defined by the class M (3, §), respectively. In addition, for any prime p, we need the notation g,
for the class of rings of characteristic p from the class §.

Recall that the transverbality of the variety As over the subvariety V means that, for any ring R
and an ideal I of R, V(I) is an ideal of R. As already noted, the transverbality of the variety As
over any variety from the set M is proved in paper [21].

In additive notation, the atoms of the lattice L(Ab) of subvarieties of the variety Ab of all abelian
groups Ab are the varieties A, = var {pz = 0} for all primes p. Note that the Aj,-completeness of an
abelian group A means the validity of the equality A,(A) = pA = A. Further, the divisibility of an
abelian group A is equivalent to its Aj,-completeness over all primes p, i.e., the completeness of A.
It is well known that in every abelian group A, a divisible subgroup is always a direct summand, in
A there is the largest divisible subgroup C(A), and A is the direct sum of its complete and reduced
subgroups. Moreover, as noted above, every divisible abelian group is the direct sum of some sets
of isomorphic copies of the additive group QT of rationales and copies of quasi-cyclic groups Cpee
for some primes p.

Recall that a ring is called a left Artinian ring if any decreasing chain of its left ideals stabilizes.
Equivalently, the ring satisfies the minimum condition of left ideals. Further, left Artinian rings
will be called Artinian rings. It is well known (see, for example, [8, Theorem 1, p. 63]) that the
Jacobson radical of an Artinian ring is nilpotent. In addition, by the Wedderburn—Artin Theorem
(see, for example, [8, p. 65]), any Artinian semisimple (in the sense of Jacobson radical) ring is
isomorphic to the direct sum of finitely many full matrix rings over skew fields. It is well known
that a factor ring of an Artinian ring is Artinian. Also, if the ideal I and the factor ring R/I of a
ring R are both Artinian, then R itself is Artinian.

In conclusion of this section, we give some well-known statements that do not relate to the
concepts of M-completeness and M-reducibility but are needed for the sequel.

Theorem 1. [5, Theorem 122.7, p. 350] Every Artinian ring R is the ring direct sum
R=S&T, ® --®T,, of some torsion-free Artinian ring S and a finite number of Artinian
pi-rings Ty, corresponding to various primes p;.
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Theorem 2. [32, Proposition 6] Let R be a finite ring with unity of characteristic p* and
radical J(R). Then R contains a subring Q) isomorphic to a direct sum of matriz rings over Galois
rings such that Q/pQ = R/J(R) and a (Q,Q)-submodule M of J(R) such that R = Q + M with
QNM=0.

Theorem 3. [7, Theorem 1.4.3, p. 35| If an additive group R™ of a left Artinian ring R is a
torsion-free group, then R possesses a left unity.

Proposition 1. [28, Lemma 12] An Artinian ring R is finite if and only if mR = O for some
m € N and the factor ring R/J(R) is finite.

Lemma 1. [10, Lemma 3] If I is an ideal of a ring R and K is a field, then any homomorphism
p: I — K can be extended to a homomorphism ¢ : R — K.

Lemma 2. [24, Lemmal] For any ideal I of a ring R, the relation M, (R)/M,(I) = M, (R/I)
holds.

3. Artinian M-complete rings

This section aims to obtain a characterization of M-complete Artinian rings. Let us first give
several lemmas. Some of them are valid for arbitrary rings.

Lemma 3. If R is an M-complete ring, then R? is an M-complete ring.

Proof Let R be an M-complete ring. Since R is a Zg—complete ring for any prime p, the
relation ZS(R) = pR 4+ R? = R holds for all primes p; i.e., R = R?> 4+ pR. We have

R?> = (R’ + pR)(R*+ pR) = R* + pR® + p’R* = R' + pR(R* + pR) = R* + pR%;
i.e., Z,(R?) = R%. This equality means that the ring R? is Zg—complete.

We now show that R? is Fpm-complete for all p and m. Since R is a Zg—complete ring for any
prime p, for each x of R, we find elements a, a;, and b; (i = 1,...,n) of R such that

n
T = pa+ Z a;b;.
i=1

Then,
" = (pa + Zn: aibi>pm - (pa + Zn: aibi> =pz+ <<Zn: aibi)pm - (Zn: aibi>>
i=1 i=1 i=1 i=1
for some z € R. Therefore, Rym C pR + (R?)m. It follows that
(Rpm)2 < (pPR+ (Rz)pm)(pR + (Rz)pm) C pR* + (RQ)pm-
Considering this inclusion and the fact that the ring R is F,m-complete, we get
R? = (pR + Ryn)(pR + Rym) C pR? + (Rym)? C pR? + (R?)pm = Fym (R);

i.e., R? is Fpym-complete for all p and m. O
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Corollary 1. If R is a minimally M-complete ring and R?> # O, then R?> = R.

Lemma 4. A simple ring R is either M-complete and does not belong to the set I or
M-reduced and isomorphic to a field Fpm for some p and m.

Proof. A simple ring R is a ring with nonzero multiplication, so R € F for some prime p.
As is well known, any nonzero ring of any variety from F is a subdirect product of finite fields
(see, for example, [30]). O

Lemma 5. Any nil ring R is an F-complete ring.

P r o o f. The homomorphic image of a nil ring is a nil ring and therefore cannot be a nonzero
ring of a variety F,m for any p and m. 0

Lemma 6. [26, Lemma 3] If the ideal I of a ring R is contained in the kernel of any homo-
morphism of R onto rings from a variety V of rings, then R is a V-complete ring if and only if
R/I is a V-complete ring.

Repeating almost verbatim the proof of Lemma 5 from [11], one can verify the validity of the
following statement.

Lemma 7. A nilpotent ring R is M-complete if and only if its additive group R™ is divisible.

We omit the proof of the following statement analogous to Lemma 2 from [26], which corresponds
almost verbatim to the proof of that lemma and uses the results mentioned in Section 1 on the
Jacobson radical of Artinian rings, semisimple Artinian rings, the structure of divisible abelian
groups, and Lemma 7.

Lemma 8. The following conditions are equivalent for a ring R:
n
(1) Rt = 691 Cp?"§
1=
(2) R is an M-complete abelian Artinian ring;
(3) R is an M-complete Artinian nilpotent ring.

The main result of this section is a modification of two statements of Theorems 1 and 2 of [26].

Theorem 4. An Artinian ring R is M-complete if and only if the following conditions hold
for its ideal R:

(1) R? is an idempotent Artinian ring and if R?> # O, then
k

R?/J(R?) = ) My, (K),
i=1

where K; is a skew field and My, (K;) 2 Fpm for any prime p, m € N, and i =1,.. ., k;
(2) if R? # R, then

2 ~ 0
R/R* = () Cpee.
j=1
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Proof. Let R be an M-complete Artinian ring. It follows from Theorem 1 that R is the
direct sum of its ideals S and T, where S is an M-complete torsion-free Artinian ring and 7" is an
M-complete Artinian periodic ring. Therefore, it is enough to consider both rings separately.

By Theorem 3, the ring S possesses a left unity. Therefore, S? = S. Since S is an M-complete
ring, it follows that the factor ring S/J(S) is an M-complete ring. From the Wedderburn—Artin
theorem and Lemma 4, it follows that the factor ring S/J(S) is isomorphic to a direct sum of
finitely many full matrix rings over skew fields and does not contain summands isomorphic to a
finite field F,m for any prime p and m € N.

Further, consider a decreasing chain of ideals in T: T' D T2 D73 D ... Since T is an Artinian
ring, we have 7™ = T"*! for some n; i.e., the ideal T" is an idempotent ring. Then, T = T/T" is
an M-complete Artinian nilpotent ring and, by Lemma 8, T is an abelian ring. Hence, zy € T"
for all z,y € T and, therefore, T? = T"; i.e., T? is an idempotent ring. In addition, by Lemma 8,

n
2 ~ 0
T/T* = P Cp-.
j=1

Let us show that the ideal 72 is an Artinian ring. Let I be a left ideal of 72. The group T is
periodic, therfore, for any ¢ € I, there exists m € N such that mi = 0. By Lemma 8,

k
2 Y 0
772 @y,
i=1

it follows that there exists t; € T for any t € T such that m#; = ¢ in the factor ring T = T/T?.
Since t — mt; € T?, we have

ti = (t — mty +mity)i = (t — mty)i +miyi = (t —mity)i € 1.

This means that I is a left ideal of T
Thus, T? is an Artinian and M-complete ring by Lemma 3. Therefore, 72/.J(T?) also is M-

complete ring. It follows that
k

TQ/J(TQ) = @ an(Kl)v
i=1
where K; is a skew field and M, (K;) % Fpm for any prime p and m € N.
Conversely, let for the ideal R? of an Artinian ring R, conditions (1) and (2) of the theorem be
satisfied. Four cases are possible:
(i) R = R? = 0. Then, R is an M-complete ring by definition.
n

(i) R# R*=0 and R/R* = @ Cj. Then, R = R/R? is an M-complete ring by Lemma 8.
j=1 "

k
(iii) R = R* # O and R/J(R) = R%*/J(R?) = @ M,,(K;), where K; is a skew field and
i=1

M,,(K;) # Fpm for any prime p and m € N. In this case, R is a nonzero idempotent
Artinian ring and R/J(R) is an M-complete ring. Then, J(R) is an M-complete ring by
Lemma 5. This means that J(R) is contained in the kernel of any homomorphism onto rings
from a variety F,m for any p and m. Then, by Lemma 6, R/J(R) is an F-complete ring if
and only if R is an F-complete ring. The ring R = R? also is Z-complete. Hence, R is an
M-complete ring.

(iv) R # R? and R? # O, where R/R? = @ ngo and the ideal R? is an idempotent Artinian
=1 "

k
ring. Then, R?/J(R?) = @ M,,(K;), where K; is a skew field and M, (K;) % Fym for any
=1

(2
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prime p and m € N. The M-completeness of R? is proved similar to case (iii). The factor
ring R/R? is M-complete by Lemma 8. In this case, it follows from Lemma 2.2 of [21] that
the extension of the M-complete ring R? by the M-complete ring R/R? is an M-complete
ring. Besides, it is known that an extension of an Artinian ring by an Artinian ring is also
Artinian.

O
A special case of Theorem 4 is a modification of the result on complete finite rings from [12].

Corollary 2. A finite nonzero ring R is M-complete if and only if the following conditions
hold:

(1) R?>=R;
(2) R/J(R) is an M-complete ring and R/J(R) = &My, (Fpmi), where n; > 1 for all
1=1,2,...,n, m; €N, and p; are primes.

4. Artinian M-reduced rings

This section aims to characterize M-reduced Artinian rings.

The following statements are modifications for M-reduced rings of lemmas for reduced rings
from [27]. Their proofs are easy to obtain if we replace the field F), by the field F,m for any p
and m.

Lemma 9. [27, Lemma 1] For an Artinian nilpotent ring R, the following conditions are equiv-
alent:

(1) mR = O for some m € N;
(2) R is a finite ring;
(3) R is an M-reduced ring.

From Lemma 9, it follows that all nilpotent M-reduced Artinian rings are finite.
Lemma 10. [27, Lemma 1] Any Artinian M-reduced ring has characteristic m > 0.

From Lemma 10 and Theorem 1, it follows that it is sufficient to characterize Artinian
M-reduced rings of characteristic p¥.

Lemma 11. [27, Lemma 2] Any ring R of characteristic p*, where k € N and p is a prime, is
Zg—complete and Fym-complete for any prime q # p and m € N.

Lemma 12. [27, Lemma 3] A ring R of characteristic p* for a prime p and k € N, is an
M-complete ring if and only if the ring R/pR is M-complete.

The following lemma describes the M-complete radical of an Artinian ring of characteristic p¥
for a prime p and k € N.

Lemma 13. For an Artinian ring R of characteristic p*, where p is a prime and k € N, there
exists m,n € N such that the F-complete radical Cy(R) = Fpm(R) and the M-complete radical
Cm(R) = Fjm(R), where n is the idempotent degree of the verbal Fym (R); i.e., Fjn(R) = .F;?Jl(R).
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P roof. Consider the set of all verbals F,a(R) of the ring R, where d € N. Note that, for any
teNand z € R,

i=s J=t
td d td_d__;(nd__ i
- = <xp — x) : g 2P where s = E plt=d,
=0 j=0

This means that if i is divisible by d, then Fu(R) C F,a(R).

Since R is an Artinian ring, R contains the minimal verbal F,m(R). At the same time,
Fpm(R) C Fpa(R) for all d € N (assuming that this is not the case, we get that the verbal Fm (R)
is not minimal since it contains the verbal F(R) C Fym(R) N Fpa(R) # Fpm(R), where [ is the
least common multiple of d and m).

By Lemma 11, the ring R of characteristic p* is Fqi-complete for any prime ¢ # p and ¢ € N.
It follows from Lemma 1 that any ideal of an F :-complete ring, in particular, the ideal F,m (R), is
also an Fg:-complete ring. From the same lemma and the fact that Fpm(R) C F,x(R) for all k € N,
it follows that JF,m(R) is an Fk-complete ring for all £ € N. Therefore, Fm (R) is an F-complete
ring; i.e., Fpm (R) C Cr(R); hence, Fpym (R) = Cr(R).

The decreasing chain of ideals Fpm (R) 2 ]:gm(R) 2 f;’m (R) D ... of the ring R stabilizes at
some step n. That is, 7} () is an idempotent ring; so it is Z-complete. In addition, F)im(R) is
an JF-complete ring by Lemma 1. So, Fin(R) € Cm(R). Conversely, since Cm(R) C Fpm(R), we
have Ct(R) C Fyim (R). Hence, Om(R) = Cy(R) C Fym(R) and therefore Cv(R) = Fpm(R). O

Lemma 14. A nonnilpotent Artinian ring R of characteristic p*, where p is a prime and k € N,
is an M-reduced ring if and only if R is a finite ring and Cy(R) = J(R). In addition, the factor
ring R/ J(R) is isomorphic to a finite direct sum of fields F x; for k; € N.

Proof. First, we show that Cp(R) = J(R). It follows from Lemma 5 that J(R) is an
F-complete ring, so J(R) C Cg(R). Conversely, by Lemma 13, Cg(R) = Fpm (R) for some m € N.
Since R is an M-reduced ring, we have Cp(R) = F(R) = O for some n € N. Thus, F,m(R) is a
nilpotent ideal; hence, Cr(R) = Fpm (R) C J(R).

The factor ring R/J(R) is isomorphic to a direct sum of finitely many full matrix rings over
skew fields. Since F,m(R) = J(R), the factor ring R/J(R) belongs to the variety F,m. Therefore,
each of these summands belongs to the variety JF,= and is isomorphic to F x; for some k; € N by
Lemma 4. Also, since R/J(R) is a finite ring, R is also a finite ring by Proposition 1.

Conversely, if R is a finite ring, then J(R) is an M-reduced ring by Lemma 9. Hence, the
ring R is M-reduced as an extension of the M-reduced ring J(R) by the M-reduced ring R/J(R). O

The following statement, similar to Teorem 2 of [27], describes the structure of Artinian
M-reduced rings.

Theorem 5. An Artinian ring R is an M-reduced if and only if R is a finite ring with
F-complete radical Cp(R) = J(R) and either R = J(R) or R/J(R) = @ Fki where p; is a
i=1

pi’

prime and k; € N.

Proof By Lemma 10, for any Artinian M-reduced ring R, there exists m € N such that
mR = 0. Let m = plfl -pé” -...-pF" be the canonical representation of the number m. Then, by
Theorem 1, the ring R is a finite direct sum of its ideals R;, where pfiRi =Oforalll1<i<n.
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It follows from the properties of a finite direct sum of rings that the rings R; for all 1 <i¢ <n
are M-reduced Artinian rings. If the ring R; is nonnilpotent, then it satisfies the conditions of
Lemma 14, otherwise R; satisfies the conditions of Lemma 9. If R; is nilpotent, then Cr(R;) = R;
by Lemma 5. In each case, R; is a finite ring and Cr(R;) = J(R;). Thus, R is a finite ring and its
F-complete radical

Cr(R) = P Cr(Ri) = @fpzn,. (R) =P J(R:) = J(R).
=1 =1 i=1

Moreover, if R # J(R), then the factor ring R/J(R) is a finite direct sum of ideals isomorphic
to finite fields.

Conversely, any finite ring R satisfying the conditions of the theorem is an extension of the
M-reduced ring J(R) by the M-reduced ring R/J(R). This means that R is an M-reduced ring. OJ

5. Minimally M-complete Artinian rings

This section aims to characterize minimally M-complete Artinian rings. Before proving the
main result, we formulate analogs of auxiliary statements from [22] and [28] and prove some of
them.

The proofs of the following several statements almost verbatim correspond to the proofs of their
analogs, so, we omit them.

Proposition 2. [25, Proposition 1] For a basic idempotent e of a nonnilpotent Artinian ring R,
Cm(eRe) = eCni(R)e.

For an M-complete radical, the requirement that the idempotent e is the basic idempotent of
a nonnilpotent Artinian ring A is essential. For example, in the M-complete ring R = M>(F,), for

the idempotent
. 10
- \0 0 )’

the subring eRe = F), is M-reduced; i.e., Cnm(eRe) = O. However, eCv(R)e = eRe # O.

Corollary 3. [25, Corollary 2] A nonnilpotent minimally M-complete Artinian ring contains
a unit.

Lemma 15. [22, Lemma 11] If any decreasing chain of ideals of a ring R contained in the
ideal I of this ring stabilizes at some finite step, then the M-reducibility of the ring R implies the
M-reducibility of the ring R/I.

Corollary 4. Any homomorphic image of an Artinian M-reduced ring is an M-reduced ring.

Corollary 5. The homomorphic image of a minimally M-complete finite ring is a minimally
M-complete ring.

Lemma 16. [28, Lemma 11] A finite idempotent ring R of characteristic p* is minimally
M-complete if and only if R/pR is a minimally M-complete ring.
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Lemma 17. [22, Lemma 15] If I is a nilpotent ideal of a ring R of characteristic p* and K is
an M-reduced subring of the ring R, then the homomorphic image K in the ring R = R/I is also
an M-reduced Ting.

Corollary 6. If R is a minimally M-complete Artinian ring of characteristic p*, then the
factor ring R/J(R) is also a minimally M-complete ring.

Lemma 18. [22, Lemma 1| A minimally M-complete nilpotent ring is isomorphic to the ring
QY or the ring Cgoo for some prime p.

Lemma 19. [22, Lemma 3| A skew field K of characteristic zero is minimally M-complete if
and only if it is isomorphic to the field Q of rational numbers.

Corollary 7. The ring Z of integers and any of its subrings are M-reduced.

Proposition 3. [24, Proposition] For any ring R and n > 1, the ring M, (R) is M-complete
if and only if the ring R is Z-complete.

Corollary 8. For any idempotent ring R and n > 1, the ring M, (R) is M-complete.

The description of minimally M-complete skew field of prime characteristic p differs significantly
from the description of complete skew field of prime characteristic p obtained in Lemma 4 of [22].

Lemma 20. A skew field K of prime characteristic p is minimally M-complete if and only if
K is isomorphic to the algebraic closure IF), of the field F,,.

Proof. Let K be the minimally M-complete skew field of prime characteristic p. Then K
contains the field F,, that obviously lies in the center of K.

Just as in the proof of Lemma 4 of [22], it can be shown that the existence of an element in K
that is transcendent with respect to the field [F,, is impossible.

Therefore, all elements of the skew field K are algebraic with respect to the field F,. It is
clear that elements of K are algebraic with respect to a field Fpm for any m > 1. Recall that
the field IFpm is M-reduced by Lemma 4. Taking into account the well-known facts that, for any
finite field Fy in the ring Fy[z], there exists an irreducible polynomial of any positive degree (see,
for example, [14, Corollary 2.11, p. 70]) and an algebraic extension of F, containing any of its
roots is again a finite field, it is easy to understand that K must coincide with the union of a
countable infinite strictly increasing sequences of corresponding finite fields, i.e., K is isomorphic
to the algebraic closure ﬁ‘p of the field F,,.

Conversely, if a skew field K of prime characteristic p is the algebraic closure of the field F,,
ie., A= @p, then any proper nonzero subring F' of K is a finite field IF,» for some m and therefore
it is M-reduced. Thus, K is a minimally M-complete ring. g

An analog of Lemma 5 from [22] for the M-completeness also has significant changes.

Lemma 21. The full ring M,,(K) of matrices over a skew field K is minimally M-complete if
and only if My, (K) is isomorphic either to the field Q of rational numbers or the algebraic closure
[, of the field F,, or a ring My(FF,) for some prime p.
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Proof. Let M,(K) be a minimally M-complete ring of matrices of order n over a skew
field K. Being M-complete, the ring M, (K) does not belong to any variety of M since the rings
of the latter are M-reduced.

Let n = 1. In this case, M;(K) = K. If char K = 0, then K = Q by Lemma 19. If char K = p,
then K & E, by Lemma 20.

Let now n > 1. The ring M,,(K), in this case, contains the skew field K as its proper subring.
Due to the minimal M-completeness of the ring M, (K), the skew field K must be M-reduced. By
Lemma 4, being a simple ring, K must be isomorphic to a finite field F,n for some p and m. It is
obvious that the ring M,,(IF,=) for n > 3 contains a proper subring isomorphic to an M-complete
ring My(Fpm), and therefore is not M-minimally complete. Hence, n = 2. If m > 1 then the ring
M;(F,m) contains the M-complete proper subring M(F,). Thus, m = 1.

Finally, we show that the ring M3 (F,) is minimally M-complete. Consider any proper nonzero
M-complete subring R of a ring M>(IF,). Being finite, and therefore Artinian, a semisimple factor
ring R/J(R), by the Wedderburn-Artin theorem, is a direct sum of a finite number of matrix
rings over suitable skew fields. It is clear that, in our case, these skew fields must be finite fields.
But then the orders of the matrices included in the decomposition of the ring must be equal to
1. Being a direct sum of M-reduced fields, by Lemma 2.5 of [21], the ring R/J(R) must also be
M-reduced. But then it is clear that the subring R is not M-complete. Thus, the ring M(FF,) has
no proper nonzero M-complete subrings; therefore, it is a minimally M-complete ring. g

Note that, in [23], it is indicated that Lemma 5 of [22] describing minimally complete rings
M, (K) of all (n x n)-matrices over a skew field K, in the end, mistakenly states that such is
the ring M(F,) for any p. That this is not the case follows from the well-known representation
of finite fields by matrices (see, e.g., [14], p. 90): elements of a finite field Fpn of order p" can
be represented by square matrices of order n over the field F),. Consequently, the ring My (F))
contains a subring isomorphic to the complete field F, 2 and, therefore, is not a minimally complete
ring. As a consequence, rings of matrices of the form Ms(IF,) for all p should be excluded from the
formulations of Lemma 5 and condition (2) of the theorem from [22]. Rings R for which the factor
ring R/pR is isomorphic to Mz (F,) also must be excluded from the formulation of condition (3) of
the same theorem. The exact formulation of the theorem from [22] is Theorem 4 of paper [29].

Corollary 9. A semisimple Artinian ring is minimally M-complete if and only if it is isomor-
phic either to the field Q of rational numbers or the algebraic closure F), of the field F), or a ring
My (Fy) for some prime p.

Lemma 22. A minimally M-complete finite ring R of a prime characteristic is semisimple by
Jacobson.

P roof. A ring R satisfying the conditions of Lemma 22 is an algebra of finite dimension over
a field F). The ring R/J(R) is minimally M-complete by Corollary 5. Therefore, by Corollary 9,
R/J(R) is the ring M>(F,) of square matrices of order 2 over a finite field [, for some p; i.e.,
R/J(R) is a central simple algebra. In any case, we get that the algebra is a separable algebra over
a field IF,,. The field F, is perfect; therefore, according to the Wedderburn-Maltsev theorem (see,
for example, Theorem 13.18 in [3], p. 575), R = J(R) @ S, where S is a subalgebra of R and S is
isomorphic to R/J(R). Since the ring R/J(R) is M-complete and R is minimally M-complete, we
have R = S; i.e., R is a semisimple ring. O

Corollary 10. In a minimally M-complete finite ring R of characteristic p*, the equality
J(R) = pR is valid.
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P roof. In the ring R, the ideal pR is nilpotent; therefore, pR C J(R). On the other hand,
the ring R/pR is minimally M-complete by Lemma 5 and semisimple by Lemma 22. Hence,
J(R) C pR;ie., J(R) = pR. O

Lemma 23. A minimally M-complete ring R of all matrices of some order over the Galois
ring is isomorphic to the ring Ma(Z,x) for some prime p and k € N.

P roof. For every Galois ring GR(p*, m), the factor ring
GR(p",m)/pGR(p™, k) = GR(p,m) = Fyn.

Note, that any Galois ring has a unit and therefore is an idempotent ring. By Corollary 8, the
matrix ring M, (GR(p*,m)) is M-complete for any n > 2. It follows that if R = M, (GR(p*,m)) is
the minimally M-complete ring, then n = 2. By Lemma 2,

R/pR = My(GR(p",m)) /My (pGR(p*, m)) = Ma(GR(p,m)) = M (Fpm).
It follows from Lemma 21 that
R/pR = Ms(F,) = My(GR(p,1)).

But then
R My(GR(Y",1)) = My (Z,).

Conversely, let R = M(Z,) for some prime p and & € N. Then, R is a finite ring, for which
R? = R and p*R = O. By Lemma 16, the ring R is minimally M-complete if and only if the ring
R/pR is minimally M-complete. Since R/pR = M>(F,) is minimally M-complete by Lemma 21,
we see that the ring R = M2(Z,x) is minimally M-complete. O

The main result of this section is the following modification of Theorem 1 from [22].

Theorem 6. (1) Any minimally M-complete nilpotent ring is isomorphic to the ring Q° or
the ring Cgoo for some prime p.

(2) A simple ring with unit is minimally M-complete if and only if it is isomorphic to the field
Q of rational numbers or the algebraic closure @p of the field F), or a ring My (F,) for some
prime p.

(3) A finite ring is minimally M-complete if and only if it is isomorphic to a matriz ring Ma(Z,»)
for some prime p and k € N.

Proof. (1) This statement of Theorem 6 is the content of Lemma 18.

(2) Let a simple ring with unit is M-minimally complete. Then, it is an Artinian ring (see, for
example, Corollary 4, [2], p. 196). But a simple Artinian ring is isomorphic to the ring of matrices
M, (K) for some skew field K and a natural number n by the Wedderburn-Artin theorem. The
rest follows from Lemma 9.

(3) Let R be a finite minimally M-complete ring. It follows that the additive group of the ring
R is bounded. Then, by Theorem 1, R is a ring of characteristic p* for some prime p. The ring R
is nonnilpotent by Lemma 9. It follows that R is a ring with unity by Corollary 3.

By Corollary 6, the ring R/J(R) is also minimally M-complete. Then, R/J(R) = My(F,) by
Corollary 9. By Theorem 2, the ring R contains a subring S isomorphic to the direct sum of full
matrix rings over Galois rings such that S/J(S) = R/J(R). In the ring S, the equality J(S) = pS
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is valid. This means that S/pS = My(F,). We obtain that S is a minimally M-complete subring
of the ring R by Lemma 16. Therefore, R = S.

Minimally M-complete rings of all matrices of some order over Galois rings are described in
Lemma 23. Hence, we get that R = MQ(Zpk) for some prime p and k € N. O

6. Conclusion

The paper characterizes associative Artinian M-complete (Theorem 4), M-reduced (Theo-
rem 5), and some classes of minimally M-complete associative Artinian rings (Theorem 6). For
an exhaustive description of minimally M-complete Artinian rings, it is necessary to consider the
remaining unexplored case of Artinian rings of characteristic p* containing a subring isomorphic
to the algebraic closure ﬁp of the field F),. As examples show, such rings exist for any prime p and
k e N.

Acknowledgements

The preparation of this paper was overshadowed by the death of its first author. The second
author dedicates this work to his memory, as a sign of gratitude for many years of fruitful collab-
oration. Leonid Matveevich Martynov always had an active life position, he was distinguished by
high professionalism, decency, and love of life.

REFERENCES

1. Andrunakievich V. A.; Ryabukhin Yu.M. Radikaly algebr i strukturnaya teoriya [Radicals of Algebra
and Structure Theory]. Moscow: Nauka, 1979. 496 p. (in Russian)
2. Bourbaki N. Algebra. Moduli, kol’ca, formy [Algebra. Modules, Rings, Forms]. Moscow: Mir, 1966.
556 p.(in Russian)
3. Feis K. Algebra: kol’ca, moduli i kategorii [Algebra: Rings, Modules and Categories]. Vol. 1. Moscow:
Mir, 1977. 688 p. (in Russian)
4. Fuchs L. Beskonechnye abelevy gruppy [Infinite Abelian Groups]. Vol. 1. Moscow: Mir, 1974. 335 p.
(in Russian)
5. Fuchs L. Beskonechnye abelevy gruppy [Infinite Abelian Groups]. Vol. 2. Moscow: Mir, 1977. 416 p.
(in Russian)
6. Gardner B.J., Wiegandt R. Radical Theory of Rings. New York: Marcel Dekker, 2004. 408 p.
DOI: 10.1201,/9780203913352
7. Herstein I. N. Nekommutativnye kol’ca. [Noncommutative Rings]. Moscow: Mir, 1972. 190 p. (in Russian)
8. Jacobson N. Stroenie kolec. [Structure of Rings]. Moscow: Izdat. Inostran. Liter., 1961. 392 p. (in Rus-
sian
)
9. Kalicki J., Scott D. Equational completness of abstract algebras. Indag. Math., 1955. Vol. 17. P. 650-659.
DOI: 10.1016/S1385-7258(55)50089-8
10. Kornev A.I. Complete radicals of some group rings. Sib. Math. J., 2007. Vol. 48. P. 857-862.
DOTI: 10.1007/s11202-007-0087-0
11. Kornev A.I., Pavlova T.V. Characterization of one radical of group rings over finite prime fields. Sib.
Math. J., 2004. Vol. 45. P. 504-512. DOI: 10.1023/B:SIM.J.0000028615.28396.{2
12. Kornev A.I., Pavlova T.V. Finite complete associative rings. In: Matematika i Informatika: Nauka i
Obrazovanie: collection of works. Omsk: OmGPU, 2002. Vol. 1. P. 43-45. (in Russian)
13. Kurosh A.G. Radicals in the group theory. Sib. Mat. Zh., 1962. Vol. 3, No. 6. P. 912-931. (in Russian)
14. Lidl R., Niederreiter G. Konechnye polya [Finite Fields]. Vol. 1. Moscow: Mir, 1988. 430 p. (in Russian)
15. Mal’tsev A. 1. Multiplication of classes of algebraic systems. Sib. Math. J., 1967. Vol. 8, No. 2. P. 254-267.
DOI: 10.1007/BF02302476


https://doi.org/10.1201/9780203913352
https://doi.org/10.1016/S1385-7258(55)50089-8
https://doi.org/10.1007/s11202-007-0087-0
https://doi.org/10.1023/B:SIMJ.0000028615.28396.f2
https://doi.org/10.1007/BF02302476

98

Leonid Martynov and Tatiana Pavlova

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

Martynov L. M. On notions of completeness, solvability, primarity, reducibility and purity for arbitrary
algebras. In: Int. Conf. on Modern Algebra and Its Applications (Vanderbilt University, Tennessee, May
14-18, 1996. Schudule and Abstracts). Nashville, 1996. P. 79-80.

Martynov L. M. On concepts of completeness, reducibility, primarity, and purity for arbitrary algebras.
In: Universal Algebra and its Applications: collection of works. Volgograd, September 6-11, 1999. Vol-
gograd: Peremena, 2000. P. 179-190. (in Russian)

Martynov L. M. One radical algebras with a property of transversality by minimal varieties. Herald of
Omsk University, 2004. Vol. 2. P. 19-21. URL: https://elib.omsu.ru/issues/124/5973.php (in Russian)
Martynov L. M. Completeness, reducibility, primarity and purity for algebras: results and problems. Sib.
Elektron. Mat. Izv., 2016. Vol. 13. P. 181-241. DOI: 10.17377/semi.2016.13.016 (in Russian)

Martynov L. M. On the complete radical of a monoid ring. Herald of Omsk University, 2017. Vol. 84,
No. 2. P. 8-13.

Martynov L.M. About one modification of concepts of completely, reducibility, periodicity and
primarity for associative rings. Herald of Omsk University, 2021. Vol. 26, No. 2. P. 12-22.
DOT: 10.24147/1812-3996.2021.26(2).12-22

Martynov L. M., Pavlova T.V. On minimally complete associative rings. Herald of Omsk University,
2016. Vol. 79, No. 1. P. 6-13. (in Russian)

Martynov L. M., Pavlova T.V. Letter to the editor. Herald of Omsk University, 2019. Vol. 24, No. 2.
P. 23-24. (in Russian)

Pavlova T.V. Complete radical of full ring of matrices over an arbitrary ring. In: Matematika @ Infor-
matika: Nauka i Obrazovanie: collection of works. Omsk: OmGPU, 2011. Vol. 10, P. 16-19. (in Russian)
Pavlova T.V. On Artinian rings with a split-off complete radical. Herald of Omsk University, 2018.
Vol. 23, No. 4. P. 37-43. (in Russian)

Pavlova T.V. Complete associative Artinian rings. Herald of Omsk University, 2005. Vol. 1. P. 17-19.
(in Russian)

Pavlova T.V. On reduced associative Artinian rings. In: Problemy i perspektivy fiz-mat. i tekhn. obra-
zovaniya: collection of works. Ishim, Filial TyumGU v Ishime, 2014. P. 40-46. (in Russian)

Pavlova T.V. Minimally complete associative Artinian rings. Sib. Elektron. Mat. Izv., 2017. Vol. 14.
P. 1238-1247. DOI: 10.17377/semi.2017.14.105 (in Russian)

Pavlova T.V. Corrigendum: Minimally complete associative Artinian rings. Sib. Elektron. Mat. Izv.,
2019. Vol. 16. P. 1913-1915. DOT: 10.33048/semi.2019.16.136 (in Russian)

Shevrin L.N., Martynov L. M. Attainable classes of algebras. Siberian Math. J., 1971. Vol. 12, No. 6.
P. 986—998.

Sevrin L. N., Martynov L. M. Attainability and solvability for classes of algebras. In: Semigroups. Vol. 39:
Coll. Math. Soc., J. Bolyai, G. Poliak, St. Schwarz, O. Steinfeld (eds.). Amsterdam, Oxford, New York,
1985. P. 397-459.

Wilson R.S. On structure of finite rings. II Pasific J. Math., 1974. Vol. 51, No. 1. P. 317-325.
DOI: 10.2140/pjm.1974.51.317


https://elib.omsu.ru/issues/124/5973.php
https://doi.org/10.17377/semi.2016.13.016
https://doi.org/10.24147/1812-3996.2021.26(2).12-22
https://doi.org/10.17377/semi.2017.14.105
https://doi.org/10.33048/semi.2019.16.136
https://doi.org/10.2140/pjm.1974.51.317

URAL MATHEMATICAL JOURNAL, Vol. 10, No. 1, 2024, pp. 99-111
DOI: 10.15826/umj.2024.1.009

STATISTICAL CONVERGENCE OF DOUBLE SEQUENCES
IN NEUTROSOPHIC 2-NORMED SPACES

Rahul Mondal

Department of Mathematics, Vivekananda Satavarshiki Mahavidyalaya,
Vidyasagar University,
Manikpara, Jhargram — 721513, West Bengal, India

imondalrahul@gmail.com

Nesar Hossain

Department of Mathematics, University of Burdwan,
Burdwan — 713104, West Bengal, India

nesarhossain24@gmail.com

Abstract: In this paper, we have studied the notion of statistical convergence for double sequences in
neutrosophic 2-normed spaces. Also, we have defined statistically Cauchy double sequences and statistically
completeness for double sequences and investigated some interesting results in connection with neutrosophic
2-normed space.

Keywords: Neutrosophic 2-normed space, Double natural density, Statistically double convergent sequence,
Statistically double Cauchy sequence.

1. Introduction

In 1951, Fast [12] and Steinhaus [29] independently extended the concept of usual convergence
of real sequences to statistical convergence of real sequences based on the natural density of a set.
Later on, this idea has been studied in different directions and various spaces by many authors
such as [8-10, 13, 14, 25, 26, 28, 31, 35], and many others.

After the introduction of the fuzzy set theory by Zadeh [37], there has been an extensive effort
to find applications and fuzzy analogs of the classical theories and it is being applied in various
branches of engineering and science [4, 15, 17, 19, 24]. Later on, the notion of the fuzzy set theory
was developed effectively and generalized into new notions as its extensions like intuitionistic fuzzy
set [1], interval-valued fuzzy set [36], interval-valued intuitionistic fuzzy set [2], and vague fuzzy
set [3]. As a generalization of a crisp set, fuzzy set, intuitionistic fuzzy set, and Pythagorean
fuzzy set, Smarandache [32] studied the concept of neutrosophic set. Later, Bera and Mahapatra
introduced the notion of neutrosophic soft linear space [5] and neutrosophic soft normed linear
space [6]. Recently, Kirigci and Simsek [21] defined neutrosophic normed space and, in this space,
many summability methods such as statistical convergence [21], statistical convergence of double
sequences [18], ideal convergence [22], lacunary statistical convergence [23], deferred statistical
convergence [11] etc.

Mursaleen and Edely [26] defined and studied statistical convergence and statistically Cauchy
double sequences in R. Sarabadan and Talebi [35] studied the notion of statistical convergence of
double sequences in 2-normed spaces. Granados and Dhital [18] discussed statistical convergence
and statistical Cauchy property for double sequences in neutrosophic normed spaces. Recently,
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Murtaza et al. [27] introduced neutrosophic 2-normed space and studied statistical convergence for
single sequences. In the present paper, we study statistical convergence and statistically Cauchy
double sequences in neutrosophic 2-normed spaces and prove some associated results in the line of
investigations of them with respect to neutrosophic 2-norm.

2. Preliminaries

Throughout the paper, N and R indicate the set of natural numbers and the set of reals,
respectively; |A| denotes the cardinality of the set A. First, we recall some basic definitions and
notations.

Definition 1 [26]. Let X C NxN be a two-dimensional set of positive integers, and let K(m,n)
be the number of (j,k) in X such that j < m and k < n. Then, the two-dimensional analog of
natural density can be defined as follows.

The lower asymptotic density of the set X C N x N is defined as

92(X) = lim inf M
- m,n mn
In case the sequence (X(m,n)/(mn)) has a limit in Pringsheim’s sense, we say that K has double
natural density defined as
tim X1 _ 5 ).
m,n mn
Ezample 1. [26] Let
K = {(i%,5°) : i,j € N}.
Then,
82(%K) = lim K(m,n) < i YV _ 0;
m,n mn m,n Mn

i.e., the set X has double natural density zero, while the set {(i,2j) : i, 7 € N} has double natural
density 1/2.

Note that, setting m = n, we obtain the two-dimensional natural density due to Christopher [7].

Definition 2 [26]. A real double sequence {lpmy} is said to be statistically convergent to a num-
ber & if the set
{(man)am S ’L',TL S.] : |lmn _£| Z 6}

has double natural density zero for all € > 0.

Definition 3 [16]. Let Z be a real vector space of dimension d, where 2 < d < co. A 2-norm
on Z is a function ||.,.|| : Z x Z — R which satisfies the following conditions:

(1) ||z, y|l = 0 if and only if x and y are linearly dependent in Z;
@) lfe.oll = Iy, 2]| for all = and y in 2

(3) ||ax,y|| = |a| ||z, y|| for all a in R and for all x and y in Z;
4) |z +y, 2| < |z 2| + |y, 2| for all x,y, and z in Z.

Ezample 2. [34] Let Z = R2. Define ||-,-|| on R? by ||z, y| = |z1y2 — 22y1], where x = (x1, x2)
and y = (y1,y2) € R%. Then, (Z,],-]|) is a 2-normed space.
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Definition 4 [35]. A double sequence {lmn} in a 2-normed space (Z, |.,.||) is called statistically
convergent to £ € Z if, for all € > 0 and all nonzero z € Z, the set

{(m,n) e NXN: [|lpn — &, 2]| > €}

has double natural density zero; i.e.,

11m—|{mn)m<2n<j lmn — & 2]l > €}| =0.
VAR
Definition 5 [35]. A double sequence {lpmn} in a 2-normed space (Z, ||.,.||) is called a statisti-

cally Cauchy double sequence if, for all € > 0 and all z € Z, there exist ng, mg € N such that, for
all m,p > ng and n,q > myg, the set

{(m,n),m <i,n < i |\lmn — lpg, 2|| > 5}
has double natural density zero.

Definition 6 [30]. A binary operation [ : [0,1] x [0,1] — [0,1] is called a continuous t-norm
if the following conditions hold:
(1) @ is associative and commutative;
(2) O is continuous;
(3) z1 ==z for all z € [0,1];
(4) 28y < zBw whenever x < z and y < w for all x,y,z,w € [0, 1].

Definition 7 [30]. A binary operation x : [0,1] x [0,1] — [0,1] is called a continuous t-conorm
if the following conditions are satisfied:

(1) = is associative and commutative;

(2) * is continuous;

(3) xx 0=z for all z € [0,1];

(4) zxy < zxw whenever x < z and y < w for all z,y,z,w € [0, 1].

Ezample 3. [20] Here are examples of t-norms:

(1) By = min{z,y};
(2) 0y ==.y;
(3) 20y =max{r +y — 1,0}. This t-norm is known as Lukasiewicz t-norm.

Ezxample 4. [20] Here are examples of ¢-conorms:

(1) zxy =max{x,y};
(2) zry=z+y—mzy;
(3) z*y =min{z +y,1}. This is known as the Lukasiewicz ¢t-conorm.

Lemma 1 [33]. If [ is a continuous t-norm, * is a continuous t-conorm, and r; € (0,1) for
1 <i <7, then the following statements hold:

(1) if r1 > 1o, then there are r3,r4 € (0,1) such that r1 rg > ro and r1 > 1o * ry;
(2) if rs € (0,1), then there are rg,r7 € (0,1) such that r¢ rg > r5 and r5 > r7 7.

Now we recall the notion of neutrosophic 2-normed space.
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Definition 8 [27]. Let Y be a vector space, and let
Ny ={< (e, [),O(e, [),0(e, f), ¥(e, ) >: (e, f) € Y x ¥}

be a 2-normed space such that
Ny :YxY xRt —[0,1].
Suppose that 1 and * are continuous t-norm and t-conorm, respectively. Then, the quadruple
Z = (Y,No, [, %) is called a neutrosophic 2-normed space (N2-NS) if the following conditions hold
foralle, f,g € Z, n, >0, and B # 0:
(1) 0<O(e, fsm) <1,0<d(e, f;m) <1, and 0 < (e, f;n) < 1 for every n > 0;

2) O(e, fim) + (e, f3m) + (e, f;m) < 3;

O(e, fsm) =1 iff e and f are linearly dependent;
©(Be, f;m) = O(e, f3;1/|8]) for all B # 0;

O(e, f;m) B O(e, g;:¢) < O(e, f +gin +();

O(e, f;+) : (0,00) — [0,1] is a continuous nonincreasing function;
limy, 00 O (e, f; 77) =1

O(e, f;n) = O(f, e;n);

Y, f;m) =0 iff e and f are linearly dependent;
ﬂgﬁe,f;n) = (e, fin/|B]) for all B # 0;
e

(e, fim) x 9(e, g;¢) = (e, f + gin + C);
de, f;+) : (0,00) — [0,1] is a continuous nonincreasing function;

hmn%oo 79(6, f; 77) = 0;
e, fim) = (S, en);
Y(e, fsm) =0 iff e and f are linearly dependent;

Y(Be, fin) = (e, fin/|Bl) for each B # 0;
Yle, f3m) * (e, g;¢) = Yle, f +g;n+();

Y(e, f;+) : (0,00) — [0,1] is a continuous nonincreasing function;
hmn—)oo 1/}(67 f; 77) = O;

Ple, fim) = ([, esn);

) Ifn <0, (e, fin) =0, e, fsn) =1, and ¢(e, f;n) = 1.

In this case, Ny = (0,9,) is called neutrosophic 2-norm on Y.

Definition 9 [27]. Let {l,,}nen be a sequence in an N2-NS Z = (Y, Ny, [, *). Choose ¢ € (0,1)
and n > 0. Then, {l,}nen is called convergent if there exist ng € N and lyg € Y such that

®(ln - lO’ Z5 77) >1- €, ﬂ(ln - lOa Zﬂ?) <¢g, ¢(ln - lOa Zﬂ?) <e
for allm >ng and z € Z; i.e.,
nlLHgO O(l, —lo,z3m) =1, T}Lngo Il — lo,z5m) =0, nlLHgO U(l, —lo,z;m) = 0.

In this case, we write
Ny — lim I, =1ly or Iy 221
n—oo

and ly is called an No-limit of {1, }nen.

Definition 10 [27]. Let {lx}ren be a sequence in an N2-NS Z = (Y,Nq, [, x). Choose ¢ € (0,1)
and n > 0. Then, {lx}ren is called statistically convergent to & if the natural density of the set

Ale,n) ={k<n:O0(x—&2zn) <1—cord(py —&zn) >e and Yl — & 2;m) > €}

is zero for all z € Z, i.e., 6(A(e,n)) = 0.
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Definition 11 [27]. Let {l,}nen be a sequence in an N2-NS Z = (Y,Na,[,%). Choose € €
(0,1) and n > 0. Then, {l,}nen is called a Cauchy sequence if there exists my € N such that

®(ln_lmaz;"7) >1-—g¢, ﬂ(ln_lmaz;"?) <g, ¢(ln_lmaz;77) <e

for alln,m > mg and z € Z.

Definition 12 [27]. Let {l;}ren be a sequence in an N2-NSZ = (Y,No, [, %), e > 0, andn > 0.
Then, {li}ken is called a statistical Cauchy sequence if there exists ng € N such that

1
lim—|{k <n: Ol —lng,2;m) <1 —¢ or Wl — lng, 2;m) > € and (I — lng, 2;7) >6H—O
non
for every z € Z or, equivalently, the natural density of the set
Ale,n) ={k <n:0(l —lny, z:m) <1 —¢€ or Il —lny,2;m) > € and Yl — lny, 23m) > €}

is zero; i.e., 0(A(e,n)) = 0.
3. Main results

Throughout this section, Z and d2(A) stand for neutrosophic 2-normed space and double natural
density of the set A respectively unless otherwise stated. First, We define the following:

Definition 13. A double sequence {l,yn} in an N2-NS Z is said to be convergent to & € Z with
respect to Ny if, for all o € (0,1) and u > 0, there exists ng € N such that

O(mn — & z5u) >1—0, Hlpn —& z3u) <o, Yl —& 2zu) <o
for all m,n > ngy and nonzero z € Z; i.e.,

lim Oy, — &, z;u) =1, lim I(lpn — &, 2z;u) =0, lm (I — &, 2z;u) = 0.

m,n—o0 m,n— 00 m,n— 00

In this case, we write
No— lim Iy =& or ln, —E&.

m,n—00

Definition 14. A double sequence {lyn} in an N2-NS Z is said to be statistically convergent
to & € Z with respect to Ny if, for all o € (0,1), u > 0, and nonzero z € Z,

62({(m,n) e NxN: @(lmn_ga = u) <l-0cor ﬂ(lmn_gaZ;u) > o and ¢(lmn_£, = u) > 0'}) =

or, equivalently,

hmg‘{m<zn<3 O(lmn—E,z;u) < 1—0 or Wlpmn—E&, z;u) > o and Y(lypn—E, z; 1) >a}|—0
7-7

In this case, we write
sto (NQ)

stoNo) — lim Ly =& or lpy —— &

m,n—00

and £ is called an sta(Na)-limit of {ln}.

Lemma 2. Let {ln} be a double sequence in an N2-NS Z. Then, for all o € (0,1), u > 0,
and nonzero z € Z, the following statements are equivalent:



104 Rahul Mondal and Nesar Hossain

(1) 5t2(N2) - hmm n—00 lmn = 57

(2) d2({(m,n) e Nx N: O(ln—E,2z;u) < 1—0}) = d2({(m,n) € NX N : ¥(lpn—E, z;u)>0}) =
52({(m,n)€NXNZ¢( mn g,z U)ZU}):

(3) 62({(m,n) e NxN: O, —& 2z;3u) > 1— ,0lmn—§,z;u)<a, V(b — &, z3u) < o}) =1,

(4) 52({(m,n) e NxN: @( mn—&,z;u)>1—0}) = d2({(m,n) € Nx N: d(ln,—§, zu) < o}) =

do({(m,n) e NX N: (I — & 2;u) < 0}) =

(5) sta(N2) — limp, 00 O(lmn — &, 23u) = 1, stg(Ng) — limy, oo V(lmn — &, 2;u) = 0, and

5t2(N2) - hmm,n%oo ¢(lmn - 5, 2 u) =0.

Theorem 1. Let {l,,,} be a double sequence in an N2-NS Z. If

Nop — lim Ly, =€,

m,n— 00
then
5t2(N2) — lim lmn = 5
m,n—00
Proof. Let

Ny — lim  lpp = €.

m,n—00

Then, for all o € (0,1) and u > 0, there exists ng € N such that
O(lyn — &, z5u) > 1—0, Hipn — & 2z3u) <o, and Y(lpn —§,2z5u) <o
for all m,n > ng and nonzero z € Z. So, the set
{(m,n) e NXN:O(lyy — & 25u) <1 =0 0or Vlmn — & z3u) > 0 and Y(lpn — &, 25u) > 0}
has at most finitely many terms. Since double natural density of a finite set is zero,
62 ({(m,n) e Nx N: O(lyp—&, 23u) < 1—0 or H(lyp—E, 2z3u) > 0 and Y(lpp—E, z3u) > 0}) =
Therefore,

StQ(NQ) — lim lmn = §

m,n—00

This completes the proof. O

But in the general case, the converse to Theorem 1 does not have to be true, as shown in the
following example.

Example 5. Let Y = R? with ||z,y|| = |z1y2 — 22y1|, where © = (z1,22),y = (y1,32) € R%
Define a continuous t-norm [ and a continuous ¢-conorm * as a [1b = ab and a xb = min{a + b, 1}
for a,b € [0,1], respectively. Take o € (0,1), z,y € Y, and u > 0 such that u > ||z, y||. Consider

u syl .yl
Oz, y;u) = ——— Iz, yu) = ) = .
(@, y;u) e L (@, y;u) e Y(x, y;u) "

Then, Ny = (©,1,) is a neutrosophic 2-norm on Y and the quadruple Z = (Y, Ny, [, x) becomes
a neutrosophic 2-normed space. Define a double sequence {l,,,} € Z by

T (mn,0), m=s2 n=t> stcN;
" (0,0), otherwise.
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Then, for nonzero z € Z, we have

Ksi(o,u) = {m <s,n <t:O(lnn,zu) <1 =0 or Wi, z;u) > o and (L, 2;u) > a}
l l
is,ngt:#Sl—aorMZUandMZU}
U+ [[lmn, 2| U+ [[lmn, 2 u

:{mgs,n§t2||mnaz||>1

o
or |[lmn, 2| > ua}
o

={m<s,n<t:lp, =(mn,0)}
={m<sn<tim=s* n=t steN}

and

1 1 t
—|Kst(o,u)| < —ngs,ngt:m:sz, n =t s,t eN}| < VsV 8,1 — o0;
st 7 st st

ie.,

StQ(NQ) —  lim lmn =0.

m,n—00

But {l;u,} is not convergent with respect to No.

Theorem 2. Let {l,,,} be a double sequence in an N2-NS Z. If {l,nn} is statistically convergent
with respect to No, then an sta(Na)-limit of {l;n} is unique.

P roof. Suppose that

StQ(NQ) — lim lmn = 51, StQ(NQ) — lim lmn = 52,

m,n—00 m,n—00
where &; # &5. Given o € (0, 1), choose A € (0,1) such that

1-XMNEA-A)>1-0, AxA<o.
Now, for all v > 0 and z € Z, we define the sets

A@l()\,u):{( m,n) € NXN: Oy, — &1, 2; u/2)<1—)\},

Aez(N,u) = {(m,n) € Nx N: O(lmn — &2, 2;u/2) < 1— A},
Agi(\u) = {(m,n) e Nx N: ﬁ(mn &1,2;5u/2) > A},
Aga(Mu) = {(m,n) € N X N: O(lpn — €9, 2;u/2) > A},
Apt (A u) = {(m,n) € N X N: ¢o(lyn — &1, 2u/2) > A},
Apr (A u) = {(m,n) € N X N : ¢h(lnp — &2, 2;u/2) > A}

Since
Stz(Nz) — hm lmn = 51, Stz(Nz) — hm lmn = 52,

m,n—00 m,n—00

using Lemma 2, we get

52(A@1()\,u)) = 52(%[191()\,11)) = 52(A¢1(A,u)) =0

and

(52(/[@2()\, u)) = 52(Ag2(A, u)) = 52(‘/41/,2()\, u)) = 0.
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Now, let
Ae9,p(Au) = [Ae1(A, u) UAea (A u)] N [Agt (A, u) UAga (X w)] N [Aypi (A, w) U Ay (A, u)].

Then, clearly, d2(Aev,p(A,u)) = 0 e, d2(AG » (A, u)) = 1.
Let (p,q) € AG y,,(A, u). Then, the following three cases are possible.

Case i. If (p,q) € Ag (A, u) N AG, (A, u), then
O(& — &, z3u) > O(lpg — &1, 2u/2) HO(lpg — &2, 23u/2) > (1 —N)EH(1—-X) >1—o0.
Since o € (0,1) is arbitrary, we have O(§; — &2, z;u) = 1, which yields & = &.
Case . If (p,q) € AG (A, u) NAG, (A, u), then
D€ — €, 53) < Wlpg — 1,7 0/2) 5 DIy — €3, 5:0/2) < A<\ < o

Since o € (0,1) is arbitrary, we have ¥(&§; — &2, 2z;u) = 0, which yields & = &s.
Case tii. If (p,q) € Afpl()\,u) N Asz()\,u), then, similarly to Case ii, we get & = &s.
Hence, an sto(Ng)-limit of {l,,,} is unique. This completes the proof. O

Theorem 3. Let Y be a real vector space, and let {lyn} and {wpy} be two double sequences
in an N2-NS Z. Then, the following statements hold:

(1) if sta(N2) — limy, o0 limn = &1 and sta(Na) — limy, 500 Winn, = &2, then

5t2(N2) — lim lmn + Wy, = 51 + 52;

m,n—o0
(2) if sta(N2) — limy, pn—yo0 lmn = &1 and ¢ # 0, then sta(N2) — limyy, p—yo0 Climn = ¢&1.

Proof Itiseasy. So, we omit the details. O

Theorem 4. Let {l,,n,} be a double sequence in an N2-NS Z. Then,

StQ(NQ) — lim lmn = 5

m,n—o0
if and only if there exists a subset

K={mi<ma<---<mp<---in<ng<---<nmg<---}CNxN
such that 02(X) =1 and Ny — limy g—o0 lnyn, = &-

Proof First, suppose that sta(Na) — limy, p—soo lmn = . Now, for all w > 0, k € N, and
nonzero z € Z, define

1 1 1
A, (k, u) = {(m,n)ENXN:@(lmn—g,z;u)>1—g, Wlmn =€, 230) <7 w(zmn—g,z;u)ﬁ}, (3.1)

and

J

wIH

B, (k,u) = {(m,n)eNxN :O(ln—E, z3u) < 1—% or V(lpmn—E&, z;u)> % and Yy, — &, z;u)>
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Then, clearly, Ay, (k + 1,u) C A, (k,u) and, by our assumption, we have d2(By, (k,u)) = 0.
Also, from (3.1), we get d2(An, (k,u)) = 1. Now, let us show that, for (m,n) € Ay, (k,u),

Ny — lim  lypp = €.

m,n— 00

Suppose that {lmn}(m,n)e Ax, (ku) 18 1Ot convergent with respect to Nz. Then, for some o € 0,1),
we have

@(lmn —5a2§u) <1l-o, ﬁ(lmn _5a2§u) >0, T;Z)(lmn -&,z u) >0

except for at most finite number of terms (m,n) € Ay, (k,u) and nonzero z € Z.
Define

C, (o, u) = {(m,n)eNxN :O(lnn—&, z;u) > 1—0 and I(lpn—E&, z3u) < 0, Y(lpn—E, z;3u) < a},

where o > 1/k. Clearly, d2(Cn,(o,u)) = 0. Since o > 1/k, we have Ay, (k,u) C Cx,(o,u) and,
hence, d2(An, (k,u)) = 0, which contradicts d2(An, (k,u)) = 1. Therefore, for (m,n) € A, (k, u),
we have

Ny — lim Ly, = £.

m,n—o00
Conversely, suppose that there exists a subset

K={mi<mag<---<mp<---ing<ng<---<ng<---}CNxN

such that
02(X) =1, Ny — lim lnpng = §-

P,q—0

Then, for all ¢ € (0,1) and u > 0, there exists pyp € N such that
O(lmpn, =& 23u) > 1 =0, Wlmyn, =& z5u) <0, Y(lmyn, — & 25u) <o
for all p,q > pg and nonzero z € Z. Therefore,

{(m,n) e NxN:O(lmn — & 25u) <1 =0 0r lmn — & 2;5u) > 0 and ¢Y(lmn — &, 25u) > 0}

C N x N\ {mp0+1 < Mp+25 -+ -5 Mpg+1 < Npg+25 - - }
Hence,
82 ({(m,n)eENXN : O(lpn—E, z;u) < 1—0 or V(lmn—E, z;u) > 0 and Y(lmn—E&, 2;u) > 0}) = 0;

ie., sta(N2) — limy, 100 lin = €. O

Definition 15. Let {l;,,} be a double sequence in an N2-NS Z, o € (0,1), and let u > 0. Then,
{lmn} is called statistically Cauchy with respect to Ny if there exist mo = mo(o) and ng = no(o) € N
such that

52({(m,n) € NXN:O(lmn — lmgnes 2;u) <1 —0 or V(lmn — lmgng, 2;4) > 0
and Q;Z)(lmn - lmOnoyz; u) > U}) =0

for nonzero z € Z.
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Theorem 5. Let {l,,,} be a double sequence in an N2-NS Z. If

StQ(NQ) — lim lmn = 5,

m,n—00

then {lyn} is statistically Cauchy with respect to Na.

Proof. Let
StQ(NQ) — lim lmn = f

m,n— 00
and o € (0,1) be given. Choose A € (0, 1) such that
1-XMNEA-A)>1-0, AxA<o.
Then, for A € (0,1), u > 0, and nonzero z € Z, we have da(Ax, (A, u)) = 0, where

Ay (A, u) = {(m,n) €N XN: O(lpn — & 2;u/2) <1 —Xor V(lmn — & 2;u/2) > A
and Y(lypn — &, z;u/2) > )\}.

Then, d3(N x N\ Ay, (A, u)) = 1. Let (mq,no) € A, (0,u). So,
O(lmong — & z3u/2) > 1= N, Hlmgng — &, 23u/2) < X and Y(lngne — &, 2;u/2) < A.
Now, we define

B, (0,u) = {(m,n) € Nx N: O(lnn — lmgng, 2;1) <1 —0 0r Ilmn — bngngs 234) > 0
and Y (lmn — lngng, 23 0) > a}

for every nonzero z € Z. Let us show that By, (o, u) C An, (A, u). Let (p,q) € By, (0, u). Then, we
get
O(lpg — lmong» z31) < 1 — 0, Ylpg — lmgng, z;1) > 0 and Y (lpg — lingng, 2; ) > 0.

Case i. Consider O(lpg — lmgng, 2;u) < 1 — 0. Let us show that
O(lpg — & z3u/2) <1— A

Suppose that
O(lpg — & z3u/2) > 1 — A

Then, we have
1—02>0(lpg — lmgng, z51) > O(lpg—E, 2;u/2) H O(lmgne—E,2;u/2) > (1 —-XNE (1 —-X) >1-o0,

which is impossible. Therefore,

O(lpg — & zu/2) <1 = A
Case ti. Consider ¥(lpg — lmgng, 2;u) > 0. Let us show that
W(lpg — & z5u/2) > A

Suppose that
U(lpg — & 23u/2) <A

Then, we have

o< 19(lpq - lmonmz; u) < 19(lpq - £’Z;u/2) o ﬁ(lmono - gvz;u/Q) <A*A<L g,
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which is impossible. Therefore, we have
W(lpg — & 2z5u/2) > A
Case iti. If we consider ¥(lpq — lmgng, 2;4) > o, then, similarly to Case ii, we can show that
Y(lpg — & z3u/2) > A

Therefore, (p,q) € A, (A, u). Hence, By, (0, u) C An, (A, u). Since d2(An, (A, u)) = 0, we have
92(B, (o,u)) = 0. So, {lmn} is statistically Cauchy with respect to Na. O

Theorem 6. Let {l,,,} be a double sequence in an N2-NS Z. If {ln} is statistically Cauchy
with respect to Ny, then it is statistically convergent with respect to Na.

Proof. Suppose that {l,,,} is statistically Cauchy with respect to Ny but not statistically
convergent to any § € Z with respect to Ny. Then, for o € (0,1), u > 0, and nonzero z € Z, there
exist mo = mo(o) and ng = ng(c) € N such that Jo(X) = 0, where

K = {(m,n) € NXN: O(lmn — lmgnes 2;u) <1 —0 or V(lmn — lmgng, 2;4) > 0
and T;Z)(lmn - lmonoaz;u) Z U};
and 62(M) = 0, where
M={(m,n) e NXN:O(lpn —&2zu/2) >1—0 or Ilmn — & 25u/2) <o
and Y (lmn — &, 2;u/2) < o}

Since
@(lmn - lmonoa Z;u) > 2®(lmn - 5, <3 u/2) >1l-0

and

'ﬂ(lmn - lmonoa Z;u) < 219(lmn -, Z;U/Q) <o,

T,Z)(lmn - lmonoa Z;u) < 27;Z)(lmn -&, 2 u/2) <o,
if 1

u — 0
@(lmn 6,27 5) > 9
and
u (o2 (2

ﬁ(lmn—f,z,§) < 5’ w(lmn_g,zau) < 5’

we have

62({(m,n) ENXN:O(lyn — lngng, z;u) >1—0
and Y(lmn — lingng, 25%) < 0, V(lmn — lngng, 23 8) < J}) = 0.

This gives d2(K¢) = 0 and so 62(K) = 1, a contradiction. Therefore, {l,n,} is statistically
convergent to some &. O

Definition 16. An N2-NS Z is called statistically complete with respect to Ny if every statis-
tically Cauchy sequence is statistically convergent with respect to No.

Remark 1. In the light of Theorems 5 and 6, we see that every N2-NS is statistically complete
for double sequences.
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Conclusion and future developments

In this paper, we have dealt with statistical convergent double sequences in an N2-NS and have
shown that every N2-NS is statistically complete. Later on, these results may be the opening of new
tools to generalize this notion in various directions such as Jo-statistical and Jo-lacunary statistical
convergence with respect to Ny. Also, this idea can be used in convergence-related problems in
many branches of science and engineering.
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Abstract: In finite-dimensional Euclidean space, we study the problem of a simple pursuit of two evaders by
a group of pursuers in a given time scale. It is assumed that the evaders use the same control and do not move
out of a convex polyhedral set. The pursuers use counterstrategies based on information on the initial positions
and on the prehistory of the control of evaders. The set of admissible controls of each of the participants is a
sphere of unit radius with its center at the origin, and the goal sets are the origin. The goal of the group of
pursuers is the capture of at least one evader by two pursuers. In terms of the initial positions and parameters
of the game, a sufficient condition for capture is obtained. The study is based on the method of resolving
functions, which makes it possible to obtain sufficient conditions for solvability of the pursuit problem in some
guaranteed time.

Keywords: Differential game, Group pursuit, Evader, Pursuer, Time scale.

1. Introduction

The modern theory of differential pursuit-evasion games involves the development of methods
for solving problems of conflict interaction of groups of pursuers and evaders [3, 6, 7, 10]. In
particular, it is concerned with searching for new classes of problems which can be analyzed using
the previously developed methods, for example, the method of resolving functions. It was pointed
out in [1, 9] that some results obtained separately for the theories of differential and difference
equations may be considered from a unified point of view if one admits the possibility of specifying
dynamical systems on arbitrary closed subsets R! called time scales. Time scales find applications
in constructing various mathematical models [2, 4]. A nonantagonistic game of N persons in a time
scale was considered in [11]. Sufficient conditions for the capture of one evader in the problem of
a simple group pursuit in a given time scale were obtained in [15].

Ref. [14] addressed the problem of a simple pursuit of a group of rigidly coordinated evaders
by a group of pursuers in a given time scale, where sufficient conditions for the capture of at least
one evader were obtained. The problem of a multiple capture of a given number of evaders in time
scales, under the condition that the evaders use programmed strategies, each pursuer catches no
more than one evader and the motions of the players are simple was treated in [13].

Ref. [17] dealt with the problem of a simple pursuit of rigidly coordinated evaders in a given
time scale, under the condition that the evaders do not move out of a convex polyhedral set. The
goal of the pursuers was either the capture of one evader by two pursuers or the capture of two
evaders. Sufficient conditions for capture were obtained.

In this paper we consider, in a given time scale, the problem of a simple pursuit of two evaders
by a group of pursuers who use the same control, under the condition that the evaders do not move

!This work was supported by the Ministry of Science and Higher Education of the Russian Federation in
the framework of state assignment, project FEWS-2024-0009.
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out of a convex polyhedral set. The goal of the pursuers is the capture of at least one evader by
two different pursuers. Sufficient conditions for capture are obtained.

2. Auxiliary definitions and facts

In this section we will outline the basic facts from time scale theory. All results presented below
can be found, for example, in [5, §].

Definition 1. A nonempty closed subset T C R such that supt = +oo is called a time scale.
teT

Definition 2. Let T be a time scale. A function o : T — R of the form
o(t)=inf{seT|s>t}
is called a translation function.

Definition 3. A function f : T — R! is called A-differentiable at point t € T if there exists
a number v € RY such that for any € > 0 there exists a neighborhood W of point t such that the
nequality

[f(o(t)) = f(s) =~(o(t) — )| <elo(t) — 5]
holds for all s € TNW.

In this case, the number v is called the A-derivative of the function f at point ¢. The A-
derivative of the function f at point ¢ will be denoted by f2(t) = 7.

Definition 4. A function f: T — R™, f(t) = (f1(t),..., fu(t)) is called A-differentiable at
point t € T if all functions f1,..., fn are A-differentiable at point t.

Let T be a time scale, £ C T. Denote
R(E)={te E|o(t) >t}.
Then the set R(E) is no more than countable.

Definition 5. The set E C T is called A-measurable if the set
E=EU |J to@)
teR(E)
is measurable in the sense of Lebesgue.

Definition 6. A function f : T — R! is called A-measurable on a A-measurable set E if a
function f of the form

- f(t), teE,
{ f(ti), t e (ti,d(ti)), t; € R(E)

is measurable on the set E.

Definition 7. A function f: E — RY, E C T is called A-integrable on a A-measurable set E
if the function f is integrable in the sense of Lebesque on the set E. If f is A-integrable on the
set E, then we define [, f(s)As, assuming

/E f(s)As = /E fdu,

where u is the Lebesgue measure.
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3. Formulation of the problem

Let a time scale T, tg € T be given.
In the space R¥(k > 2) we consider the differential game I'(n,2) of n + 2 persons: n pursuers

Py, ..., P, and two evaders E1, Fo with laws of motion of the form
=i, wito) =2V, w €V, (3.1)
yi=v, yilto) =y, veV. (3.2)

Here i, yj, 20,43, ui, v € RF iel={l....n},jeJ={1,2},V={veRF||v| <1} We
assume that x? # y? for all i € I,5 € J. Additionally, we assume that in the process of the game
evaders E7 and Es do not move out of a convex set D with a nonempty interior of the form

D:{yERkal,y)gm, lzl,...,T’},

where pq, ..., p, are unit vectors R¥, pq, ..., pu, are real numbers, and (a,b) is a scalar product. We
also assume that D = R* with r = 0.

Introduce new variables z;; = x; — y;. Then instead of the systems (3.1) and (3.2) we obtain
the system

zii =ui — v,  2j(to) = z?j =2 — y?, u;, v € V. (3.3)
We will say the A-measurable function v : T — R* is A-admissible if v(t) € V, y;(t) € D for all
t € T,j € J. Here y;(t) is a solution to the Cauchy problem (3.2) with a given function v(-).
We will say that the prehistory v.(-) of the function v at time ¢t € T is a restriction of the
function v to [to,t) N T. Let
zoz{z%|i61, jeJ}

denote the vector of initial positions.
The actions of the evaders can be interpreted as follows: there is a center which for all evaders
E, and E; chooses the same control v(t).

Definition 8. We will say that a quasi-strategy U; of pursuer P; is given if a map U is defined
which associates the A-measurable function u;(t) = U;(2°,t,v;(-)) with values in V to the initial
positions 29, time t € T and an arbitrary prehistory of the control v(-) of evaders Ey and Es.

Definition 9. A two-fold capture occurs in the game T'(n,2) if there exist time Ty = T(2Y)
and quasi-strategies Uy, . .. Uy, of pursuers Pi,..., P, such that, for any measurable function v(-),

v(t) e V, y(t) € D, t € [tg,To) T, there are numbers l,m € I, (m # 1), j € {1,2} and times
T1, T2 € [to,To] N'T such that z;(T1) = 0, zm;(T2) = 0.

4. Sufficient conditions for capture

Definition 10 [12]. The vectors a1, as, ..., any, form a positive basis in RF if for any x € R*
there exist nonnegative real numbers oy, as, ...,y such that

T =aia1 + aa9 + ...+ apam.

Let Int X, co X denote, respectively, the interior and the convex hull of the set X C R¥.
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Theorem 1 [12]. The vectors ay,as, ..., an form a positive basis in R if and only if

0 € Intco{ay,...,amn}.

Lemma 1. Let m >3, a1,...,am, b1,b2, p1,...,pr € RF be such that
1) for each g€ Jop={1,...,m —2}

0e Intco{ai —by,a; —be,i € Jo\ {q},p1,- .. ,pr}7
2) am—1 —be =t1(b1 — b2), apm — by = ta(by — ba) for some t; <0, ty < 0.
Then for each l € J ={1,...,m} the following inclusion holds:
OEIntco{ai—bg,iEJ\{l},pl,...,pr}. (4.1)
Proof. If m=3, then it follows from condition 1) of the lemma that

0 € Intco{p1,...,pr}.

Therefore, the condition (4.1) is satisfied automatically.
Let m > 4. Assume that there exists ¢ € J for which

0 ¢ Intco{a; — ba,i € J\ {q},p1,....pr}.
Then, by the separability theorem, there exists a unit vector € R* such that
(a; —by,z) <0 forall ieJ\{q}, (pj,r) <0, forall j=1,... (4.2)
It follows from condition 2) of the lemma that (b — by, ) > 0. Then
(a; —b1,x) = (a; — ba,x) + (b — by, z) <0 forall e J\{q}. (4.3)

Inequalities (4.2) and (4.3) contradict condition 1) of the lemma. This proves the lemma. O

Let us introduce the following notation:
AMh,v) =sup{A=0] —Ah eV —v},

t
K(t): As, Q(J):{(ihh)‘il,igej, 2‘17&2‘2},

to

where J is a finite set of natural numbers.

Lemma 2. Let m >4, ay,...,am_2, ¢, p1 € RF be such that for each ¢ € Jy = {1,...,m — 2}
the wvectors {a;,i € Jo \ {q},c,p1} form a positive basis R*. Then for any by,by € R there exists
po > 0 such that for all p > pg the following inequality holds:

6 = i i )\ ) ) ) >07
(p) {)Iél‘r/lmax{/\gl%%ij)lgélj{l (w;i,v), (p1 U)}

where J = {1,...,m}, Q°(J) = Q(Jo) U {(m —1,m)},

Qg Z'GJO’
w; =< bi+pc, i=m-—1,
by + pc, ©=m.
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P roof. Assume that the statement of the lemma is false. Then there exist by, by € RF such
that for any py > 0 there is p > pg for which d(p) = 0. It follows from the definition of d(p) that
there exists v, € V such that (p1,v,) <0 and for all A € Q0(J)

min A(w;,v,) =0, with [v,]| = 1.
(SN

From the last condition it follows that there exist J(p) C Jo, |J(p)] = m—3 and j(p) € {m —1,m}

such that A(w;,v,) =0 for all i € J(p) U {j(p)}.
Let pg = 1. Then there are p; > po, v1 € V, J(p1) for which

(p1,v1) <0, (wi,v1) <0 forall i€ J(p1)U{j(p1)}, and |uvi| =1.
For pg = p1 + 1 there are pa > pg, va € V, J(p2) for which

(p1,v2) <0, (w;,vy) <0 forall i€ J(p2)U{j(p2)}, and |uvef =1.
Continuing this process further, we find that there exist sequences {ps}32,,

lim pg = 400,
S§——+00

{vsh, {J(ps)}, {ii(ps)} for which
(p1,vs) <0, (w;,vs) <0 forall i€ J(ps)U{jlps)}, and |vs| =1.
Consequently, there exists a subsequence {ps, }, | liin ps; = 00 for which there are a subsequence
1—+00

{vs,}, aset JO, JO C Jy, |J°| = m —3, and an index j € {m — 1, m} such that for all j the following
inequalities hold:

(P1,vs;) <0, (wi,v5;) <0 forall i€ JOU{j}, and v, || = 1.

From the sequence {vs;} one can single out a subsequence {7;} converging to vg, with [lvg|| = 1.
Therefore, we have

w~
(p1, o) <0, (w;,7) <0 forall ieJ? (—j + Cﬂl)é 0.
Pl

Passing in the last inequalities to the limit as [ — +o00, we obtain
(p1,v0) <0, (w;,v9) <0 forall ieJ° (c,v9)<O.

Therefore, by virtue of Theorem 1 the set of vectors {w;,i € J, ¢,p;} does not form the positive
basis R¥, which contradicts the condition of the lemma. This proves the lemma. O

Lemma 3. Let aq,...,amn,p1 € R be such that

0 = mi in \(a;,v), , >0
migmax{ max min A(a;, v), (p1,v)} > 0

where Jo = {1,...,m — 2}, Q°(J) = Q(Jo) U {m — 1,m}.
Then there exists Ty > to, To € T such that for any admissible control v(-) of evaders there is
A = (o, B) € Q°(J) such that

TO TO

/A(aa,v(s))As >1, /)\(ag,v(s))As > 1.

to to
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Proof. Letv(-) be an admissible control of evaders. From [5] it follows that the functions
A(aj,v(t)) are A-measurable and A-integrable. For each ¢ € T we define the sets

Tyt) = {t € T| (pr,0(t)) > 6}, Tu(t) = {t € T | (o1, (t)) < 3).

Since (y;(t),p1) < w1 for all t € T, j = 1,2, the following inequality holds:

t
/(pl,v(s))As < po = min{pus — (p1,yY), 1 — (p1,99)}-
to

Therefore,

t

u0>/(p1,v(s))As>5 As — / As, K(t)= As + / As.
) )

to Ti(t T>(t) Ti(t T>(t)

The last two relations imply the validity of the inequality

/ As > %Jr;’“‘o. (4.4)
T>(t)
Next, we have
t t
Aé?)%}((J) r]%i/r\l/)\(aj,v(s))As > Aé?)%}((J) r]%i/r\l)\(aj,v(s))As. (4.5)
to to

For any nonnegative numbers y5 (A € Q°(J)) we have

1 -2 -3
max YA = — Z Yy,  where N0:1—|—(m )2(m )

AeQO(J) 0 ACSO())

Therefore,

t t

1

max [ minA(aj,v(s))As > —/ g min A(a;,v(s))As
0 iEA N

AeQ (J)to JE Oto NSO ()
t

1 : 1 .
> Ny [ L, minAC ve)As > [ e minAas, o(s)As
fo Ta(t)

WV
|

Hence, from (4.4) and (4.5) we obtain

t
5 5 SK(t) — po

i Aa; As> — As> —

to T>(t)

Since

lim  K(t) = 400,
tET,t—+00
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it follows from the last inequality that there exists Ty € T for which the following inequality holds:

To

Ag{lz%)((‘]) E%ijr\l/)\(aj,v(s))As >1,
to

which implies the validity of the statement of the lemma. This proves the lemma. O

Lemma 4 [17]. Let ay,...,am,p1 € R* be such that for each ¢ € J = {1,...,m} the vectors
{a;,i € J\ {q},p1} form a positive basis R¥. Then

0 = min maxJ max min A(a 1 > 0.
VeV {AGQ(J) i€A (ai, ), (p1,0)}

Lemma 5 [17]. Let a1,...am,p1 € RF be such that for each ¢ € J = {1,...,m} the vectors
{a;,i € J\ {q},p1} form a positive basis R¥. Then there exists Ty > to, Ty € T such that for any
admissible control v(-) of evaders there is A = («, B) € Q(J),

TO TO
/)\(aa,v(s))As >1, /)\(ag,v(s))As > 1.
to to

Theorem 2. Let r = 1 and suppose that there exists j € {1,2} such that for any q € I

0e Intco{z%,i erl\ {q},Pl}-

Then a two-fold capture occurs in the game I'(n,2).

P roof By virtue of Lemma 5

70 _mm{t eT |t >t0,1nf max mln/)\ ZijsV
) A€Q(J) €A

\
[a—
—

is finite. Let v(-) be an admissible control of evaders. Define the functions
t
hi(t) =1 —/ )\(z?j,v(s))As.
to

Let pursuer P; construct a control as follows. If the inequality h;(t) > 0 is satisfied at time ¢ € T,
then we assume

If 7 € T is the first time instant for which h;(7) = 0, we assume that \(z} zi3,v(t)) =0 for all t > 7
Let 7 € T be the first time instant for which h;(7) < 0, and let the inequality h;(t) > 0 be
satisfied for all t € T, ¢t < 7. Define the number

7 =sup{t € T | h;(t) > 0}.
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Then (77,7) N T = (. Indeed, if there existed a time instant ¢ € (7;*,7) N'T, then the inequality
hi(t) > 0 would be satisfied, which is impossible by virtue of the definition of the number 7. In
this case, we assume
hi(T hi(t
ui (1) = v(1) = N (22, 0(7))2Y:,  where )\*(z?j,v(T)) = i(77) = i(77)

K EN o(tf)—1F T—71F

We note that in this case A*(2;, v(7)) < A(z]j,v(7)) and therefore u;(7) € V. Then

T T T hi(TF
1- /t )\(z?j,v(s))As — /* )\*(z?j,v(s))As = hi(7]) — / (7; 2As = 0.

0 T T

Then from the definition of the controls of the pursuers and the system (3.3) it follows that for
all t € [to, T N'T the equalities z;;(t) = z?jhi(t),i € I, hold.

From Lemma 5 and the definition of the controls of the pursuers it follows that there exist
numbers [,m € I such that h(T°) = 0, h,,,(T°) = 0. This implies that pursuers P; and P, perform
a capture of evader Fj. Consequently, a two-fold capture occurs in the game I'(n,2). This proves
the theorem. 0

Theorem 3. Let r = 1 and suppose that there exists a set Iy C I, |Io| = n — 2 such that for
alll € I

0 € Intco {zl(-]l, zh,i € Io\ {I}, 1 }- (4.6)
Then a two-fold capture occurs in the game I'(n,2).

Proof. By virtue of Theorem 1, it follows from condition (4.6) that for all [ € Iy the set
{29, 2%,i € Iy \ {I},p1} forms a positive basis R¥. Denote ¢ = y{ — 3J. Since

Gp=a —yh=x) — i +e=z +o
for all I € Iy the positive basis R¥ forms a set {2%,i € Ip \ {l},¢,p1}-
We assume that Iy = {1,...,n —2}. It follows from Lemma 2 that there exists a number p > 0
such that for all I € I the vectors {w?,i € I'\ {I},p1} form a positive basis R*, where

O . .
21 if 7€ Iy,
0 e
wy =420 o+pe, if i=n-1,
2%, + pe, it i=n.

Hence, by virtue of Theorem 1, we find that for all [ € I
0 € Intco {w?, ieI\{l},p1}.

It follows from Lemmas 2 and 3 that the number

t
Ty = min{t |t >to,t €T, inf max min/ )\(w?,v(s))As > 1}
v(-) AeQO(I) JEA Jy,

is finite. Let v(-) be an admissible control of the evaders. Define the functions

hi(t) =1— )\(w?,v(s))As.

to
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Let pursuer P; construct a control as follows. If the inequality h;(t) > 0 is satisfied at time ¢ € T,
then we assume
wit) = v(t) = Awy, v(t))w;.
If 7 € T is the first time instant for which h;(7) = 0, then we assume that A\(w,v(t)) = 0 for all
t>T.
Let 7 € T be the first time instant for which h;(7) < 0, and let the inequality h;(t) > 0 be
satisfied for all t € T, ¢t < 7. Define the number

77 =sup{t € T | hi(t) > 0}.

Then (7;,7) N T = (. Indeed, if there existed a time instant ¢ € (7;*,7) N'T, then the inequality
hi(t) > 0 would be satisfied, which is impossible by virtue of the definition of the number 7. In
this case, we assume

w(r) = o(r) = X (ot where X (uf,u(r) = T — T

We note that in this case A*(w?, v(7)) < AM(w?, v(7)) and therefore u;(7) € V. Then

*

1— [ Mw?, v(s))As — / N (w?, v(s))As = (1) — / LTZZAS =0.
to T T T—=T;

Then from the definition of the controls of the pursuers and the system (3.3) it follows that for
all t € [to,T] NT the following equalities hold:

Zil(t) = Z?lhi(t), 1 € Iy,
Zn-12(t) = 2p_ 121 (t) = pe(l = by (1)),
Zna(t) = zpahn(t) — pe(1 = hn(1)).

From Lemma 3 and the definition of the controls of the pursuers it follows that there exist numbers
I,m € I such that

hi(To) =0,  hm(To) = 0. (4.7)

Also, the following cases are possible.

1. I,m € Iy. In this case, pursuers P, and P,, perform a capture of evader E7, which implies
that a two-fold capture occurs in the game I'(n, 2).

2. Condition (4.7) is satisfied for A = {n — 1,n}. Then
zn—12(To) = —pe,  zn2(To) = —pe. (4.8)
We prove that in this case the following inclusion holds for any [ € Iy:
0 € Intco{zi1(T), zi2(To),i € Io \ {1}, p1}- (4.9)
Let [ € Iy. We have

zi(To) = 20 hi(T0),  zi2(To) = 21 (T0) + ¢ = 21 (To) hi(Ty) + 255 — 27}
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Therefore,

21 (To)(1 = hi(Th))
hi(To)

21(To)
z) = f;(To) . 2 = zin(To) +

Since the set {2, 2%,7 € In\ {I},p1} forms a positive basis R¥, the positive basis R¥ is formed
by the vectors

zio(To) + Zﬂ(TO)}S(;O)hi(TO))J €lp\ {1}71?1} -

{Zil(TO)

i(To)’
From the condition h;(Ty) € (0,1], for all i € Iy we find that the positive basis R* forms a set
{z1(Tv), zi2(T0), i € Io \ {1}, p1}-

By virtue of Theorem 1, the last relation implies the validity of (4.9).
From equations (4.8) we obtain

zn—12(To) = —p(y1(To) — y2(10)),  zn2(To) = —p(y1(To) — y2(To)).
By virtue of Lemma 1, we find that
0e IDtCO{ZZ'Q(TQ),i el \ {l},pl}.

Taking Ty to be the initial time and using Theorem 2, we find that there are pursuers P, and F,
r # q, that perform a capture of evader F5. This proves the theorem. O

>

Ezample 1. Let k = 2, 29 = (3;1), 2§ = (1;-2), 29 = (5;-2), 2§ = (1;3), 2 = (2;-3),
i = (0;0), y3 = (6;0), p1 = (0;1), 1 = 100.

Then the condition for capture from Theorem 2 is not satisfied, and the condition for capture
from Theorem 3 is satisfied for Iy = {1,2,3}.

Theorem 4. Let D = R* and suppose that there exists j € {1,2} such that for any q € 1
0e Intco{z?j,z' eI\ {q}}.
Then a two-fold capture occurs in the game I'(n,2).
This theorem is proved along the same lines as Theorem 2 using the results of [16].

Theorem 5. Let D = R and suppose that there exists a set Iy C I, |Ip| = n — 2 such that for
all l € I

0 € Intco {z?l,z%,i € I\ {l}}.
Then a two-fold capture occurs in the game I'(n,2).
This theorem is proved along the same lines as Theorem 3 using the results of [16].

Theorem 6. Let r > 1 and suppose that there exist p € RF, p € RY, Iy C I, |Iy| =n — 2 such
that D C {x € R¥ | (p,z) < u} and

0 € Intco {29, 25,3 € Ip \ {I},p}.
Then a two-fold capture occurs in the game I'(n,2).

The validity of this theorem immediately follows from Theorem 3.
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5. Conclusion

In the problem of a simple pursuit by a group of pursuers of two coordinated evaders on a
given time scale, we obtained sufficient conditions for a two-fold capture, provided that the evaders
didn’t move out of a convex polyhedral set. To solve the problem, we used the method of resolving
functions. The results obtained can be used in the study of new problems of conflict interaction
between groups of pursuers and evaders on time scales.
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Abstract: In this paper, we prove the following results: (1) the disjoint union of n > 2 isomorphic copies of
a graph obtained by adding a pendant edge to each vertex of a cycle of order 4 admits an a-valuation; (2) the
disjoint union of two isomorphic copies of a graph obtained by adding n > 1 pendant edges to each vertex of a
cycle of order 4 admits an a-valuation; (3) the disjoint union of two isomorphic copies of a graph obtained by
adding a pendant edge to each vertex of a cycle of order 4m admits an a-valuation; (4) the disjoint union of two
nonisomorphic copies of a graph obtained by adding a pendant edge to each vertex of cycles of order 4m and
4m — 2 admits an a-valuation; (5) the disjoint union of two isomorphic copies of a graph obtained by adding a
pendant edge to each vertex of a cycle of order 4m — 1 (4m + 2) admits a graceful valuation (an a-valuation),
respectively.

Keywords: Hairy cycles, Graceful valuation, a-valuation.

1. Introduction

Notation and terminology not defined here can be found in [2]. Throughout this paper, we
denote by S,, and C}, a star on n + 1 vertices and a cycle on n vertices, respectively.

If a labeling f on a graph G with p edges is a one-to-one function from the set of vertices of G
to the set {0,1,...,p} such that, for p pairs of adjacent vertices x and y, the values | f(z)— f(y)| are
distinct, then f is called a graceful valuation (a [-labeling or a -valuation) of G. If, in addition,
there exists an integer ¢ such that, for each edge zy € E(G), one of the values f(z) and f(y) does
not exceed ¢ and the other is strictly greater than ¢, then the labeling f is called an a-valuation of
G with critical value £. Note that a graph with an a-valuation is necessarily bipartite. As a result,
such ¢ must be smaller than the smallest of the two vertex labels that yield the edge labeled 1. Let
{A, B} be stable sets (a partition) of vertices with x € A and y € B. Without loss of generality,

assume that
A={zeV(Q): f(x)<{t}, B={yeV(Q): f(y) > {}.

Clearly, every a-valuation is also a graceful labeling but not conversely. Rosa pioneered in 1966 [21]
the concept of graph S-labeling. He also presented certain types of vertex labeling as an important
tool for decomposing the complete graph Ky, 1 into graphs with p edges.

Theorem 1 [21]. Let a graph G with p edges has an a-valuation. Then, for s € N, there exists
a G-decomposition of the complete graph Kopsi1.

Specifically, S-valuations were developed to challenge Ringel’s conjecture [19] that Ko, 1 can
be decomposed into 2n 4+ 1 subgraphs that are all isomorphic to a given tree with n edges. More
results about graph labeling are collected and updated regularly in the survey by Gallian [9].

The disjoint union of graphs Hy = (Vi,E1),Hs = (Va,Es),...,H, = (V,,E,) is a graph
H=HUHyU---UH,, with vertexset V =13 UV, U--- UV, and edgeset £ = E1UFsU---UFE,,
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where V1 NVoN---NV,, = &. Lakshmi and Vangipuram [13] proved that there is an a-valuation for
the quadratic graph Q(4,4k) consisting of four cycles of length 4k, k > 1. Abrham and Kotzig [1]
proved that C,,, UC), has an a-valuation if and only if both m and n are even and m+n =0 (mod 4).
Eshghi and Carter [6] showed several families of graphs of the form Cy, U Cy,, U---UCy, that
have a-valuations.

The cartesian product GLIH of two graphs G and H is the graph with the vertex set

V(GOH) = V(G)OV(H)
and the edge set F(GOH) satisfying the following condition:
(x1,22)(y1,92) € E(GOH)

if and only if either x; = y; and x9ys € E(H) or 9 = yo and z1y; € E(G).

The corona [7] of two graphs Hy and Hs, denoted by Hy ® Ha, is the graph obtained by taking
one copy of Hi, which has m vertices, and m copies of Hy, and then joining the kth vertex of Hj
with an edge to every vertex in the kth copy of Hs.

A unicyclic graph H (other than a cycle) is called a hairy cycle if the deletion of any edge e from
the cycle of H results in a caterpillar. Thus, the coronas C),, ® mK; are examples of hairy cycles.
Kumar et. al. [11, 12, 15-18] proved that the hairy cycle C,, ® K1, n = 0 (mod 4), and graphs
obtained by joining two graceful cycles by a path admit a-valuations. They also discussed that
the subdivision of a cycle and pendant edges of C,[JKy, joining two isomorphic copies of C,[1Ky,
Cn® Ki,n=0 (mod 4), and C,, ® K1, n =3 (mod 4), are graceful. Moreover, they proved that
Cpn®rK;,n=3 (mod 4), and C,, ® K1,n =0 (mod 4), are k-graceful. Graf [10] established that
C,, ® K has a graceful valuation if n = 3 or 4 (mod 8).

Barrientos [3, 4] showed that if G is a graceful graph with order greater than its size, then the
graphs G ® nK; and G 4+ nK; are graceful. He also proved that helms (graphs obtained from a
wheel by attaching one pendant edge to each vertex) are graceful. Minion and Barrientos, in [5]
and [14], studied the gracefulness of GU P, and C, UG,,, where G,, is a caterpillar of size n. Frucht
and Salinas [8] analyzed the gracefulness of C,, U P,, n > 3. Ropp [20] showed that the graph
(C,OP,) ® K is graceful. Truszezynski [22] conjectured that all unicyclic graphs except the cycle
Cp,n= 1lor2 (mod4), are graceful.

Labeled graphs are helpful mathematical models for coding theory, such as designing optimal
radar, synch-set, missile guidance, and convolution codes with high auto-correlation. They make
it easier to perform optimal nonstandard integer encoding.

This study focuses on graceful and a-valuation of some disconnected graphs. The concept of
graceful and a-valuation in graph theory has attracted attention from many researchers during the
past three decades. The earlier studies motivated us to research the problem that the disjoint union
of various hairy cycles C;?ﬁ U C;?{; u---u C’;?;Z admits an a-valuation, which we partially solve in
the present paper.

2. Results

Theorem 2. Let G be the graph obtained by the disjoint union of n isomorphic copies of the
hairy cycle Cfl. Then, G admits an a-valuation with exactly one missing number p = 4n — 2 and
the critical value o = 4n.

Proof Letn €N, and let G¥, 1 < k < n, be the kth part of G. Let wf and z¥, where

7

i =1,2,3,4 and kK = 1,2,...,n, denote vertices of the cycle and leaves of the kth part of G,
respectively. Clearly, |[V(G)| = |E(G)| = 8n.
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To define 3 : V(G) — {0,1,2,...,8n}, we label the vertices of G! as follows:

S(zl) =8n, (zd) =1, %( }5) 8n—2, S(z)) =4

Next, we label the vertices of the remaining parts of G, 2 < k < n, as follows:

S(wk) = 4k +3(i — 3)/2 if i=1,3,
’ 42n —k+1)—i/2 if =24,
S(h) = 4(k +1) —5i/2 if =24,
’ 8n —4k+ (11 -3¢)/2  if i=1,3.

Define the edge labeling f* on E(G') by
[rwz) = [S(w) — ()|
for wr € E(G) as follows:

fr(wiwy) =8n =1,  f*(wywy) =8n—4, [ (wywi)=8n—6, f*(wijw])=28n—3,
fH(wiz]) =8n, f*(wixd) =8n — fH(wizd) =8n—5, f*(wiz)) =8n—T.

We label the remaining edges of G as follows:

frwfwl ) =8(n—k+1)—2i for i=1,3,
f*(w5ws) = 8(n — k) +3,
fr(wiwf) = 8(n — k) +5,
fr(whzk)y =8(n —k)+10—-3i for i=1,2,3,
P (whak) = 8(n — -+ 1).

It is clear that all the vertex and edge labels are distinct. Therefore, the graph G is graceful. Next,
we prove that the graceful function & is an a-valuation with the missing number p = 4n — 2 and
the critical value o = 4n. Since the vertex set V of G is partitioned into two sets, V = AU B, we
have

A=1{0,1,3,4,57,8,2,9,11,12,6,...,4n — 3,4n — 1,4n, 4n — 6},
B={8n,8n—1,8n—2,8n—3,...,4n + 1}.

Clearly, A and B are independent sets. The number o = 4n satisfies f*(w) < o < f*(z) for every
ordered pair (w, ) € A x B. Therefore, S is an a-valuation of G (see C5' U C’S1 C2' in Fig. 1). O

Theorem 3. The disjoint union of two isomorphic copies of Cf" admits an a-valuation with
exactly one missing number p = 4(n + 1) and the critical value o = 4n + 5.

Proof Leti=1,234andj=12,...,n Denote by u; (v;) and u;; (v;) the vertices of
the cycle and leaves, respectively, in the first and second copies of C}", respectively. Clearly,

V(Cimu e = B(C uCsn) = 8(n + 1).

Define ¢ : V(Cf" U Cf") —{0,1,2,...,8(n+ 1)} as follows: we label the vertices of the cycle
of the first copy of C;" by

P(ur) =0, J(ug) =Tn+8, VY (uz)=n+2, V(ug)=6n+7
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Figure 1. An a-valuation of C5* UCSt U 5.

and the vertices of the cycle of the second copy of Cf" by
Y(v1)) =6(n+1), J(v2)=3(n+1), V(vz)=5n-+1), I (vs)=4n+5,
respectively. Label the remaining vertices of the leaves in the graph Cf" U Cf" as follows:

n+1)(i—1)

8(n+1)— (k1) — -

P(uig) = -
k - (n—}—2)2(2 2)

if i=1,3,
if =24,
I(vig) =2(n+1), Y(vg) =6(n+1)—k
for 1 <k <n,and
V(vsg) =3n+k+4, V(vg)=5n+1)—k for 1<k<mn,

V(vsn) =n+1, J(va,) =3n+4.

It can be verified that all vertices of the graph are labeled and the labels are distinct. Now,
we construct labels for the edge set E of the graph. Define a labeling f on E(Cf" U Cf") by
f(uv) = |[9(u) — 9(v)| for uv € E. We label the edges of the cycle of the first copy of C{™ by

flurug) =Tn+8,  f(ugus) =6(n+1), f(ugus) =5(n+1), [f(uguy)=06n+7
and the edges of the cycle of the second copy of C’f " by
foivg) =3(n+1), f(vovs) =2(n+1), f(vsvg) =n, flvgvr)=2n+1.
Label the remaining edges of the leaves in the graph C’f ™ U C’f " as follows:

8+ (k-1 —(n+1)@E-1) if i=1,2
f(“”“”’“)_{8(n+1)—k—(n+1)(¢—1) if =34,

for 1 <k <n,

An+1)—k—(n+1)3G—1) if i=1,2
k—1—(n+1)(i—1) if i=3,4,
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for 1 <k < mn,and
f(vsvs,) =4(n+1), f(vgvgn) =n+ 1.

It is quite clear that all the vertex and edge labels are distinct. Therefore, the graph C;™ U C’f ™ is
graceful. Next, we prove that this graceful function ¥ is an a-valuation with the missing number
p =4(n+ 1) and the critical value o = 4n + 5. Since the vertex set V' of C’f" U C}" is partitioned
into two sets, V.= RU S, we have

R={0,1,2,...,n,n+2,n+3,...,2(n+1),6(n+1),6n+5,6n +4,
co,n+6,2(2n+3),4n+5,...,5n +4,3n + 4}

and

S={8n+1),8n+78n+6,...,Tn+9,"n+8,7(n+1),...,2(3n+4),2n + 3,2n + 4,
ce3n+2,3(n+1),3n+5,3n+6,...,4n+3,n + 1}.

Clearly, R and S are independent sets. The number o = 4n + 5 satisfies f(u) < o < f(v) for every
ordered pair (u,v) € Rx S. Therefore, ¥ is an a-valuation of C’f" UC’fn (see Cf3 UC’f?’ in Fig. 2). O

Figure 2. An a-valuation of C5* U C5?.

Theorem 4. Let C’fnlI UCS, n € {4m,4m — 1,4m — 2}, be the disjoint union of hairy cycles.
If there is a function
¢:V(CUCS) - {0,1,2,...,2(4m +n)},
then
(i) the graph C’f}n uCs

D1 n € {4m,4m — 2}, admits an a-valuation;

(ii) the graph C’fﬁn U szrln—l’ m > 1, admits a graceful valuation.
Proof. Let Cf,}ﬂ be the graph (a hairy cycle) obtained by adding a pendant vertex to each
vertex of the cycle of order 4m. To prove this theorem, we need to prove the following claims.
Claim 1. The graph C’f,}1 U Cfﬁ, m =n and m > 1, admits an a-valuation.

Claim 2. The graph C’f,}1 U Cf,}m_Q admits an a-valuation.
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Claim 8. The graph Cf;}ﬂ U sz;}n—la m > 1, admits a graceful valuation.

Before proving the claims, we fix a labeling of the hairy cycle C’fﬁn in C’fﬁn U C21. Because,
throughout the proof, the labeling of the first part C’SnlI is the same. For each t € {4m,4m — 1,
4m — 2}, we need to define a labeling ¢ on CcoLy C;' and prove that this is an a-labeling. So,

4am
first, we define the labeling of the first part of the union as follows.
Let w; and v;, ¢ = 1,2,...,4m, be the vertices of the cycle and leaves of Cf,}], respectively.
Then,
1—1 if i<2m and ¢ isodd,
d(u;)) =X i@ if ¢>2m and ¢ isodd,

2(dm +1t)—(i—1) if i iseven,

2(4m+t)—(i—1) if 4 isodd,
pv)) =< i—1 if i<2m and i iseven,
{ it ¢>2m and ¢ iseven.

Next, we define the edge labeling g on the edges of C’f,}1 by
9(uv) = [¢(u) — o(v)|

for uv € E as follows:

(wstse) = 24m+t)—2i+1 if i<2m,
g UiUiy1) = 2(4m +t) — 2i it 2m <i<4m,
g(U4m,U1) =4m + 2t + 17

gy = { 2U4m+t—i+1) if i<2m,
PP = 2m+4) —26—1)—1 if i>2m.

Proof of Claim 1. This claim holds for only m = n.
Let x; and y;, i = 1,2,...,4n, be the vertices of the cycle and leaves of Cfﬁ (the second part).

Clearly,
V(Ci, U O] = | E(CE, U Chy )| = 16m.

We now define the labeling of C’fﬁn as follows.
Case 1: m is even. We label the vertices by ¢(z4pm) = 10m,

4m +1 if 4 1is odd,
() = 12m+1—1 if i<m and i iseven,
Y} 12m—d if m<i<2m and 4 is even,

12m—1—1 if 2m<i<4m —2 and ¢ is even,

¢(Z/3m—1) == 11m7 ¢(y4m) - 2m7
12m — (i —1) if i<m and ¢ isodd,

S(yi) = 12m — 1 if m<i<2m and 4 isodd,
Yi) =9 12m —1—i if 2m<i<3m—1, 3m—1<i<4m—1, and i isodd,
4dm +1 if 1<4m —2 and i 1is even.

It can be verified that all vertices of the graph are labeled and all labels are distinct. Label the set
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FE of edges in the graph as follows:

2(4m — 1)
g(ziriz1) =< 2(4dm —1i)—1
2(4m — i) — 2

9(Tam—1Tam) = 2m + 1,

if i <m,
if m<i<2m-—1,
if 2m—1<i<4m -2,

g(xgmry) = 6m — 1,

24m —i)+1 if i<m,
2(4m — 1) it m<i<2m,
204m —i)—1 if 2m<i<3m-—1,

9(z3m—1Y3m—1) = 4m + 1,

g(l“z‘yz‘)
Im—1<1<4m — 1.

g(x4my4m) = 8m.

Suppose that m = n and m is even. Then, the labeling of C’fﬁn U C’fﬁ is a graceful valuation.
Moreover, the labeling of C’f,}1 U Cfﬁl is actually an a-valuation with the critical value 2m — 1, and
the number 9m/4 is not assigned to any vertex of Cf;}ﬂ U C’frln.

Case 2: m is odd. If m = 1, the labeling follows from Theorem 2. If m > 2, the labeling is
defined as follows:

d(wzm) =Tm + 2,  P(wyy,) = 10m,
dm +1 if ¢i<m and i isodd,
(w;) = dm—+1+1 if m<i<3m, 3m<i<4m—1, and ¢ isodd,
! 12m+1—i if i<2m and 4 1is even,
12m —1 if 2m<i<4m —2 and i iseven,
H(z3me1) =5m+1,  @(z4m) = 2m,
12m+1—1 if ¢<2m and ¢ isodd,
b(z) = 12m — 1 if 2m<i<4m—1 and ¢ isodd,
! dm + 14 if ¢<m and ¢ iseven,
dm+ 141 if m<i<3d3m, 3m+1<i<4m—2, and ¢ iseven.

It can be verified that all the vertices of the graph are labeled and the labels are distinct. We now
construct labels for the set £ of edges in the graph as follows:

J(W3mwsm+1) = 2m — 3, g(Wam-1Wam) = 2m, g(wamwi) = 6m — 1,
2(4m — 1) if i <m,

2(4m —1) —1 it m <i<2m,
2(4m —i) — 2 if 2m<i<3m-—1,
g(w?;mZBm) = 2(m - 1)5 g(w3m+123m+1) =4m — 2,
2(dm —i)+1  if i <m,

2(4m — 1) if m<i<2m,
2(4m —i) — 1 it 2m <1< 3m,

g(W3m—1w3m) = 2m — 1,

g(wiwit1) =
3m <1< 4m — 2,

g(w4mz4m) = 8m,

g(wiz;)
Im+1<1<4m-—1.

Through the close examination of the above function ¢, it can be seen that the induced edge
labeling is bijective. It is clear that all the vertex labels are distinct. The edge labels are computed
from these vertex labels and are also found to be distinct from 1 to 16m. Therefore, Cfﬁl U Cfﬁ,
where m is odd and m = n, is a graceful valuation. Moreover, the labeling of C’fﬁn U C’fﬁn is actually
an a-valuation with the critical value 2m, and the number 7m + 4/4 is not assigned to any vertex
of Cfﬁz U Cf,}]. This completes the proof of Claim 1.
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Proof of Claim 2. Let a; and b;, i = 1,2,...,4m — 2, be the vertices of the cycle and leaves
of Cfﬁm—z- Define the labeling of 0457}1_2 as follows:

¢(a2m) =6m + 1,

b(ai) = 3(4m —1)—i if ¢ isodd,
Yl dm 41 if 1<i<2m—1, 2m<i<4m—2, and ¢ iseven,
¢(b2m+1) = 2m’
o(b;) = dm +i if 1<i<2m—-1, 2m+1<i<4m—2, and i isodd,
Yol 34m —1)—i  if 4 is even.

Moreover, this produces the edge labels of Cziln—zz

9(a4m—2a1) = 4m — 2, g(aombam) = 4(m — 1), glazmy1b2mi1) = 4m — 2,
(a5a121) = 2(4m — 2 — 1) if i<2m—1, 2m<i<4m—2,
INGGH) = g — 5 — 24 if 2m—1<i<2m,

g(aib;)) =8m —3—2i if i<2m—1, i>2m+1.

Through these combined labelings of the hairy cycles C’f,}1 (defined before Claim 1) and Cf,}]_Q
bring out the labeling of C’f,}1 U 0457}1—27 and its induced edge labeling is bijective. It is clear that all
the vertex labels are distinct. The edge labels are computed from these vertex labels and are also
found to be distinct from 1 to 16m — 4. Therefore, Cf;}ﬂ U C’frlrk2 is a graceful valuation. Moreover,
the labeling of C’fﬁn U Czﬁ%—z is actually an a-valuation with critical value 5m — 2, and the number
3m/2 is not a label of Cfﬁl U Cfﬁl_Q (see 0851 U Cgl in Fig. 3). This completes the proof of Claim 2.

Figure 3. An a-valuation of C5* U C5*.

Proof of Claim 3. Let w; and z;, i = 1,2,...,4m — 1, be the vertices of the cycles and leaves
of Cfﬁl_l. Clearly,

V(Coh U, )| = [B(Cok UCE: )| = 16m —2.
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Since the labeling of C’fﬁn is defined at the beginning of the proof, we only need to specify a labeling
of Cfl , and Cfl and we do this as follows.

m— m—1

Case 1: m is even. Define

¢($4m71) == 2(5m - 1),

dm +1 if ¢i<4m —3 and ¢ isodd,
(i) = 12m —1—1 if i<m and i iseven,
YooY 2(6m—1)—4  if m<i<2m and i is even,

34m—1)—4 if ¢>2m and i is even,
(ysm—-1) = 11m — 2, ¢(zam-1) = 2m,

12m —1—1 if ¢<m and i isodd,
V) 26m—1)—i if m<i<2m and i isodd,
i) = 3(4m —1)—i if 2m<i<3m-—-1, 3m—-1<i<4m—1, and 4 isodd,
dm +1 if ¢ iseven.

It can be verified that all the vertices of the graph are labeled and the labels are distinct. We
now construct the set F of edge labels in the graph as follows:

9(Tam—2Tam—1) =2m — 1, g(zam—121) = 3(2m — 1),

2(4m — 1 —14) it i <m,
g(xixiy1) =< 2(dm—i)—3 if m<i<2m-—1,

2(4m — 2 —14) it 2m—1<i<4m — 3,

9(T3m-1Y3m-1) =4m — 1,  g(Tam-1Yam-1) = 2(4m — 1),

2(4m —i) — 1 it i <m,

g(xiyi) =< 2(dm —1 —1) if m<i<2m-1,
2dm—14) -3 if 2m—-1<i<3m—1, 3m—-1<i<4m-2.

Case 2: m is odd and m > 1. Figure 4 shows a graceful valuation for m = 1.

10
Figure 4. A graceful valuation of Cf ty C3S L.
If m > 1, then we define
P(wsm) =Tm +2,  ¢(wim-1) = 10m — 2,
dm +1i if i<m and i is odd,
(w;) = dm+ 1414 if m<i<3dm, 3Im<i<4m-—1, and ¢ isodd,
YO 2m—1—4 if i<2m and 4 iseven,

2(6m —1) —1 if ¢>2m and i iseven,
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P(zam—1) = 2m,  ¢(23m+1) = 5m + 1,
12m—1—1 if i<2m and ¢ isodd,
b(z) = 26m—1)—¢ if 2m<i<4m-—3 and ¢ isodd,
! dm + i if i<m and i iseven,
dm+i1+1 if m<i<3m+1l, 3m+1<i<4m-—1, and ¢ iseven.

It can be verified that all the vertices of the graph are labeled and the labels are distinct. We now
construct labels for the set F of edges in the graph as follows:

g(W3m—1W3m) =2m — 3,  g(wsmwsm+1) = 2m — b,
9(Wam—2Wam—1) =2(m — 1),  g(wgm—1w1) = 3(2m — 1),
24m —1—1d) if i<m,
g(wiwiy1) =<9 2(4m—1i)—3 if m<i<2m,
2(4m — 2 — 1) it 2m<i<3m—1, 3m<i<d4m —2,
9(w3mzsm) = 2(m = 2),  g(Wsm+123m+1) = 4(m — 1),  g(Wam—124m—-1) = 2(4m — 1),
24m —i)—1 if i<m,
g(w;z;)) =< 2(dm —1—1) it m<i<2m,
2(4m—1)—3 if 2m<i<3m, 3m+1<i<4m-—1L

We see that the labels of the edges of Cfﬁl U Cfﬁl_l are distinct. Therefore, it can be easily shown

that the graph Cf;}ﬂ U szrlnq has graceful valuations (see Cgs Y C;q !in Fig. 5). This completes the
proof of Claim 3. 0

Figure 5. A graceful valuation of C5* U CS".

Theorem 5. The graph obtained by the disjoint union of two isomorphic copies of all hairy
cycles 0457}1“ admits an a-valuation with exactly one missing number p = 4(2m+1) and the critical
value o = 2(3m + 2).
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Proof Leti=1,2,3,...,4m+2, and let p; (r;) and ¢; (s;) denote the vertices of the cycle
and leaves, respectively, in the first and second copies of Cfﬁz 1o, Tespectively. Clearly,

[V (Cphia UCE, o)l = [B(Cat 1o UCE o) = 8(2m +1).

Define a function ¢ : V(Cf,}HQ U Cfﬁwz) —{0,1,2,...,8(2m + 1)} as follows. Figure 6 shows

an a-valuation for m = 1.

17
6 o » 24 15 '\\\ /
3 ’ 2
24 \ 7
i P Y4
T 12 5
19 0\ // \11
18 14|, 23 ) g 21 10 oy 16—
— | 22 y
\\\ //,/ 2\\ 8 //
16\ 50 2/ 21 \/13 4
20 Q P
17 ST \ v 6
/ 20\ / .
N\ / N
/. °22 ‘9 14
3
Figure 6. An a-valuation of C’gl U Cgl.
For m > 1, we label the vertices of Cfﬁz o U Cfﬁz 4o as follows:
§(pamt2) = 12m + 17,
16m+9 —1 if i<2m+1 and ¢ is even,
E(pi) =< 16m+8—i if 2m+1<i<4m and i iseven,
1—1 if 4 1isodd,
E(qam+1) = 12m + 6,  {(qum+2) = 4m + 2,
16m +9 —1 if 1<2m+1 and ¢ is odd,
€(gi) = 16m+8—i if 2m+1<i<4m—1 and i isodd,

i—1 if i<4m and i iseven,
E(r1) =4m+1, &(rames) =6m+5, &(romy2) = 10m + 3,
£(r) :{ 4m+1+i' 1f 1<i<2m+1, 2m—.|—3<z'§4m+1, 'an(.i i is odd,
12m +6 —1 ifi <2m+2, 2m+2<i<4m+2, and i iseven,
E(som+1) =10m +4,  {(somy3) = M4m+ 7, &(s2m+5) = 10m + 5,

12m+6 —1 if i<2m+1 and ¢ isodd,

12m +8 — 14 if 2m+5<i<4m—+2 and i isodd,
dm+ 1414 if 1<i<2m+2 and i iseven,
dm+3+1 if 2m+2<i<4m+2 and ¢ iseven.

£(si) =

Clearly, £ is injective. Now, we prove that the induced labeling
0 E(C,UCH, o) = {1,2,...,8(2m + 1)}

defined as £(zy) = |{(x) — &(y)| for xy € E(CQE}HQ U Cf,}HQ) is bijective.
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The induced edge labeling ¢ has the following values:

U(pam+2p1) = 12m + 7, L(pam+1Pam+2) = 8m + 7,
Upipins) = { 16m+9-2 if i<2m+l,
16m + 8 — 2¢ if 2m+1<i<4m,
U(Pam+1qam+1) = 8m + 6,  €(Pami2qam+2) = 8m +5,
i) = { 16m + 10 — gz' %f i<2m+ ;,
16m +9 — 2¢ if 2m+4+1<i<4dm,
l(rire) =8m+3, L(romsarom+s) =4m — 2, L(rymsor1) = 4m + 3,
Uromy1romye) = 4m+ 1, L(romisromta) = 4m — 3,
lriripy1) =8m+4—2i, for 1<i<2m+1, 2m+4<i<4dm+1,
U(r1s1) =8m +4, L(rami3ram+3) =8m +2, L(ramisS2mts) = 4m — 1,
U(rams28am+2) =1, (roms1S2me1) =4m + 2, U(romi2S9mi2) = 4m,
8m +5— 21 if 1<e<2m+1,
ris;) =¢ 8m—2i+3 if 2m+4<i<4m+2 and i is even,
8m — 247 if ¢>2m+5 and ¢ isodd.

It is clear that all the vertex and edge labels are distinct. Therefore, the graph C’f,}1 4o U C’f,}1 4o
is graceful. Next, we prove that the above graceful function £ is an a-valuation with the missing
number p = 4(2m+1) and the critical value o = 2(3m+2). Since the vertex set V' of Cf,}HQUCf,}HQ
is partitioned into two sets, V = X UY, we have

X={0,1,2,...,d4m,4m+2,4m+1,4m+3,4m+4,...,6m+3,6m+5,6m+7,6m+6,...,8m+5}
and

Y={8(2m + 1), 16m + 7,16m +6, ..., 1dm + 8,14m +6,...,12m + 6,12m + 7, 12m + 5, 12m + 4,
., 10m +6,10m +4,..., 14m + 7,10m + 2,10m + 5, ..., 8m + 4}
Clearly, X and Y are independent sets. The number o = 2(3m + 2) satisfies f(z) < o < f(y) for

every ordered pair (z,y) € X x Y. Therefore, £ is an a-valuation of Czilmrz U Czi}mrz- U

3. Conclusion

This paper discussed graceful and a-valuations of certain disconnected graphs. Finding general
characterizations for such graphs is an open problem. We also propose the following problem.

Problem 3.1. The disjoint union of various hairy cycles C,f{; U C,%; U---U C,f{; admits an
a-labeling.
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Abstract: This paper deals with the known uncrossing zero-sum two-player sequential game, which is
employed to obtain upper running time bound for the transformation of an arbitrary subset family of some
finite set to an appropriate laminar one. In this game, the first player performs such a transformation, while
the second one tries to slow down this process as much as possible. It is known that for any game instance
specified by the ground set and initial subset family of size n and m respectively, the first player has a winning
strategy of O(n4m) steps. In this paper, we show that the first player has a more efficient strategy, which helps
him (her) to win in O (max{n?,mn}) steps.

Keywords: Laminar family, Uncrossing game, Efficient winning strategy.

1. Introduction

A laminar family of subsets for a given finite set is a well-known concept in discrete mathematics
widely exploited in algorithm design for combinatorial optimization problems. For instance, in [5]
and [4], laminar families are used to construct polynomial time approximation algorithms for several
modifications of the Tree Augmentation Problem (TAP). Recently [1], these results have been
extended to efficient approximation algorithms for the Leaf-to-Leaf Connectivity Augmentation
Problem (CAP).

On the other hand, strongly laminar instances of the Asymmetric Traveling Salesman Problem
(ATSP) belong to the main building blocks of the first constant-ratio approximation algorithm for
the ATSP proposed by the authors of the breakthrough papers [9] and [10]. By relying on this
algorithm the authors of recent works [3, 6, 7] proved constant-ratio polynomial time approxima-
tion for several related asymmetric combinatorial problems including Prize-Collecting TSP and
Capacitated Vehicle Routing Problem.

An advantage of employment the laminar families in approximation algorithms is based on the
following two observations:

(i) for any finite set V' of size |V| = n, the size |£| of an arbitrary laminar family £ of its subsets
is O(n) [8];

(ii) any non-necessary laminar subset family F of size m can be transformed to some equivalent
laminar family (see, e.g. [2]) in polynomial time with respect to n and m.

To obtain an upper bound for the running time of such a transformation, the authors of [2]
introduced a sequential two-person zero-sum uncrossing game, where the first player is aimed to
make the initial family F laminar, and the second player tries to slow down this process as much
as possible. For each step of the game, its state is specified by the current family. The game ends
with the first player winning as soon as the state becomes laminar family.

In [2], the authors showed that the first player has a strategy that allows he (she) to win in
polynomial number of steps.
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Theorem 1. In the uncrossing game, the first player has a strategy to make the initial family F
laminar in O(n*m) steps.

Theorem 2. In the uncrossing game, the first player has a strategy to make the family F
laminar in O(max{nm,n?}) steps.

The rest of our paper is structured as follows. In Section 2, we give formulation of the uncrossing
game and recall some its properties essential to our own constructions. Section 3 contains the proof
of Theorem 2. Finally, in Section 4, we summarize our results and overview some directions of
future research.

2. Problem statement and preliminaries

Let V' be an arbitrary non-empty finite set. In the sequel, we call it ground set.

Definition 1. Subsets X,Y € 2" are called crossing and denoted X | Y, if all of the sets
X\Y, Y\X, XNnY, V\(XUY) are non-empty. Otherwise the sets X and Y are called laminar
and denoted X || Y.

A subset family F C 2" is called laminar if it contains no crossing subsets.

Definition 2. A subset family 3 C 2V is called cross-closed, if for any crossing sets X, Y €]
at least one of the pairs
{(XNY, XUY} or {X\YV,Y\X} (2.1)

belongs to J as well.

Obviously, for an arbitrary X }f Y, both pairs (2.1) are laminar. To simplify description of the

uncrossing game, define two elementary uncrossing operations as follows. The first operation oo,
substitutes some crossing subsets X, Y € F by the subsets X NY, X UY € J, while the second one

ﬁ) makes the similar replacement by the subsets X\Y, Y\ X € J.

Definition 3. The uncrossing game is a sequential two-player zero-sum game, whose instance
is specified by some non-empty finite set V' and a family F. It is assumed that F C I for some
cross-closed family I C 2V given implicitly by a membership oracle.

Each step of the game is defined as follows. If the family F is laminar, then the first player
wins. Otherwise, it performs one uncrossing operation for some subsets X, Y € F, X } Y. In turn,
the second player returns back to F one of the subsets X orY.

In [2] several properties of the uncrossing game were proved. We remind some of them which
are necessary for our own results.

Statement 1. Let X,Y,Z € F such that X }Y, X || Z, and Y || Z. The relation Q || Z holds
forany Q e {X\Y,Y\X, X UY, XNY}.

Statement 1 allows to simplify the uncrossing game at each step, when the current family F
contains a subset Z laminar to each other X € F.

Lemma 1. The first player has a strategy to reduce the initial game instance to O(nm) subin-
stances of the uncrossing game, each of them is of the smaller size.
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As it follows from the proof of Lemma 1, each of the obtained subinstances is equivalent to the
uncrossing game specified by the ground set W and the family R, where

W=1,r, and R={1,2,1,3,...,1,7 =2, 2,r — 1} (2.2)

for some r < n, and the appropriate cross-closed family J* induced by the family J. Hereinafter,
we use the standard notation 7,5 for the integer interval {i,i +1,...,j — 1,5}, whose entries are
taken modulo r. In turn, it is easy to verify that this game is equivalent to the game

CG(r): - _ 2.3
() {fRz{l,2,2,3,2,4,...,2,7‘—1}, (23)

which is the main object of the subsequent discussion.
Indeed, we can obtain game CG(r) (see Fig. 1) by the cyclic shift on —1 to form a family

R={r1,1,2 1,3,...,1,r — 2}

and taking the complement W \ 7,1 = 2,7 — 1. The reverse transformation can be obtained by

supplementing the complement W\1,2 = 3, r producing the family {3,r, 2,3, 2,4,...,2,r — 1} by
the cyclic shift on —1 resulting in the family

R={1,2,1,3,,...,1,r —2,2,r — 1}.

The game CG(r) belongs to the known class of cyclic uncrossing games (see, e.g. [2]), each of
them has the following properties:

(i) the family R is partitioned into two laminar subfamilies R = £111L9, such that 1,i € L, for
2<i<r—2and?2,j€ Lo;
(ii) the game is invariant to cyclic shifts and replacing each interval by its complement;
(iii) any two neighboring elements 4,7 + 1 (modulo r) are separated by some set X € R, i.e.
IX Nn{i,i+1} =1.

In the sequel, we propose a first player winning strategy for the CG(r) based on transformation
of the initial game to some simpler one. To this end, each time when the transformed family
contains a pair {i,7 + 1} violating property (iii), we can contract the interval ¢,7 + 1 to a single
point, which makes ground set W smaller and accordingly transforms R and J*.

Figure 1. Towards the equivalence of game (2.2) and CG(r).

Evidently, for r < 4 the game C'G(r) has a trivially solvable by the first player, since the initial
family R is laminar. Consider the first non-trivial game CG(4).
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Lemma 2. The first player can win in the CG(4) after the single step.

P r o o f. By construction of CG(4), the family R consists of the only crossing pair 1,2 and 2, 3.
Since J* is cross-closed, it contains either {1} and {3} or {2} and {4} (equivalent to 1,3). Then,
the first player at the first step performs either the uncrossing operation 1,2 } 2,3 &> {1}, {3}

or 1,2 42,3 LN {2}, {4}, respectively. Thus, regardless to the behavior of the second player, the
family R becomes laminar to the second step, since singletons are laminar to any other subset and
can be excluded. Therefore, Lemma 2 follows.

3. Proof of Theorem 2

For subsequent discussions we will need to introduce one more family of cyclic uncrossing games.
Each such a game has the form

W=1,r,
R={1,2,...,1,¢q, 2, +1,...,2,r — 1},

CG(r,q): {
where 2 < g < r — 2 and the family J* satisfies the additional constraints

{15,{2t €77, {3}h....{da}, {r} ¢ 7" (3.1)
First, consider the special case, where ¢ = r — 2.

Lemma 3. For an arbitrary r > 4, in the game CG(r,r — 2), the first player has a winning
strategy within at most r — 3 steps.

P roof can be obtained by induction on r. In the base case r = 4, the game CG(4,2) allows
a single step winning strategy of the first player. To prove the induction step, assume that in
CG(r —1,r — 3) there exists a winning strategy of the first player within r» — 4 steps and show that
the claim holds for the game CG(r,r — 2).

At the first step of this game, the first player performs the uncrossing operation

Tr—2 )2 —1-% (1}, {r — 1},

which is admissible since {r} does not belong to the cross-closed family J*. By construction,
the second player has two options, to return to R either 1,7 —2 or 2,7 — 1. In the first case, R
becomes laminar and the first player wins immediately. Otherwise, the family R takes the form
{1,2,...1,7 — 3,2,7 — 1}. Here elements 7 —2 and 7 — 1 no longer separated. After the contraction,
we obtain the game

W=1r—-1,
R={1,2,...,1,7r = 3,2,7 — 2}.

CG(r—1,r—3): {
Therefore, in the initial game CG(r,r — 2) the first player has a winning strategy of at most
1+(r—4)=r-3
steps. Lemma 3 is proved. O

Lemma 4. For the game CG(r,q) first player has a strategy that allows him to win in at most
2r —q — b steps.
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P r o o f. The main idea of our proof consists of the following steps:

(i) we introduce an auxiliary edge-weighted digraph H with the node set
G={CG(r,q): 2<q<r—2}.

An ordered pair (C’G(Tl,ql), CG(re, q2)) is an arc of the graph H, if the first player has a
strategy to reduce CG(ry, q1) to the game C'G(rs, g2) without visiting any other element of §.
Each arc is weighted with the appropriate number of steps. It is convenient to illustrate this
graph on the integer lattice (Fig. 2).

(ii) we define linear order on the node set of the graph H as follows:

CG(TQ,(]Q) < CG(m,ql) = (7“2 < 7“1) V ((7“1 = 7“2) A (QQ > ql)); (3.2)

(iii) we show that this order is consistent to the digraph H in the following way: for an arbitrary
arc (CG(r1,q1),CG(ra,q2)) it holds; CG(ra, q2) < CG(r1,q1).
(iv) finally, we complete the proof by induction regarding the order (3.2).

r
CG(9,2) CG(9,7)
9 —+ o
8 £
7 £
6 T+ CG(8,5)
neighbors of CG(8,5)
5 1+ CG(5,2) 0 —— 4 ¢

Figure 2. An auxiliary digraph H. Outgoing arcs and neighbors of CG(8,5) are highlighted.



Improved First Player Strategy for the Zero-Sum Sequential Uncrossing Game 141

Discuss the aforementioned points in detail.

Point (i). To define arc set of the graph H, fix an arbitrary node CG(r,q) € G and show that
its outgoing neighbors (i.e. the nodes CG(r',¢') € G, for which (CG(r,q), CG(r’,q')) is an arc) are
as follows:

N(CG(r,q)) = {CG(T -1,¢q—-1),CG(r,q+1),CG(r — 1,q),

CG(r—2,q—1),...,CG(r —q+1,2)} (3.3)

In addition, we calculate a weight assigned to each arc connecting CG(r,q) with its neigh-
bors (Fig. 2).

By construction, for the family J* specifying the game C'G(r, q) there exist two options, J* can
contain or not the singleton {¢ + 1}.

Case {q+1} € J*. At the first step of the game, the first player makes the uncrossing operation

Tgh2 g+ {1}, {g+1}.

If the second player returns 1, ¢, i. e.

R:{L_Q, ma 2’Q+2,"'52’T_1}

and then, after the contacting {¢ + 1, ¢ + 2} the initial game is transformed to

W=1r—-1,

R=1{1,2,...,1,q, 2,q+1,...,2,7 — 2},

CG(r—1,q): {

since this actions obviously keep all the additional constraints

{1},{2} €7° and {3},... {¢}, {r -1} ¢ 7 (3.4)
for the transformed family J*. Thus, CG(r — 1,q) is an outgoing neighbor of the node CG(r, q).

Else, if the second player returns 2,q + 1, performing the similar contraction of {q,q + 1}
transforms CG(r, q) to the game

W=1r-1,
:R:{L—Qa 17q_17 ﬂ,...,Q,T—Q},

CG(T—l,q—l):{

since constraints (3.4) are also remain valid.

In the case {q+ 1} ¢ J*, we have 1,q + 1,2, q € J*, since the crossing intervals 1,q and 2,q + 1
belong to the cross-closed family J*. By carrying out the similar argument for 1,¢—1 } 2,¢,
1,g—2 } 2,¢g— 1 and so on and relying on equation (3.1), we obtain that in this case all the
intervals 2,3,2,4,...,2,q belong to J*.

At the first step of the game C'G(r,q), the first player performs the uncrossing operation

T2§2,¢+1 5 {2}, {1,q+1}.

Next, if the second player returns 1,2 the game CG(r, q) is transformed to

W =1,r,

R={1,2,...,1,¢, 1,q+1,2,qg+2,...,2,r — 1},

CG(r,g+1): {

since constraints (3.1) together with {¢+ 1} ¢ J* hold.
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Otherwise, if the second player returns 2, ¢ + 1 we have

R={1,3,....,1,¢g+1,2,g+1,...,2,r —1}.

By contracting the interval {2,3} to the singleton {2}, we got a new game G’ specified by the novel

ground set W = 1,7 — 1, subset family
RI:{H,---ama Tq""a2,r_2}

and the transformed cross-closed family J* containing the singleton {2}. Observe that, although
the constraints (3.4) are still satisfied, game G’ does not belong to the game family §.

Further, if ¢ = 2, then the game G’ coincides with CG(r —1,2). Otherwise, we need to proceed
with the playing.

At the second step, the first player makes the uncrossing operation

T242,¢ {21
If the second player returns 1,2, the family J* is kept unchanged and we obtain the game
W=1r—-1,

R={1,2,...,1,q, 2,q+1,...,2,r — 2}

CG(r—1,q): {

since constraints (3.4) remain valid.

Else, if the second player returns 2,q and transforms the family R to the form
{1,3, ...,1,q, 2,q, 2,q+1,...,2,7 — 2}, as in the previous step, by contracting interval {2,3}
to the singleton {2}, we obtain again the game

, JW=1r-2
R ={1,2,...,1,¢—1,2,q—1,...,2,7 — 3}

satisfying the conditions {1},{2} € J* and {3},...,{q¢ — 1},{r — 2} ¢ TJ* for the transformed
family J*. Again, if ¢ = 3, game G’ is equivalent to CG(r —2,q— 1). Else, we proceed with playing
the game G’.

Finally, to the beginning of the (¢ — 1)-th step, the game G’ will have the form

L (W=
. :R/:{la—27maﬁa"'727r_q+1}a

where {1},{2} € 7* and {3}, {r — ¢+ 2} ¢ J*. The first player makes the uncrossing operation
1242355 (2,13,

If the second player returns 1,2, then we obtain the game CG(r — g + 2,3). Otherwise, if he
(she) returns 2, 3 the game G is transformed to the game CG(r —q+1,2). Indeed, after the second
player move, we have R = {1,3,2,3,...,2,7 — ¢ + 1}, which can be easily transformed to the form
R=1{1,2,2,4,...,2,r — q + 2} by contracting of the interval 2, 3.

To this end, we proved that the set of outgoing neighbors of the node CG(r,q) coincides with
the set N(CG(r,q)) defined by formula (3.3). As it follows from the argument above, weights of
the appropriate arcs are as follows:

w(C’G(T, q),CG(r,q + 1)) = w(C’G(r, q),CG(r —1,q — 1)) =1,
w(CG(r, q),CG(r —1, C])) =2,
w(CG(r,q),CG(r —2,q — 1)) =3, (3.5)

ey

w(CG(r,q),CG(r —q+1,2)) =¢q
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CG(r.q) —— CG(rq+1)

51—>CG(r—q+1,2)

Figure 3. Tllustration of the argument of point (i).

(see, also Fig. 3). Generally speaking, there are two parallel arcs connecting the nodes CG(r, q)
and CG(r — 1,q), but, to obtain the upper bound we take the longest one. Point (i) is proved.

In turn, point (iii) immediately follows from (3.2) and (3.3).

To complete the proof, we use CG(4,2) as a base case of the induction. Since this game is a
special case of the game C'G(4), the first player can win in a single step, by Lemma 2.

Induction step follows from the point (iii) and the following simple observation. Indeed, de-
note by L(r,q) the number of steps in the first player winning strategy in the game CG(r,q).
By construction,

L(r,q) = max {w(CG(r, q),CG(r',q/)) + L(r',q¢"): CG(r',q") € N(CG(r, q))}

By induction hypothesis, L(r’,¢") = 2r' — ¢’ — 5. Taking into account (3.5), it is easy to verify that
L(r,q) <2r — q—>5. Lemma 4 is proved. O

Let’s get back to the game CG(r).

Lemma 5. For an arbitrary r > 4, in the game CG(r) first player has a winning strategy of
at most 2r — 7 steps.

P r oo f. By construction, the game C'G(r) has the following form:

wW=1,r,
R={1,2,2,3,...,2,r — 1}

CG(r) : {

There exist two possible options.

Option 1. {1},{3} € I* or {2}, {r} € J*.
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CG(r) —— win

CG(r,2) type

CG(r —1) —— win

CG(r —1,2) type

CG(4)

Figure 4. Scheme of possible transitions for game CG(r).

It is easy to show that these conditions are symmetrical and can be considered in a similar way.
Consider the case {1}, {3} € J*.
At the first step, the first player makes the following uncrossing operation:

T2 47,3 2% {1}, {3).

If the second player returns 2,3, then the first player wins immediately. Else, if he (she) returns
1,2, we obtain the game

W=1,r—-1,

R=1{1,2,2,3,...,2,7r — 2}

CG(r—1): {

after the contacting of {3,4}.

Option 2. In this case we necessarily have {1}, {2} € J*, 1,3 € J*, and {3},{r} ¢ J*. These
conditions leads that the considered game is CG(r, 2).

Complete the proof by induction by 7 (see Fig. 4). The base case is CG(4), for which the claim
follows from Lemma 2. Let Lemma 5 is valid for » — 1. Prove it for r. Indeed, as it follows from
the above argument, the game CG(r) is either coincides with CG(r,2) or can be reduced in one
step to the game CG(r — 1). In the first case, the first player has a winning strategy of at most
2r —2 —5=2r — 7, by Lemma 4, while in the second case such a strategy has at most

14+2(r—1)—-7<2r—7

steps. Lemma 5 follows. O
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To the moment, we proved all the necessary technical lemmas and can return to proof of
Theorem 2.

P roof of Theorem 2. The proposed strategy of the first player for the general uncrossing
game specified by the triple (V,F,7J), where |V| = n, |[F| = m and J is given implicitly by the
membership oracle, consists of following two stages.

First, we solve the cyclic games CG(r,2) and CG(r) for r € 4,n. As it follows from Lemma 4
and Lemma 5, all these games can be solved by at most O(n?) steps.

At the second stage, we employ Lemma 1, who guarantees that the first player has a strategy
to reduce the initial game to O(mn) games of form CG(r) (for some r € 4,n). For each such cyclic
game, we take the solution (laminar family) obtained at the first stage (in constant time).

Thus, the overall strategy has B = O(mn + n?) steps. It is clear that

B O(mn), if m>n,
"~ 10(n?),  otherwise.

Theorem 2 is proved. O

It should be noticed that our strategy of the first player differs from the framework proposed
in [2], where cyclic games obtained in Lemma 1 were solved ad hoc. By following to this framework
and applying our Lemma 4 and 5, we can obtain another winning strategy of the first player, but
with worse running time upper bound O(n?m).

4. Conclusion

In this paper we proposed a more efficient first player winning strategy for the well-known
uncrossing game. Proof of our result is entirely constructive and provides an algorithm to make
laminar a given set family efficiently. Therefore, incorporating our result to approximation algo-
rithms for combinatorial optimization problems relying on laminar set families can increase their
performance.

In Lemma 5, for some special type of cyclic uncrossing games, we showed that the first player
can win within at most linear number of steps. It seems interesting to generalize this result to more
wide class of uncrossing games.
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Abstract: We investigate abelian (in the sense of Godsil and Hensel) distance-regular covers of complete
graphs with the following property: there is a vertex-transitive group of automorphisms of the cover which
possesses at most two orbits in the induced action on its arc set. We focus on covers whose parameters belong
to some known infinite series of feasible parameters. We also complete the classification of arc-transitive covers
with a non-solvable automorphism group and show that the automorphism group of any unknown edge-transitive
cover induces a one-dimensional affine permutation group on the set of its antipodal classes.

Keywords: Antipodal cover, Distance-regular graph, Vertex-transitive graph, Arc-transitive graph.

1. Introduction

A distance-regular cover of a complete graph with parameters (n,r, u) (or an (n,r, p)-cover) is
a connected graph (by ”graph” hereafter we mean an undirected graph without loops or multiple
edges) whose vertex set can be partitioned into n blocks (or antipodal classes) of equal size r >
2, such that each block induces an r-coclique, the union of any two different blocks induces a
perfect matching, and any two non-adjacent vertices in different blocks have exactly © > 1 common
neighbors. For an (n,r, u)-cover I', we denote by CG(T") the group of all automorphisms of T" that
fix each of its antipodal classes setwise. If the group CG(T') is abelian and acts regularly on each
antipodal class, then I is called an abelian (n,r, u)-cover (see [9]).

Abelian covers form an intriguing, large subclass of covers that, by a Godsil-Hensel criterion,
can be characterized in terms of certain matrices over group algebras [9]. Only a few general
techniques for constructing such covers are known, and typically they require the existence of a
related object (e.g., a crooked function, a generalized Hadamard matrix) that is again hard to
construct or yield only covers with specific parameters. A promising task is to describe covers with
“rich” automorphism groups. There are three known families of abelian covers with arc-transitive
automorphism groups, namely, distance-transitive Taylor graphs, Thas-Somma covers, collinearity
graphs of certain generalized quadrangles with a deleted spread, and related covers that come from
the quotient construction due to Godsil and Hensel. A recent study [12, 14] shows that the list
is almost complete, i.e., a new arc-transitive abelian (n,r, u)-cover may be discovered only in a
few open subcases. However, the general problem of classification of abelian (n,r, u)-covers, whose
automorphism group is vertex-transitive and has at most two orbits in its induced action on the
arc set of the cover, is far from being resolved. In this paper, we will investigate this problem by
focusing on covers with the triple of parameters (n,r, 1) belonging to some infinite series of feasible

!This work was supported by the Russian Science Foundation (project No. 20-71-00122).
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parameters. We will also address some open subcases in classification of arc-transitive (n,r, u)-
covers and show that every arc-transitive (n,r, u)-cover with a non-solvable automorphism group
is known and is indeed a member of one of the above-mentioned families whenever it is abelian.

Note that if I is a G-vertex-transitive abelian (n,r, p)-cover with CG(I') < G such that G
induces a rank s permutation group G> on the set ¥ of antipodal classes of I', then the arc set of
I" is partitioned into a collection of s — 1 orbitals of G. Therefore, the arc set of I' is the union of
at most two orbitals of G if and only if s < 3. This observation allows us to apply the classification
of permutation groups of rank at most 3 in our arguments, as well as the classification results on
abelian covers with primitive rank 3 groups G* obtained in [15-17].

The first class of covers considered in this paper (see Section 2) is abelian (n,r, u)-covers I' with
parameters of the form

(nyr,p) = <(t2 — 1)2,7", (t2 +t— 1)@)7

where —t is the smallest eigenvalue of the cover, and r is an odd divisor of ¢ — 1 with ged(r, 3) = 1.
The study of covers with such parameters is motivated by the following result.

Theorem 1 (Coutinho, Godsil, Shirazi, Zhan [6]). Let X be an abelian (n,r,u)-cover with
etgenvalues n — 1 > 60 > —1 > 7, where r is odd and § = X\ — pu. It yields a set of complex
equiangular lines for which the absolute bound is attained if and only if either r = p =3 = \/n or
t=—7€N, ged(3,7) =1, r divides t — 1, and the eigenvalues 0,7, and the parameters (n,r, u, o)
are as follows:

0=@t>-2)t, 7=—t, n=(*-1)7? rpu=>t-1*E+t-1) 6= (-3,
where
me= > —1)(r—1), m,; = (t*—2)(t* = 1)(r —1),
here m, denotes the multiplicity of the eigenvalue o € {6, 7}.

In the case (n,r,u) = (9,3,3), according to the result of Brouwer and Wilbrink (see [3, p.
386]), there exist exactly two non-isomorphic covers from the conclusion of Theorem 1; they can
be constructed by removing one of two non-isomorphic spreads from the (unique) generalized
quadrangle GQ(2,4). One of them is distance-transitive, so its automorphism group induces a
rank 2 permutation group on the antipodal classes. The automorphism group of the other acts
vertex-transitively but intransitively on the arc set, and induces a rank 3 permutation group on
the set of antipodal classes. The existence of covers with parameters

2
() = (2 = 02 (2 0 - ) )
from the conclusion of this theorem is an open question (see the discussion in [6]). We will describe
some basic properties of automorphism groups of covers I' with these parameters and apply them
to investigate G-vertex-transitive covers I' under restrictions on the rank s of the group G* or on
the parameter ¢: (i) s < 3 or (1) t < 11.

The second class considered (see Section 3) is abelian covers I, for which the group G* is an
affine group of permutation rank s = 2. A classification of such pairs (I',G) was given in [14];
however, the question of a complete description of pairs (I', G) has remained open in the case when
|| is even and G* is an affine group of one-dimensional, symplectic or G type. We will show
that in this case each cover I' with r > 2 and a non-solvable group G is known and isomorphic
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to a quotient of a certain distance-transitive Thas-Somma cover (see Theorem 2). As a result, we
will complete the classification of arc-transitive (n,r, u)-covers with a non-solvable automorphism
group. We will also show that the automorphism group of any unknown edge-transitive (n,r, u)-
cover must induce a one-dimensional affine permutation group on the set of its antipodal classes
(see Theorem 3).

Our terminology and notation are mostly standard and can be found in [1, 3] and [17].

2. Covers with parameters ((t* —1)%r, (* +t —1)(t — 1)?/r)

In this section, I' is an abelian cover with parameters

(=02 (2 + = 1)t - = 1)),

r

where t is a positive integer, r is an odd divisor of ¢ — 1 such that ged(3,7) = 1, and with eigenvalues
E=t*(t*—-2), 6=@>-2)t, —1, 7=—t
of multiplicities
L, mg=t>-1D(r-1), k m.=E-2)t>-1)(r-1),

respectively. Let 3 be the set of antipodal classes of I', n = |X|, v = nr, a € F € ¥, and suppose
that K = CG(I') < G < Aut(I'), G acts transitively on the vertices of I, and put M = Gp) and
C =Grp.

Note that

p= =20+ 1)t —1)/r, A= =2t +1)(t —1)/r +t(t*—3),

where A denotes the number of common neighbors for two adjacent vertices.

Further, for an element g € G, we will denote by «;(g) the number of vertices x of I' such
that d(x,29) = i. By m(l) we will denote the set of prime divisors of a positive integer [. For a
finite group X, the set 7(|X]) is called its prime spectrum and is briefly denoted by 7(X). In what
follows, if it is clear from the context, for a graph ®, we denote by [z] the adjacency of x in ®, that
is, [x] = @4 (z).

Lemma 1. The following statements are true:

1) C=Ce(K)NG, and M = K : Gg;

2) |G:M|=(t>—-1)? and |G : G| divides (t* — 1)%(t — 1);

3) m(G) =n(nr)Um(Gy) Cm(n!-(t—1));

4) |Fix(G,)| = |[Ng(Ga) : Gq| divides nr, and |Fixs(M)| = |[Ng(M) : M| divides n;

5) ifpen(G) andp >t+1, then p € 7(Gr);

6) G/Cq(K) < Aut(K) and if r is prime, then G/Cq(K) < Z,_1 and every element g € G of
prime order p & w(r — 1) either has no fized points or Fix(g) is the union of some antipodal
classes;

7) if g is an element of prime order p in G, p > and p & w((t> — 1)(t2 — 2)t), then r3 =1 — 1,
rory > 0, and | > r(1+r1) + 71z for some non-negative integer z which is a multiple of p,
where r; = |Ti(a)] (mod p), i =1,2,3.

P r o o f straightforwardly follows from the assumptions that I' is abelian and G is transitive
on its vertices. U
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Lemma 2. Let p € w(G). If p >t —1 and p does not divide t + 1, then

max{p, [Fixs(g)[} < p;

in particular, if p > /2, then for any element g € G of order p, the subgraph Fix(g) is an abelian
(|[Fixs(g)|, r, ')-cover with

W =p (modp), wp>|Fixs(g)|>(r—1), w(r)Cn(|Fixs(g)|).

Proof Letg € G and |g = p > t— 1. Suppose that p does not divide ¢t + 1. Then
2 :=Fix(g) # @ and |Q| = Ir, where | = |Fixx(g)|.

(1) Suppose az(g) > 0. By definition, this means that d(x,z9) = 2 for some vertex x € I' — Q.
But then [z] N [29] contains exactly [ vertices from €2, implying I < p.

Assume p > u. Then [a] N [b] C Q for any non-adjacent vertices a and b from 2 belonging
to different antipodal classes. But according to [9, Lemma 3.1], Q is a (I,r, u)-cover and thus
I > (r—1)u > p, which is clearly impossible. Therefore, p < p and since the number pu is
composite, p < u. Notice that if p > p/2, then

O<p :=|laNpNQ=p (modp)<u/2<p

for any non-adjacent vertices a and b from €2, belonging to different antipodal classes. Then by
[9, Lemma 3.1], © is an abelian (I,r, u’)-cover, implying p > [ > (r — 1)p’ and #(r) C 7w(l) by
[10, Theorem 2.5].

(2) Suppose az(g) = 0. Then ag(g) = Ir = ap(g’) forall 1 <i < p—1 and a1(g) = r(n —1).
If as(g®) > 0 for some 1 < s < p — 1, then the desired result is obtained by reasoning as in
part (1). Suppose that as(g) = as(g’) = 0 for all 1 < i < p — 1. Then each (g)-orbit in T' — € is
an (n — I)-clique. Since n —1 < XA+ 2, we have [ > (r — 1)u > A. Since [[z] N [29] N Q| = [ for any
vertices x and z¢ from I" — Q, we obtain n — [ = 2, which means that each (g)-orbit in I' —  is an
edge and g2 € Gy, so |g| = 2, a contradiction. The lemma is proven. O

Lemma 3. Suppose g is an involution of G and Q = Fix(g) # @. Let f = |QNF(z)| for z € Q,
[ = |Fixxs(g)|, and
X={xzeT\Q|[z]NnQ+# o}

Then  is a reqular graph of degree | — 1 on lf vertices and the following statements hold:

1) if Il = 1, then t is even, az(g) = 0, a1(g) + az(g9) = (n — 1), and Q coincides with the
antipodal class F(z);

2) if 1 > 1, then as(g) = (r — f)l, a1(g) + a2(g) = (n —I)r, each vertex in X is “on average”
adjacent to fl(n —1)/|X| vertices in Q, and the number of such vertices in 2 does not exceed
(in particular, if | X| = f(n—1), thenl < \) and

| X

(A —pai(g)
f < —l < |Q| < 7l

+rp <,

furthermore, if F(z) C Q, then X =T\ Q and either (i) a1(g) = (n —r, I < X, and each
(g)-orbit on T'\ Q is an edge, or (ii) as(g) >0 and | < y;

3) ift is even, then X ={z €T'| O(x,29) € {1,2}};

4) if f=1and 1> 1, then Q is an l-clique and | < rp/(t —1) < y;

5) if f > 1, t is even, and | > 1, then the diameter of the graph Q is 3 and || < I+ (1—1)3(1—2).



On G-Vertex-Transitive Covers of Complete Graphs... 151

Proof. Let f=|QNF(z) and assume 2 # @& (which is automatically satisfied for even ¢).
Then |Q] = f -1 > 0 and for any two vertices @ and b in 2, we have

I=1=la]nQ| =[] NQ,
meaning that the graph €2 is regular of degree [ — 1. Recall that

M:(t2+t—1)@, A= -12-2—-(r—1)p.

Since r is odd and divides t — 1, we have
t—1=l=X=p (mod 2).

Let A be the set of all vertices from antipodal classes that intersect €.
Note that if O(x,29) = 3, then x € A, |F(z) N Q| = f, and [z] C T'\ Q. And if x # 29 and
O(z,29) < 3, then z € '\ A and |[z] N [z9] N Q| = A = (mod 2). Therefore,

A=QU{z el d(z,29) =3}, T\A={zxel|d(z,27) €{1,2}}.
From the above, we have
ag(g) = (r= I, ai(g) +aalg) = (n=1D)r,

and for each vertex y € T'\ A, |[y] N Q] < [, so that either |[y] N Q| < p and I(y,y9) = 2, or
[yl N < X and d(y,y?) = 1. On the other hand, each vertex in A is adjacent exactly to n — [
vertices in '\ A. Let

X={zel\Q z]NnQ+#a}.

Then
U bin@ya) cx,
bEF(2)
implying |X| > (n —1)f, and X =T'\ A for even ¢t. Estimating the number of edges between X
and 2 gives
[2/(n — 1) < min {I(a1(g) + a2(9)), A1 (9) + paa(g) }-
And since

Aai(g) + paz(g) = (A = paa(g) + p(n —Or
and the number of vertices in X does not exceed the number of edges from 2 to X, we have
| X| <|92|(n—1) and

x| (O~ wos(y)
n—1017" n—1
Hence for even ¢ we have |2| > r, and in particular, for [ = 1, we have Q = A.

Let [ > 1 and ® be a connected component of the graph . Then ® is an f-covering of the
complete graph on m = |®|/f vertices, in particular, ® = {2 for even ¢. Since the number of edges
from Q to X is |Q|(n — 1), each vertex in X is adjacent “on average” to fl(n —1)/|X| vertices in (.
Recall that p < A. Therefore, if | X| = f(n —1), then I < \.

If f =1, then Q is an I-clique and | < ru/(t—1). And if f > 1 and ¢ is even, then the diameter
of  is 3 and, due to the Moore bound, we have

Q] <1+ (1 —1)%(1-2).

Q=f-1< +rp < rmax{u, A} =7\

Suppose f = 7. If a1(g) = (n — )r, then [ < X and each (g)-orbit on I' \ A is an edge.
If aq(g) < (n —1)r (which is equivalent to as(g) > 0), then I < . The lemma is proven. O
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Lemma 4. Suppose that G* has permutation rank 3 with subdegrees 1 < ky < ko. Then

1) G, has ezactly two orbits on |a], denoted X1 and Xo, with lengths ki and ko respectively,
satisfying
E1(N— A1) = ka(A — A2), (2.1)

where A\; = |[x;] N X;| for vertex xz; € X;, 1 =1,2;
2) if G, fizes a vertex a* € F(a) — {a}, then

ki(p — p1) = ka(p — p2), (2.2)

where p1 = |[y1] N Xq| for vertex y1 € X7, po = |[y2] N X3| for vertex yo € Xo, and X is a
Gg-orbit on [a*] of length k;, i = 1,2.
Proof. As the groups G, and G{F}Ef{F} are permutation isomorphic, (2.1) follows by
counting the number of edges between X; and X5 in two different ways, and (2.2) is obtained in a
similar way by counting the number of edges between X and Xo.

0

Proposition 1. The permutation rank s of the group G* is not equal to 2 (so T' cannot be
arc-transitive).

P roof. On the contrary, suppose s = 2. Then, since I is abelian and K < G, we conclude
that G acts transitively on the arcs of I'. As n is not a prime power, by Burnside’s theorem it
follows that G™ is an almost simple group. But then the number k = t2(t?> — 2) is a power of a
prime (see [12]), a contradiction. O

Proposition 2. If G* is a primitive group of rank 3, then the group G is either almost simple
and its socle cannot be an alternating group or a sporadic simple group, or T x T < G < T2,
where Ty is a 2-transitive group of degree ng = t*> — 1 with a simple non-abelian socle T and T
cannot be an alternating group of degree nyg.

Proof. Supposethat G* is a primitive group of rank 3 with nontrivial subdegrees k; and
ko, where ki < ko. Under this condition, according to [5, Theorem 2.6.14] and [2], the group G* of
degree (t? — 1)? has two self-paired orbitals on X.

Since n = (1> — 1)? is not a prime power, by the classification of primitive groups of rank 3
(e.g., see [4, Chapter 11, Theorem 11.1.1]), the group G* is either almost simple or is of wreath
product type. Furthermore, according to [15, 16], the socle Soc(G*) of the group G* cannot be an
alternating or a sporadic simple group for all .

Suppose that the group G* is of wreath product type, that is, P = T x T < G* < Ty 2,
where Tp is a 2-transitive group of degree ng with a simple non-abelian socle T' and n = nZ. Then
nontrivial subdegrees of the group G* are k1 = 2(ng — 1) and ky = (ng — 1)2. Simplifying the
equation (2.1), we get

2()\ — )\1) = (no — 1)()\ — )\2).

Since the group G, contains a subgroup A = S x S, where S is the stabilizer of a point in 7', and
A has exactly two orbits on X, say Y; and Ya, of lengths |Y1| = [Ya| = ng — 1, and AYi ~ S,
A1 must be a sum of subdegrees of AX!. Hence in the case T =~ Alt,, we have S ~ Alt,,_; and
A1 € {0,109 — 2,n0 — 1,2n9 — 3}. But then the above equation implies that ng — 1 = t? — 2 divides
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Table 1. Parameters of I with ¢ < 11 (see [6]).

n ri p | d=A—pul| 6 |T=—t|myg| m,
1225 | 5| 205 198 204 -6 140 | 4760
3969 | 7| 497 488 496 -8 378 | 23436
14400 | 5 | 2620 1298 1309 -11 480 | 57120
one of 2\ or 2(A — 1), which is impossible. So T' % Alt,,, for all t. O

Next we will consider the case ¢t < 11, in which the parameters of I" are given in Table 1.
Proposition 3. Ift < 11 and G* is a primitive group of rank s, then s > 3.

P roof. Supposethat G is a primitive group of rank 3 with subdegrees 1, k; and ks, where
k1 < kg. Let us consider the case t < 11.

Case t = 6. Suppose t = 6 (so n = 1225 = 5272). According to [16, 17], it suffices to consider
the case where the group G* is of wreath product type with degree n = n%. But then ng = 35,
Ty is a 2-transitive group of degree 35, and by the classification of finite 2-transitive permutation
groups (e.g., see [4, Theorem 11.2.1]), T ~ Alt,,,, which contradicts to Proposition 2.

Case t = 8. Suppose t = 8 (so n = 3969 = 3%7%). The case of an almost simple group G* is
impossible, since according to the classification of primitive almost simple groups of rank 3 (e.g.,
see [4, Chapter 11] or [7, Tables 4-6]), Soc(G*) cannot be an exceptional simple group or a classical
simple group of degree n.

Suppose that the group G* is of wreath product type with degree n = n3. Then ny = 63
and Tp is a 2-transitive group of degree 63. By Proposition 2, T' % Alt,,,, so the classification of
2-transitive groups (e.g., see [4, Theorem 11.2.1]) gives T' ~ PSLg(2). But if T'~ PSLg(2), then
the subdegrees of A7 on Y; are 1, 1 and 60. Therefore,

A1 (mod ng —1) € {0,1,n9 — 3,n9 — 2},

and the equation (2.1) has no solution, a contradiction.

Case t = 11. Suppose t = 11 (so n = 14400 = 263252). The case of an almost simple group G*
is impossible, since according to the classification of primitive almost simple groups of rank 3 (e.g.,
see [4, Chapter 11]), Soc(Gz) cannot be an exceptional simple group or a classical simple group of
degree n.

Suppose the group G* is of wreath product type of degree n = n%. By Proposition 2, T' 2 Alt,,,
so by [4, Theorem 11.2.1] we have T ~ PSpg(2). But if T~ PSpg(2), then the subdegrees of AY:
on Y; are 1,54 and 64. Therefore,

A1 (mod ng — 1) € {0,54,64,n9 — 1,n9 — 2,2n9 — 3}.

But A =+ § = 3918, and the equation (2.1) has no solution, a contradiction.
The proposition is proven. ]

Proposition 4. Ift =6, G := G* is an imprimitive group of rank s and B is its imprimitivity
system, then either s > 3 or s =3 and {|B|,|B|} = {25,49}, where B € B, Eg and G° are affine
2-transitive groups.
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P roof. Supposethat G is a rank 3 imprimitive group with subdegrees 1, k1, and ks, where
k1 < ko. Let B be the unique nontrivial system of imprimitivity of the group G (see [8, Lemma 3.3]),
and fix arbitrarily its block B (of size k1 + 1). Then k; + 1 divides

ged(ky, (12— 1)%), G < Gg” ! Sym(B),

G acts 2-transitively on B, and G acts 2-transitively on B (e.g., see [8, Lemma 3.1]). Let Ty = G 5
and T = Soc(Tp). Let S be the kernel of the action of G on B, W be the full pre-image of Gp
in G and N be the kernel of the action of W on B. Without loss of generality, we assume that
ac FeB Then K< NNS<W and N = K : N,.

Since n = 352, then |B| € {5,7,25,35,49,175,245}. If |B| = 35,175 or 245, then applying the
classification of finite 2-transitive groups (e.g., see [4, Theorem 11.2.1]) we obtain T ~ Alt(B). But
Lemma 2 implies max(7(G)) < 101, so |B| = 35 = |B| and T ~ Soc(G?) ~ Alt(B). In this case
Altgy < W/S < Symg,. On the other hand, W/N < Symygs, in particular, W/N contains an element
of order 35. Since the group NS is normal in W, then either S < N or NS/N > Soc(W/N) ~T. If
S < N, then Altgs < (W/S)/(N/S) ~ W/N, a contradiction. Hence |W : NS| < 2 and the group
NS acts 3-transitively on B, so |Gypy : NSypy| < 2. But then, simplifying the equation (2.1), we
get

(A =A1) = (k1 +1)(A = Ag),

which contradicts the fact that A\; € {0,k; — 1} in this case.

If |IB|] = 5 or 7, then |B| = 175 or 245, and in view of [4, Theorem 11.2.1] we obtain
Soc(GB) ~ Alt(B). But max(r(G)) < 101 by Lemma 2, a contradiction. So {|B|, |B|} = {25,49}.

1. Let |B| = 25. Then simplifying the equation (2.1), we get
()\ — )\1) = 50()\ — )\2) > 0, Ao > 0.

In view of [4, Theorem 11.2.1] we have either T~ Alt(B) or T ~ Es; and W¥ is an affine
group. But in the first case G, is 2-transitive on X7, hence A\; € {0,k; — 1} and the above
equation has no solution, a contradiction. Hence T' ~ Fs;. Applying [4, Theorem 11.2.1]
again, we obtain that either Soc(G®) ~ Alt(B) or Soc(GB) ~ E49 and G? is an affine group.

Suppose that Soc(GP) ~ Alt(B). Then Altys < W/S < Symygs and W — S contains an
element g of order 37, which fixes pointwise 11 blocks in B\ {B}. In view of Lemma 1
g € Gp NN and |Fixx(g)| > 25 - 12 = 300, which is a contradiction to Lemma 2.

2. Let |B| =49. Then k; = 48 and ko = 49 - 24, so the equation (2.1) implies
2()\ — )\1) =49(A —A2) >0, AjAy>0.

In view of the classification of 2-transitive groups (e.g., see [4, Theorem 11.2.1]) we obtain
either T ~ Alt(B) or T ~ Ey9 and W5 is an affine group. But in the first case G, is 2-
transitive on X7, so A1 € {0,k; — 1} and the equation above has no solution, a contradiction.
Hence T ~ Ey9. Applying again [4, Theorem 11.2.1], we obtain either Soc(G®) ~ Alt(B) or
Soc(GB) =~ Ea5 and GB is an affine group.

Suppose Soc(GB) ~ Alt(B). Then Altyy < W/S < Sym,,. On the other hand,
W/N < AGLy(7) and Gypy /N < GLy(7). Since |GLy(7)| = 2°3%7 and |B| = 49, N con-
tains an element g of order 13, which fixes pointwise 11 blocks in B\ {B}. In view of
Lemma 1 g € Gp N N and |Fixy(g)| > 49 - 12 = 588, which is a contradiction to Lemma 2.

The proposition is proven. ]
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3. Arc-transitive affine covers

Throughout this section, I' is an arc-transitive (28, r,2¢/ r)—cover, where r > 2, with eigenvalues
k=2°—1,0,—1, 7 of multiplicities 1, mg, k, m, respectively. Let X be the set of antipodal classes of
the graph I', 2¢ =n = |YX| =ru,v=nr,a € F € ¥, and K = CG(T"). Suppose |K| = r, the group
G < Aut(I') acts transitively on the arc set of I' and induces an affine 2-transitive permutation
group G on ¥. Let C = Gp, T be the full preimage of the socle of the group G* in G and
L = G,*. In [14], it was shown that under these assumptions, the pair (I', G) satisfies one of the
following conditions:

1) e = 2dc, d = 3, r divides 2¢, T is an elementary abelian group of order 2°r, not containing
any subgroup of order 2¢ that is normal in G, and G2(2°) ~ L < G;

2) e =2de, d > 1, r divides 2¢, T is an elementary abelian group of order 2°r, not containing
any subgroup of order 2¢ that is normal in G, and Spyg(2°) ~ L < Gg;

3) Go <T'Lq1(2°).

In the corresponding cases, we will say that the group G, is of type Ga, of symplectic type, or of
one-dimensional type. Moreover, by [14], L < C' whenever the group G, is of symplectic or of Go
type.

Recall that for each subgroup 1 < N < K the quotient graph TV, that is the graph on the set
of N-orbits where two orbits are adjacent if and only if there is an edge of I' joining them, is a
(n,7/|N|, u|N|)-cover [9].

Theorem 2. Suppose r > 2 and the group G, is of symplectic or of Go type. Then
the (26,7“, 26/7“)—60’067“ I' is isomorphic to a quotient ®V of a distance-transitive Thas-Somma
(26,20,20(261*1))—001167“ O for some subgroup U < CG(®) of index r. Furthermore, if r = 2¢, then
I' >~ ® and I' is characterized by its parameters in the class of arc-transitive distance-reqular covers
of complete graphs with a non-solvable automorphism group.

Proof Let L >~ Gy(2° or Speq(2°), and r = 25 < 2°. First of all, we will determine possible
complements to 1" in T'L, then we will find how many classes of conjugate complements to 1" the
group T'L can contain, and to which one the group L can belong. From the conditions, it follows
that T'L centralizes K and (T'L/K)" = TL/K. This means that the group T'L is a central extension
of the group TL/K (e.g., see [1, Ch. 33]).

Let us consider the group T as a GF(2)L-module and K as its L-invariant subspace. Then,
with respect to a suitable GF(2)-basis in T' (e.g., see [1, 13.2]), the matrices of elements g of the
group L, considered as a subgroup of Aut(7T") ~ GL¢44(2), have the following form:

( v(g) 0 >

vig) I, )’

where ¢ : L — GL(2) is a homomorphism and I is the identity matrix of order s x s. Since T
is irreducible as a GF(2)L-module, we have ) # 0. Let V = T//K and let us fix a nonzero vector

w € K. Define the map 7, : L — V by the rule gy, = wi(g) + K for all ¢ € L. Then for all
g,h € L, we have

(gh) 7w = (970)" + MY,

which means 7, is a cocycle (e.g., see [1, Ch. 6]). Recall that according to [11], the first cohomology
group H'(L, ‘7) of the group L in V is one-dimensional as a GIF(2¢)-space. Therefore (e.g., see
[1, 17.7]), multiplication by a scalar f € GIF(2°) gives a set of functions (fIs)1(g), which determines
representatives R of all classes of conjugate complements to 7" in T'L.
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Case r = 2¢. Since [T,L] = T and K < Z(TL), by [1, 17.12] when r = 2¢, the GF(2)L-
module T is the largest among GF(2)L extensions V' of the module K by V with the property
[V,L] =V and K < Cy(G). Representatives R; and Ry of any two classes of complements to
T in TL are conjugate in Aut(7T") by matrices of the form diag(I., f1s), where f € GIF(2¢). This
implies that the set of orbital (26,7’, 2¢/ r)—covers of the group T'L with vertex stabilizer R; gives
the set of orbital (26, r,2¢/ r)—covers of the group T'L with vertex stabilizer Ry, where each graph
from the first collection is isomorphic to some graph from the second collection and vice versa.
Therefore, it is enough to find the set of all orbital (28, r,2¢/ r)—covers of the group T'L with vertex
stabilizer L. Omne of such covers is the distance-transitive (26,7“, 2¢ /r)—cover ® from the Thas—
Somma construction [10, Example 3.6, Proposition 6.2]. According to [10], it is characterized by its
parameters in the class of distance-transitive covers. Next we will show that it is also characterized
by its parameters in the class of arc-transitive covers with a non-solvable group of automorphisms.
Note that G2(2°) < Spe(2°) (e.g., see [18, Theorem 3.7]), and only in the case when d = 3 two
different types are permissible for the group G,.

Let L ~ Spog(2¢). Since the groups Ll and L¥1F} are permutation isomorphic, in order to
determine the subdegrees of the group G, on [a], it suffices to consider the action of the group
Sp2q(2€) on its natural module W. Recall that it acts transitively on the set of all hyperbolic pairs
in the space W, and for each non-zero vector w in W, there are exactly ¢?*~! hyperbolic pairs of
the form (w,u). Therefore, the stabilizer of the vector w fixes pointwise ¢ — 1 non-zero vectors from
(w) and has g — 1 orbits on W of length ¢?*~1. If a vertex b € [a] is associated with the vector w,
then, since each vertex b* from F(b) — {b} is adjacent to exactly u = ¢*?~! vertices from [a] — [b]
and A — p = —2, the last statement implies that the group Lo, = L, acts transitively on each
p-subgraph of the form [a] N [b*].

Suppose I' # ®. Let () and S be the self-paired orbitals of the group T'L, corresponding to the
arc sets of the graphs ® and I', respectively. Then Q(a) # S(a) and I';(a*) = S(a*) = Q(a) = ®;(a)
for some vertex a* € F(a). Since T is an elementary abelian group, regular on vertices, for some
involutions g € T — K and h € K, we have a? € Q(a) and a9" € S(a). Without loss of generality,
we may assume that a* = a”, so that (a*)9 = a9". Then T'y(a) = S(a) = Q(a*) = ®1(a*). Since
1Q(a?") N Q(a*)| = [S(as") N S(a)| = A and A < p, from the action of the group Lg,as = Lo« (g+)s
on ¥, we obtain Q(a%") N Q(a*) = S(a?") N S(a), which implies @ N S # T, a contradiction.

Let L ~ G3(2°). Then, to determine the subdegrees of the group G, on [a], it suffices to
consider the action of the group G2(2°) as a subgroup of Spg(2°) on its natural module W (e.g.,
see [18, 4.3]). Recall that the stabilizer of a 1-dimensional subspace in L has exactly four orbits on
the 1-dimensional subspaces of W, and their lengths are 1, ¢(q + 1), ¢3(¢ + 1), and ¢°. Therefore,
the stabilizer of a non-zero vector w in L fixes pointwise ¢ — 1 non-zero vectors from (w) and has
g — 1 orbits on W of length ¢°. By reasoning as above, we obtain the required statement.

Further, according to [9, Theorem 6.2], for any subgroup U in K of index 2! := |K : U| > 1, the
quotient graph ®V is a (2¢,2!,2¢7!)-cover, and the group TL/U acts as an arc-transitive group of
automorphisms of this graph. Next we will show that these covers exhaust all possibilities for I"
when s < c.

Case r < 2¢. In this case, s < ¢. Let us show that the only candidates for I'" are the quotient
graphs ®Y of the distance-transitive Thas-Somma, (26, 2¢, QC(zd_l))—cover ® defined for subgroups
U < CG(®) of index 2°. Let ¥ = &Y be such a quotient graph, and let @ and S be the self-paired
orbitals of the group T'L, corresponding to the arc sets of the graphs ¥ and I', respectively.

Suppose I' £ W. A contradiction is obtained by a similar argument as before. Indeed, then
Q(a) # S(a) and I';1(a*) = S(a*) = Q(a) = ¥i(a) for some vertex a* € F(a). Since T is an
elementary abelian group, regular on vertices, for some involutions ¢ € T'— K and h € K, we
have a9 € Q(a) and a9" € S(a). Without loss of generality, we may assume that a* = a”, so that
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(a*)9 = a9". Then T';(a) = S(a) = Q(a*) = ¥ (a*). Since
1Q(a™) N Q(a*)] = |S(a?) N S(a)| = X = pu— 2 = g?—12¢=5 2,

and \ is not divisible by ¢??~!, from the action of the group Laas = Lg (4+)9 On X, we obtain

(Qa™) NQ(a") N (S(a®") N S(a)) # 2,

which implies @ N S # &, a contradiction.
The rest statements of theorem follow from the classification of edge-transitive covers in the
almost simple case (see [12]) and in the affine case (see [14]). O

Theorem 2 together with the results of [13, 14] and [12] yields the main theorem of this section.

Theorem 3. If ® is an unknown edge-transitive (n,r, u)-cover, then the group Aut(®) induces
a one-dimensional affine permutation group on the set of its antipodal classes. Moreover, if the
automorphism group of the cover ® acts transitively on its arc set, then it is solvable, pu > 1,
n=ru is a prime power, and |CG(P)| =r.

4. Concluding remarks

This paper finalizes a major part of the project of classifying edge-transitive distance-regular
covers of complete graphs, providing a complete classification in the case when the automorphism
group of such cover is non-solvable and arc-transitive.

In general, a larger class of G-vertex-transitive covers having at most two G-orbits in the
induced action of G on the arc set is still not well understood, and its study remains relevant
in the context of finding new constructions of covers with various parameters of interest, e.g., of
abelian covers with parameters ((t2 — 1)2,r, (t> +¢ — 1)(t — 1)?/r) whose study is motivated by
important problems in discrete geometry [6]. In this paper, we established some basic properties
of automorphism groups of abelian covers I' with these parameters and applied them to investigate
G-vertex-transitive covers I' under restrictions on the rank s of the group G* or the parameter ¢:
s <3 ort <11. This work will be extended in a forthcoming publication of the author for covers
with arbitrary values of t.

Next we list a few open questions:

1) Classify arc-transitive covers with a solvable automorphism group.

2) Classify half-transitive covers.

3) Is there any G-vertex-transitive cover with parameters ((¢t2 — 1)%,7,(#2 +t — 1)(t — 1)?/r)
having precisely two G-orbits in the induced action of G' on the arc set?
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