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Abstract: In the present paper, we investigate 2-local linear operators on vector spaces. Sufficient conditions
are obtained for the linearity of a 2-local linear operator on a finite-dimensional vector space. To do this,
families of matrices of a certain type are selected and it is proved that every 2-local linear operator generated
by these families is a linear operator. Based on these results we prove that each 2-local derivation of a finite-
dimensional null-filiform Zinbiel algebra is a derivation. Also, we develop a method of construction of 2-local
linear operators which are not linear operators. To this end, we select matrices of a certain type and using
these matrices we construct a 2-local linear operator. If these matrices are distinct, then the 2-local linear
operator constructed using these matrices is not a linear operator. Applying this method we prove that each
finite-dimensional filiform Zinbiel algebra has a 2-local derivation that is not a derivation. We also prove that
each finite-dimensional naturally graded quasi-filiform Leibniz algebras of type I has a 2-local automorphism
that is not an automorphism.

Keywords: Linear operator, 2-Local linear operator, Leibniz algebra, Zinbiel algebra, Derivation, 2-Local
derivations, Automorphism, 2-Local automorphism

1. Introduction

In 1997, P. Semrl [20] introduced and investigated so-called 2-local derivations and 2-local
automorphisms on operator algebras. He described such maps on the algebra B(H) of all bounded
linear operators on an infinite-dimensional separable Hilbert space H. Namely, he proved that
every 2-local derivation (automorphism) on B(H) is a derivation (respectively an automorphism).

A similar description of 2-local derivations for the finite-dimensional case appeared later in [17].
In the paper [19] 2-local derivations have been described on matrix algebras over finite-dimensional
division rings. In [9] Sh. Ayupov and K. Kudaybergenov suggested a new technique and have
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generalized the above-mentioned results of [20] and [17] for arbitrary Hilbert spaces. Namely, they
proved that every 2-local derivation on the algebra B(H) of all linear bounded operators on an
arbitrary Hilbert space H is a derivation. They obtained also a similar result for the automorphisms.
In [4, 10] the authors extended the above results for 2-local derivations and gave a proof of the
theorem for arbitrary von Neumann algebras.

Afterwards, 2-local derivations have been investigated by many authors on different algebras
and many results have been obtained. In [15] it was established that every 2-local *-homomorphism
from a von Neumann algebra into a C*-algebra is a linear *-homomorphism. These authors also
proved that every 2-local Jordan *-homomorphism from a JBW*-algebra into a JB*-algebra is a
Jordan #-homomorphism. Later, in [14] the authors prove that any 2-local automorphism on an
arbitrary AW*-algebra without finite type I direct summands is an automorphism.

In the paper [11] 2-local derivations of finite-dimensional Lie algebras are described. The
authors proved that every 2-local derivation on a finite-dimensional semi-simple Lie algebra over
an algebraically closed field of characteristic zero is a derivation. They also showed that each
finite-dimensional nilpotent Lie algebra L with dim L > 2 admits a 2-local derivation which is not
a derivation. At the same time, in [18] X. Lai and Z.X. Chen describe 2-local Lie derivations for
the case of finite-dimensional simple Lie algebras.

In the paper [12] the authors proved that every 2-local automorphism on a finite-dimensional
semi-simple Lie algebra over an algebraically closed field of characteristic zero is an automorphism
and showed that each finite-dimensional nilpotent Lie algebra with dimension > 2 admits a 2-local
automorphism which is not an automorphism. Later, in [13] similar results were obtained in the
case of finite-dimensional Leibniz algebras. Many papers were devoted to 2-local derivations and
automorphisms on Lie and Leibniz algebras. In particular, in the paper [6]it was proven that every
2-local inner derivation on the Lie ring of skew-symmetric matrices over a commutative ring is an
inner derivation. They also proved that every 2-local spatial derivation on various Lie algebras of
infinite-dimensional skew-adjoint matrix-valued maps on a set is a spatial derivation. In [8] the
previous results were extended of the Lie ring of skew-adjoint matrices over a commutative #-ring
and various Lie algebras of skew-adjoint operator-valued maps on a set, respectively.

In [5] 2-local inner derivations on the Jordan ring H,(R) of symmetric n x n matrices over
a commutative associative ring R were investigated. It was proven that every such 2-local inner
derivation is a derivation. In the paper [7], the authors introduced and investigated the notion
of 2- local linear maps on vector spaces. A sufficient condition was obtained for the linearity
of a 2-local linear map on a finite-dimensional vector space. Based on this result, the authors
proved that every 2-local inner derivation on finite-dimensional semi-simple Jordan algebras over
an algebraically closed field of characteristics different from 2 and a field of characteristics 0 is
a derivation. Also, they showed that every 2-local l-automorphism (i.e. implemented by single
symmetries) of the mentioned Jordan algebra is an automorphism.

The present paper is devoted to 2-local linear operators, 2-local derivations and automorphisms
on finite-dimensional vector spaces, Leibniz and Zinbiel algebras. This paper is organized as follows:

In Section 2, we investigate 2-local linear operators on vector spaces. Sufficient conditions are
obtained for the linearity of a 2-local linear operator on a finite-dimensional vector space. To do
this, families of matrices of a certain type are selected and it is proved that every 2-local linear
operator generated by these families is a linear operator.

In Section 3, we develop a method of construction of 2-local linear operators which are not
linear operators. For this purpose we select matrices of a certain type and using these matrices we
construct a 2-local linear operator. If these matrices are distinct, then the 2-local linear operator
constructed using these matrices is not a linear operator.

In Section 4, basing on the results of Section 2 we describe 2-local derivations of finite-
dimensional null-filiform Zinbiel algebras. Namely, we prove that each 2-local derivation of a
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finite-dimensional null-filiform Zinbiel algebra is a derivation. Also, applying the method of Sec-
tion 3 we prove that n-dimensional filiform Zinbiel algebras, n > 5, have 2-local derivations that
are not derivations.

In Section 5, applying the method of Section 3 we prove that finite-dimensional naturally graded
quasi-filiform Leibniz algebras of type I have 2-local automorphisms which are not automorphisms.

2. 2-Local liner operators of finite-dimensional vector spaces which are liner
operators

Definition 1. Let V' be a vector space over a field F, A :'V — V be a map such that for
each pair v, w of elements in V there exists a linear operator L, ., of V satisfying the following
conditions

A(v) = Lyyw(v), A(w) = Lyp(w).

)

Then A is called a 2-local linear operator.

Definition 2. Let V' be a vector space of dimension n over a field F, and let v = {ej, ea,... e}
be a basis of the vector space V. Let M be a set of n x n matrices. Then a mapping A :V —V is
called a 2-local linear operator generated by matrices in M, if, for each pair v and w of elements
in V', there exists a linear operator L, ., generated by a matriz in M with respect to v such that

A(v) = Lyyw(v), A(w) = Lyyp(w).

Let n and m be natural numbers such that m < n. Let, for fixed k, p such that 1 < k < n,
I<p<m,

fij(@i, o, .. xp), i=1,2,...,m, j#k, j=12,...,n,

be functions with values in a field ' (including the function f;;(x1,22,...,2p) =0),
gi(xl,xg,...,xp), i:1,2,...m,
be functions with values in the field F such that, for any nonzero elements {a1,as, ...,a,} CF, the

following system of equations

gi(z1, 22, ..., 2p) = gi(ar,a2,...,ap), i=1,2,...m,
has a unique solution z; = a;, j = 1,2,...,p, and let M,, ,(k,p) be a set of m x n matrices A
with components a;; such that, there exist nonzero elements a; € F, i = 1,2,...,p, satisfying the
following equalities
air = gi(ar,a2,...,ap), 1=12,...m,

al-j:fij(al,ag,...,ap), i:1,2,...m, ]#k‘

Remark 1. Note that, in the definition of the set M,, ,(k,p) components of every matrix A in
Myn(k,p) are computed using some nonzero elements a; € F, i =1,2,...,p.

Also, note that, by the definition of the set M, ,(k,p), a matrix of this set may contain a row,
all components of which are zeros, since p < m.
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Theorem 1. Let V be a vector space of dimension n over the field F, and letv = {e,ea,...en}
be a basis of the vector space V. Let A be a 2-local linear operator on V generated by matrices
in My n(k,p) with respect to the basis v. Then A is a linear operator generated by a matriz in
M, (K, p) with respect to the basis v.

P r o o f. Without loss of the generality, we suppose that k = 1. Indeed, matrices in M,, ,,(k, p)

depend on the basis v = {ej, ea,...e,}. If we swap the vectors e; and ey, then we get the set of
matrices My, ,(1,p), i.e., k = 1. By the definition, for every element z € V,

n
T = 5 Zi€i,
1=1

there exists a matrix A, ¢, = (a;;“")"._; in M,, (1, p) such that

iy Ji,5=1
- =
Az) = Az e, T,
where = (x1,22,...,2,)7 is the vector corresponding to x, Z is an operation on Z such that
T = x, and
— > — Z,€e1 Z,e1 x,e1 x,e1\T
Aler) = Ageier = (ay] ' as) ag 5 ,a,10)"
Since A(e1) = Ly, (€1) = Ly, (e1), we have
_ T,e1 x,e1 z,e1 Te1\T __ Yy,e1 y,e1 Yy,e1 y,e1\T
Aler) = (ay] s agy hagg - a,) )" = (a) hag) hagy s anyt)
for each pair x, y of elements in V. Hence, af;iel = ag’lel7 q =1,2,...n. By the condition, there
exist nonzero elements a7, /' € F, i =1,2,...,p such that
x,e1 _  (,T,€1 x,e1 x,e1 .
agit =gilay"ay™ . a), i=1,2,...n,
yer _ yer  y.er €1 .
agi =gi(a{™, a5, ap), i=1,2,...n.
So, we have
z.e1  xT,e1 T.e1\ _ .. (Y€1 Y€l ,e1 .
gi(ay" ay™ o ayt) = gi(a ey ey ), i =1,2,.0.n.
By the definition of g;, i = 1,2,...n, we have
z,e1 __ _Y,€1 y —
a;” =a;, 1=12,...p
By the condition, for every component af]?el, j#1,0f A, ., we have
z,e1 __ L A”i€1 z,e1 z,e1 . .
a;; = fijlay™ a5 ayt), i =120, # 1
where 2 € {z,y}. Therefore a;;” = a{}", i,j =1,2,...n,ie. Aye; = Aye,, and
- =
A(r) =Aye, @

for any = € V, and the matrix of A(x) does not depend on z. Hence A is a linear operator, and
the matrix A, ., is the matrix of A. The proof is complete. O
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Let n be a natural number, and let {i1,2,...4,} and {j1, j2,...jq} be subsets of {1,2,...,n}
such that

p+q=mn, {il,’iQ,...ip}U{jl,jg,...jq}:{1,2,...,n}.
Let, for fixed k, m, [ and s such that 1 < k,m,l,s <n, k#m,
Mn(kamailaléy'"ipajl?j2a"'jQ7l55)

be a set of n x n matrices A = (aij):fj:l such that the p X n submatrix
Ajtagp,a € {it,i2,...9}, B=12,...,n,
belongs to the set M, ,(k,l) and the ¢ x n submatrix
As tagg,a € {J1,J2,---4qt, B=1,2,....n,
belongs to the set M, ,,(m,s). Then the following theorem takes place.

Theorem 2. Let V be a vector space of dimension n over the field F, and let v = {ey, ea,... e}
be a basis of the vector space V. Let A be a 2-local linear operator on V generated by matrices
in Mp(k,m,i1,i2,...19p,J1,J2, - - - Jq, [, 8) with respect to the basis v. Then A is a linear operator
generated by a matriz in

Mn(lﬁmailazér"ip7j17j27"'jQ7l78)
with respect to the basis v.

Proof. Without loss of generality, we suppose that k=1, m =n. Indeed, matri-
ces in M,y (k,m,iy,i2,...0p, j1,J2,- .. Jg,l,$) depend on the basis v ={ej,ez,...€,}. If we
swap the vectors e; and e, e, and e, respectively then we get the set of matrices
My (1,n,01,92, . . ip, 1,92, - - - Jg, 1, S), 1.e., k=1, m =mn. Then, by definition of A, for every el-

ement x € V,
n
T = E i€,
=1

there exists a matrix
_ Z,e1\n
Age; = (a’ij )z‘,j:l

in My, (1,n,i1,i2,...0p, j1, J2, - - - Jg, !, s) such that

- =
Az) = Az e, T,
where T = (x1,29,...,2,)7 is the vector corresponding to x, T is an operation on Z such that

T =z, and

A(el) = Lx,€1 (61) = Ax,€1a = (aﬁq?agzciel?agielv s 7a2’1€1)T7

where L, ., is a linear operator, generated by A, .,. Since A(e1) = Ly, (e1) = Ly, ¢, (1), we have

_ (,T€1 ,T.e1  X,e1 r,en\NT __ (. Y1,e1 Y1,e1  Y1,e1 y1,e1\T
Aler) = (a1 as1 agy s e,y t)" = (a7 a5y agy™ o agt ™)
for each pair, x, y; of elements in V. Hence,
x,e1 __ _Yi1,€e1 . . .
ay b =aly o € {iy, i, .. L ip ) (2.1)
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By the definition of M,,(1,n,11,42,...19p, 1,52, .- Jg, 1, s) the submatrix

{a,$7el} . . .
Oé] ae{217227"'217}7 ]:1,2,...,71

belongs to the set of matrices My, ,(1,1). Hence, by definition of the set M, ,(1,1) there exist
mappings

gi(xl,xg,...,xl), i:1,2,...p,

with values in the field F and nonzero elements {a]"",a5"",...,a;"'} C F depending on z and e;
such that
T,e1 __ Z,e1 Z,e1 Z,e1
a; = gol(ay, a5, . a)7), a€{l,2,...p}.

Also, there exist nonzero elements {a"“", a3, ..., a;""'} C F depending on z and e; such that

Yyi,e1 __ Y1,€1 Y1,€1 Y1,€1 . . .

agit = galait ™t ax e, a € {iy,da, . i)
By the equalities (2.1), we have
ze1 Tl Te1y _ yier  yi.el y1.e1
galay ™ ay ™o a7 ) = gala]V ™ agm ™, o a/YTY),  a e {1,2,...p}.

By the definition of the functions g,, v = 1,2,... p in the definition of the set M, ,,(1,1), we have

z,e1
)

a; M =aM, i=1,2,...1 (2.2)

By the definition of the set M, ,(1,1), there exist functions

faj(xl,xg,...,:cp), QE{il,ig,...ip}, j=2,....,n,
with values in the field F such that, for every component aZ’jel, a € {i,i2,...9}, j=2,3,...,n,
of A, ., we have
ai’jel = fmj(af’el,a;’el,...,af)’el), a € {it,ig,... i}, J=2,3,...,n.

where z € {z,y;}. Therefore, by (2.2), az’jel = aglj’el, a € {iy,iz,...9}, j=1,2,...n. Hence, for
the elements v € Vi, where Vj is the vector subspace, generated by the vectors {e;,,€,,...,¢€;,},
ie.,

V1 == <ei1,6i2,- .. ,el-p>
and w € Vo, where V5 is the vector subspace, generated by the vectors {ej,,ej,,...,¢€;,}, ie.,

‘/2 = <6j1,6j2,... ,6jp>
such that .

Ap e =v+w,

the elements t € V7 and r € V5 such that

o —

Ay e =t+r

we have



10 Farhodjon Arzikulov, Feruza Nabijonova and Furkat Urinboyev

Similarly, from Ly e, (en) = Ly, e, (en) it follows that

agn" = aiy™, o €{ji,j2, .. Jg}
and
az{’je" = affj’e", ac{j,jo.--Jqt» J=12,...n.

Hence, for the elements a € V7 and b € V5 such that

Aper®=atb,
the elements ¢ € V; and d € V5 such that

A;,e\nj =c+d
we have

b=d.

Therefore, if we take y1 = e,, y2 = e1, then, for the elements f € V4 and g € V5 such that
Acver®=Ff+g,
we have
Ay =v+w=ftw=f+b=f+g=A, @
since v =f, Aze, @ = Az, T and b= g. So,
Lye () = Lye, () = Le, e, (7).

for any x € V, and the matrix of A(z) does not depend on z. Hence A is a linear operator and
the matrix A, ¢, is the matrix of A. This ends the proof. O

Ezample 1. Let Js6 be the Jordan algebra with a basis {e1,n1,n2,n3} such that

1
2 .
ny =mng, enzg= ing, etn; =n;, 1=1,2

(see Table 3 in [16]). Then the matrix of its arbitrary derivation has the following form

00 0 0
0 a 0 0
0B 2 0
00 0 =~

If wetake k=2, m=4, i1 =2, io =3, j1 =4, | =2, s=1, then the set of such matrices we
can take as the set My(k,m,i1,12,71,1,5).

Therefore, by Theorem 2, each 2-local automorphism of the Jordan algebra Js¢ is an automor-
phism. In this case, My(k, m, 1,12, 1,1, s) is a set of 4 x 4 matrices such that the 3 x 4 submatrix

Aitaqnp, a€{l,2,3}, [=1,23/4,
belongs to the set M3 4(2,2), and, the 1 x 4 submatrix
Asianp, a=4, B=123/4,
belongs to the set M 4(4,1).
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3. 2-Local liner operators on finite-dimensional vector spaces which are not
linear operators

Let n be a natural number, V be a vector space of dimension n over a field F with a basis
{e1,€e2,...,ey}. Let, for fixed k, m, a, 3, v,  such that
1<kma,B<n, 2<n<n, k#m, a<p, 0<y<(n-pB)n+pn-n)

and, for fixed subsets {i1,42,...,93} and {j1,J2,...,J,} of natural numbers from {1,2,...,n} such
that k,m € {jl,jg, - ’jTi}7
fij(xhx%--wxa)a iE{il,iQ,...,iﬁ}, je{j17j27"'7j7)}7 j#ka ]#m7
fij(ml,mg,...,my), iE{1,2,...,n}\{il,ig,...,ig}, jE{l,Q,...,n} if ﬁ#n,
fij(wlax%--wx’y)? i€{1727---7n}7 je{1727-"7n}\{j17j27---7j7)} if 777&77‘

be functions with values in the field F (including the function f;; = 0) and, for fixed nonzero

elements ay, ag, ..., aq, b1, ba, ..., bg, 21, 22, ..., 2, in F,
Mﬁ’m’n(al,(m, A ,aa,bl,bg, . ,bﬁ,zl,ZQ, ... ,Zﬁ/)
be a n X n matrix with components a;;, i,j = 1,2,...,n, such that
1) for i € {i1,i2,...,ig}, air € {a1,a2,...aq} or a; = 0 and for any a € {ai,as,...a,} there
exists [ € {i1,42,...,9g} such that a; = a;
2) for every component a;;, i€ {i1,ia,...,ig}, JE€{ji,J2---sdnts JFk, JjFm, of
k7 b
Mnmn(al,CLQ,...,aa,bl,bQ,...,bﬁ,Zl,ZQ,...,ny),
al-j = fij(al,ag, e ,aa);
3) Qigm :b87 s = 1727"'75;

4) every component a;; of the submatrices

B:aij,ie {1,2,...,n}\{il,ig,...,ig}, je {1,2,...,77,},
C:aijie{1,2,...,n}, je{1,2,....,n}\ {j1,j2,---»in}

is equal to fij(z1,22,...,25);
5) if # =n and n = n, then v = 0 and we use the designation

Mﬁ’m’”(al,ag,...,aa,bl,bg,...,bn)
instead of Mﬁ’m’n(al,ag, ey Oy b1 ba, b 21, 20, 2y).
Let V1, V5 be vector subspaces generated by the sets of vectors
{ej:j#m, je{j,jo,  in}t}
and {e,,} respectively, i.e.,
Vi={{ej:j#m, j€{ji.do,---int}), Vo= (em).
If  # n, then let V3 be a vector subspace generated by the set of vectors
{ej:je{1,2,....n}\ {j1. g2, - dnt}

i.e.,

Vs = <{€j 1] € {1,27... ,n} \ {j17j27--' 7377}}>
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Lemma 1. If n # n, then, for any v € V3 and x1,22,... 2o, Y1,Y2,--.,Y3 €F,

Mﬁ’m’n(xh L2, Ta,Y1,Y25 - - - 7y[37 Z1yR2y 72’)/)@
= Mﬁ’m’n(al,(m, ceyQay b1, b9, ,bﬁ, 215,22, .. ,ny)_.
Proof. Wehave
n
MBI (@1, B2, Ty Y1 Y2y - YGs 215 22,5 2D = Y > aijvie; = C,
=1 j€{1727"'7n}\{j17j27"'7j7]}
where
v = Z vlej,
j€{1727"'7n}\{j17j27~~~7j7]}
C is a matrix from item 4) of the definition of Mﬁ’m’n(al, ag,...,00,b1,b2,...,bg,21,22,...,2y)
above. Since 1, T2, ... Ta, Y1, Y2, - .-, Yg in F are chosen arbitrarily we have the statement of the
lemma. O
Theorem 3. Let V be a vector space of dimension n over a field F with a basis {e1,ea,...,en}.
Then, for any nonzero elements c1,ca, ..., cq from the field F, a mapping A on V defined as follows

(I) in the case n # n,
1) ifv=vi4+v3or v=uv3, vi €Vi, v1 #0, vs € V3 then

A(v) = Mﬁ’m’"(al, ag,...0q,01,b2,...b3,21,22,...,2y)7,
2) ifv=wvi+va+uz, viEV], va€ Vo, va#0, vz Vs, then
A(U) = be’m’n(cl,CQ, ceey Cay b, bo, . bﬁ,Zl,ZQ, .. .,ny)’L_),

(IT) in the case n = n,
1) ifv=wvy, v € V4, v1 #0, then

Av) = Mﬁ’m’”(al, as,...aq,b1,b2,...b3,21,22,...,2y)7,
2) ifv=wv1+ve, v1 € Vi, v € Vo, w9 #0, then
m: Mﬁ’m’"(cl,c%...,ca,bl,bg,...65,21,22,...,zy)f)
is a 2-local linear operator, and A is a linear operator if and only if
a;=c¢, 1=12 ..., a.

Proof. We will prove the theorem in the case (I). In the case (II), the theorem is proved
similarly. We prove that the mapping A, defined in the theorem, is a 2-local linear operator on V.
Take the subspace V; & V3 and arbitrary two elements v, w from Vi @ V3. Then, by the definition
of A, item 1) of the theorem and by Lemma 1, for the linear operator L, ,, with the matrix

k7m7
Mn n(a17a27 ooy Qs b17 b27 ey bﬁ7 21522y« Z’y)a

we have A(v) = Ly (v), A(w) = Lyp(w).

) )
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Take the subspace V5 @ V3 and two elements v, w from V5 @ V3 such that
v=wvyFuv3, vaEVh w3#0, wv3eV;, w=wyr+ws, wr€ Vo wyFO0, ws€ Vs
Then, by item 2) of the theorem, for the linear operator L, ,, with the matrix
Mﬁ’m’"(cl,c% ey Cay b1, b2, 008, 21, 22, .y 2y),

we have A(v) = Ly, (v), A(w) = Ly (w).
Now, if we take elements v € Vi @ V3 such that

v=uv1t+uv3, v1€V, v1#0, v3eEV3, welhdV;

such that
w:w2—|—w3, U]2€V2, w2?£07 w3€v§3)

then, by items 1) and 2) of the theorem
A(v) = ./\/lfl’m’”(al, A9y eevy Gy b1, b9,y ooy bﬁ, 21422y euey ZV)Z_},
and
A(w) = ME™ (e ey, .., co, b1, ba, o bB, 21, 22, 00, 29)W
respectively. In this case, by Lemma 1, for the linear operator T, ,, with the matrix
Mﬁ’m’"(al, ag, ..., Aq, bl, bg, ey bg, 21522y ony Zq/),

we have

A) =Ty(v), A(w)=Typ(w).

)

Now, if v € V1 & Vo & V3 such that
v=wvtuva+uv3, viE€V, wve€Ve, w#0, vseElVs weVioVs

such that
w = w1 + ws, ZU1€V1, wl?é()? w3€v§3)

then, by items 2) and 1) of the theorem,
A(U) = Mﬁ’m’n(cl, €2,y .0y Co, b1, b9, ..., bg, 21522, eeny Zq/)@

and

k? b
A(w) = Mp™ay, az, ..., aa, b1, b2, ..., bg, 21, 22, ..., 24)W

respectively. In this case, there exist elements A1, A2, ..., Ag in the field F such that for the linear
operator L, ,, with the matrix

k,m,
Mn "(al, A2y vvvy Qgyy )\1, )\2, ceey )\B, Z15 Ry eeny ny),

we have
A(v) = Ly (v), A(w) = Lyp(w).
Indeed, the equality A(w) = Ly (w) is obviously true for any A1, A2, ... Ag in F by Lemma 1. As

for the equality A(v) = Ly (v), we rewrite it in the following form

)

P>

k,m, —
(V) = ME"™ a1, a2, ..oy oy A1y A2y ooy ABy 215 22,5 oy 24)0
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k7m7
= My (c1, ¢, .05 Cay b1, ba, s bg, 21, 22, .0y 24) 0.

The last equality is a system of linear equations with respect to the variables A, A2, ... Ag. By
Lemma 1, this system can be written in the following way

hi+v§”)\i:gi+v§nbi, 1€ {il,’ig,...,’iﬁ}, hj :hj, j e {1,2,...,71}\{il,’ig,...,iﬁ},
for some elements h;, i = 1,2,...,n and g;, j € {i1,i2,...,ig}, from F, where vy = v§'ey,. Since,

vy* # 0, this system of linear equations has the solution

1 o .
A = U—m(gi +v5'; — hy), i € {i1,i2,...,i5}.
2

Hence,
k;7m7
Mn ”(al, A2y ..y Qgyy )\1, )\2, ceey )\5, Z15 Ry eeey ny)

is a desired matrix.
The case

v=v+vatuvs, vi €V, wva€Vy wy#0, wg€E Vs,
w=w; +wy+w3, wy €V, wrela, wr#0, wzels

is also trivial, i.e., by item 2) of the theorem, for the linear operator L, ,, with the matrix
Mﬁ’m’n(cl, C2yeery Coyy bl, b2, vy bﬁ, 21522 eny ny),

we have A(v) = Ly, (v), A(w) = Ly (w).
The case v € V3 and w € V| & Vo ® V3 such that

w=w;+wr+ws, wi€V, w #£0, wee€Vy, wr#0, wszeVs
follows by Lemma 1. Indeed, we have
A(v) = ME™(ay, a9, ...y Qo by Doy ooy b, 21, 22, vy 240
by item 1 of the theorem, and,
Aw) = Mﬁ’m’”(cl,c%...,ca,bl,bg, e bB, 21, 22, 0, 29)W
by item 2 of the theorem. At the same time,
m = Mﬁ’m’"(cl,@, ey Cay b1, b2, b8, 21, 22, oy 24)D

by Lemma 1. Hence,
A(v) = Lyyw(v), A(w) = Lyu(w)
for the linear operator L, ,,, generated by the matrix .Mfl’m’"(cl, €2, oy Cas D1, b2, o, b3, 21, 22, ey 24).
Thus, in all cases, for any pair v and w of elements from V', there exists a linear operator L, ,
on V such that A(v) = Ly (v), A(w) = Ly w(w), ie., A is a 2-local linear operator.
Now, if a; = ¢;, i =1,2,...,, then, by items 1) and 2) of the theorem, for any v € V,

k;v El 77
A(v) = Mp™ay, ag, ..., Gq, b1, ba, ..., bg, 21, 22, ..., 2)U.

So A is linear.
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Suppose that (a1,as,...,as) # (c1,¢2,...,¢q). Then there exists a vector v € Vi, v # 0, such
that

k7m7 7 k7m7
M1, 2,50 Can b1, b2, o b, 21, 22,5 0y 24)0 # M (a1, g, ... Ga, b1, ba, -0, bg, 21, 22, .0, 24) D

Then, for any w € Vo, w # 0, we have

A(v+w) = ME™I (e ey, .0 cq, b, b, oo, bg, 21,22, ..., 2¢) (V + W),

k;v El 77
A(v) = Mp™ay, ag, ..., aq, b1, b2, ..., bg, 21, 22, ..., 24),

k? ’ 1T
A(w) = Mp™ (e, ¢, ...y Ca, b1, ba,y o, bg, 21, 22, .0y 24) 0.

So,
A(v+w) — (A(v) + A(w)) = Mﬁ’m’"(cl,@, s Cay b1, b2, ., b8, 21, 22, oy 24)D
—be’m’"(al, A2y ey O, b1, 0o, .y bﬁ, 21522, ey ny)’L_) 75 0,
i.e., A is not additive. This ends the proof. O

4. 2-Local derivations of complex null-filiform and filiform Zinbiel algebras

An algebra A over a field F is called Zinbiel algebra if, for any x,y, z € A, the identity
(zy)z = z(yz) + 2(zy)
holds. For a given Zinbiel algebra A, we define the following sequence:
./41 — .A, Ai+1 — ZAkAilefk, i>1.
k=1

A Zinbiel algebra A is said to be nilpotent if A? = 0 for some i € N. The minimal number 4
satisfying A’ = 0 is called index of nilpotency or nilindex of the algebra A.

It is clear that the index of nilpotency of an arbitrary n-dimensional nilpotent Zinbiel algebra
does not exceed the number n + 1.

Definition 3. An n-dimensional Zinbiel algebra A is said to be null-filiform if
dim A" = (n + 1) — 4,
where dim A* is the dimension of A', 1 <i<mn+ 1.

It is evident that the last definition is equivalent to the fact that the Zinbiel algebra A has
maximal index of nilpotency.

Theorem 4 [2]. An arbitrary n-dimensional null-filiform Zinbiel algebra over the field C of
complex numbers is isomorphic to the algebra

FY . €i€; :CJJrjileH_j, 2<i1+475<n,

n (3

where omitted products ere; are equal to zero and {ey,es,...,e,} is a basis of the algebra, the
symbols C* are binomial coefficients defined as
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Definition 4. An n-dimensional Zinbiel algebra A is said to be filiform if
dimA' =n—i, 2<i<n.

Theorem 5 [2]. An arbitrary n-dimensional, n > 5, filiform Zinbiel algebra over the field C of
complex numbers is isomorphic to one of the following pairwise non-isomorphic algebras:

FL.

n ' €i€j = Z']+j_16i+ja 2<i4+53<n—-1,

2. _ : : _
Fy:oeieg =0 iy, 2<i+j<n—1 ene1=c¢ep1,

3. _ I S _
E) . eej = CijleHj, 2<i4+j3<n—-1, epe,=¢én_1,

where omitted products ere; are equal to zero and {e1,es,...,e,} is a basis of the appropriate
algebra.

Theorem 6 [21]. A linear map A : F? — F? is a derivation if and only if A is of the following
form:
n .
Alei) = Z Cjz‘ilajfzﬁrleja 1<i<mn,
Jj=t

where o; € C, 1 <1 < n.

Theorem 7 [21]. A linear map A : F} — E} is a derivation if and only if /\ is of the following
form:

n n—1
A(el) = Zajej, A(ez) = ZC;*laj_iHej, 2<i1<n-—1, A(en) =bp_16n-1 + bnen,
= =i

where o; € C, 1 <1 < n.

Theorem 8 [21]. A linear map A : F? — F? is a derivation if and only if /\ is of the following

form:
n n—1
A(el) = Zajej, A(eg) = Z C}O&jflej + oanen_1,
j=1 J=2
n—1
A(e;) = Z C’;flaj,iﬂej, 3<i<n-—1, Alen) =bp_16n-1+ (n—2)agey,,
Jj=i

where a; € C, 1 <i<n.

Theorem 9 [21]. A linear map A : F> — F3 is a derivation if and only if A is of the following
form:

n n—1
A(el) = Zajej, A(el) = ZC’;flaj,Hlej, 2 S 7 S n — 1,
7j=1 j=t
n—1

A(en) = —apep—9 + bnflenfl +

Q1€n,

where o; € C, 1 <1< n.
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The following theorems are the main theorems of the present section.
Theorem 10. Each 2-local derivation on FV is a derivation.

Proof Let A bean arbitrary 2-local derivation on FY. By the definition, for any x, y € F?
there exists a derivation D, , on F)) such that

A(z) = Dy y(x),  Alx) = Dy y(2).

By Theorem 6, the matrix of the derivation D, , has the following matrix form:

ay? 0 0 0 0
ay?  CialV 0 0 0
D a3’ Ciay? Cial? ... 0 0
T,y —
Ty ol Ty oL oy Cn—é T,y 0
P s RS = . WS Y
oy Cra”y Cia”y ... Ch%ay” Ch oy

Clearly, the set of all n x n matrices of the form above we can set as a set M,, ,,(k,p) defined
in Section 2, where m =n, k=1, p=n, i.e., My, n(k,p) = M, (1, 1)

Each 2-local derivation on F? is a 2-local linear operator on F° generated by matrices in
M, (1,n) with respect to the basis {e1, 2, ..., e, }. Conversely, every 2-local linear operator on F?
generated by matrices in M, ,,(1,n) is a 2-local derivation on F? by Theorem 6.

Therefore, by Theorem 1, each 2-local derivation on F? is a linear operator generated by a
matrix from M,, ,(1,n). Hence, each 2-local derivation on F) is a derivation by Theorem 6. This
ends the proof. O

Theorem 11. The algebras F}, F2 and F3 have 2-local derivations which are not derivations.

P roof Let D bean arbitrary derivation on F!. By Theorem 7, the matrix of the derivation
D has the following form:

(651 0 0 e 0 0
a9 021041 0 e 0 0
a3 C%CYQ C?%Oél e 0 0
«a Cl ‘ 02 . Cn72 ‘
n—1 n—1%n—2 n—1%—-3 ... n—1%1 Bn—l
an, 0 0 e 0 Bn

Let a1 = ap—1, a2 = ay, by = /Bn—la by = /Bn and
1 = a1, 22 =02, .., 2Zp-2=0p_2.

Then, if this matrix we denote by M}L’n’n(al, a2,b1,b2, 21,22, .oy Zn—2), then
i’"’"(al,ag,bl,bg,zl,z%...,zn_g) satisfies the all conditions of the definition in Section 3
of a matrix

k,m,
Mn "(al,ag, coey Oy bl, bz, ceey bﬁ, 215 Ry oens Z,y)

inthecaseof k=1, m=n, n=n, a=2, f=2and y=n—2.
Therefore, by Theorem 3, we can find a 2-local derivation on F! which is not linear.
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Now we take the algebra F? and a derivation D on F2. By Theorem 8, the matrix of the
derivation D has the following form:

g 0 0 e 0 0

a9 C21a1 0 e 0 0

Qa3 C§a2 C??Oél N 0 0
Qp—1 Cyllflan—Z + an, Cy%floén—fﬂ cee 02:12041 Br-1

anp 0 0 e 0 (n—2)ay

Similar to the previous case, we take a1 = a;,_1, b1 = 5,1 and
g1 =01, Z2=0Q2, .., 2Zp-2=0p-2, Zp-1= Qn.

Then, if this matrix we denote by My™" (a1, b1, 21, 22, s Zn_1), then Mp™™(ay, by, 21, 22, ..y Zn—1)
satisfies the all conditions of the definition in Section 3 of a matrix

k,m,
Mn n(al,ag, ceey Qg bl, b2, ceey bﬁ, Z15 Ry eeny Z’Y)

inthecaseof k=1, m=n, n=n, a=1, f=1and y=n—1.

Therefore, by Theorem 3, we can find a 2-local derivation on F! which is not linear.

Similarly we prove that F> has 2-local derivations which are not derivations. This ends the
proof. O

5. 2-Local automorphisms of naturally graded quasi-filiform Leibniz algebras
of type 1

A vector space with a bilinear bracket (L, [-,-]) is called a Leibniz algebra if, for any x, y, z € L,
the so-called Leibniz identity

[z, [y, 2]] = ([, ], 2] = [z, 2], 9]

holds. For a given Leibniz algebra (L, [-,]), the sequence of two-sided ideals is defined recursively
as follows:

ct=c, cHl=[ck g, k>1

This sequence is said to be the lower central series of L.

A Leibniz algebra L is said to be nilpotent, if there exists n € N such that £" = {0}.

It is easy to see that the sum of two nilpotent ideals of a Leibniz algebra is also nilpotent.
Therefore, the maximal nilpotent ideal of a finite-dimensional Leibniz algebra always exists. The
maximal nilpotent ideal of a Leibniz algebra is said to be the nilradical of the algebra.

Now we give the definitions of automorphisms and 2-local automorphisms.

Let A be an algebra. A linear bijective map ¢ : A — A is called an automorphism if it satisfies

o([z,y]) = [p(x), o(y)] forall z,y € A.

Let A be an algebra. A (not necessarily linear) map A : A — A is called a 2-local automorphism
if, for any elements x, y € A, there exists an automorphism ¢, , : A — A such that

A(.%') - (Px,y(x)v A(y) = ¢$7y(y)'

Below we define the notion of a quasi-filiform Leibniz algebra.
An n-dimensional Leibniz algebra £ is called quasi-filiform if £~2 # {0} and £"~! = {0}.
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Given an n-dimensional nilpotent Leibniz algebra £ such that £5~! # {0} and £° = {0}, put
Li=LY/LH 1<i<s—1,

and
gr(L)=L1® Ly ®--- DLy 1.

Due to [£;,L;] € L;4; we obtain the graded algebra gr(£). If gr(£) and £ are isomorphic, i.e., if
gr(L) = L, then we say that £ is naturally graded.

Let = be a nilpotent element of the set £\£?. For the nilpotent operator of right multiplica-
tion R, we define a decreasing sequence C'(x) = (ni,ng,...,ng), where n = ny +ng + -+ - + ng,
which consists of the dimensions of Jordan blocks of the operator R,. On the set of such sequences
we consider the lexicographic order, that is,

C(x) = (n1,n2,...,n,) < Cly) = (my,ma,...,my)

iff there exists ¢ € N such that n; = m; for any j <i and n; < m;.
The sequence
C(L) = max C(x
(£)= n 1, (z)
is called the characteristic sequence of the algebra L.
A quasi-filiform non Lie Leibniz algebra L is called an algebra of the type I (respectively, type II)
if there exists an element 2 € £\L£? such that the operator R, has the form

oz 0 (respectivel Jo 0 )
0 J2 Y p Y? 0 Jn72 N

The following theorem obtained in [1] gives the classification of naturally graded quasifiliform
Leibniz algebras of type I.

Theorem 12. An arbitrary n-dimensional naturally graded quasi-filiform Leibniz algebra of
type I is isomorphic to one of the pairwise non-isomorphic algebras of the following families:

[62‘761]:6“_1, 1§i§n—3,

[
1, . _ 2. len—1,€e1] = en,
R S b VPR ) i CA S O}
[enfl, 6nfl] = €n,
[ei,el]:eHl, 1§’L'§’I’L—3, [ei,el]:eHl, 1§’L'§’I’L—3,
EE’L’A 14 [en—1,€1] = en + €2, L2 Jen_1,e1] = e, + ea,
le1,en—1] = Aen, A€ {-1,0,1}, [en—1,€n—1] = pen, u#0,

ei,e1] =ejp1, 1<i<n—3,

e1,en—1] = Aen, (A, ) =(1,1) or (2,4),

[
5\ [en—1,e1] = en + €2,
n * [
[enfla 6nfl] = le€n,

where {e1,ea,...,en} is a basis of the algebra.

In this section we use the following theorem from [3] concerning automorphisms of naturally
graded quasi-filiform Leibniz algebras of type I.



20 Farhodjon Arzikulov, Feruza Nabijonova and Furkat Urinboyev

Theorem 13. A linear map ¢ : L — L is an automorphism if and only if @ has the following
form:

p(e1) = 2o, qiei,
@ (e2) = ( 1% aimrei+ a1+ Nea ),
® <£%{)\> 1y ele) = Z:L;f Qi—jyie, 3<j<n-—2
¢ (en—1) = Z," n_3 Di€i,
¢ (en) = a1 (bn-3en—2 + bp—1€5) ,

where a; € C, 1 <1< n, arby,_1 #0;

(
(e2) = oy 2 vy 1€ + a1 (a1 + 1) €n,
(6.7) = a‘{il Z:L;]2 Qj—j+164, 3 < ] <n-— 2’
(

2
2
® (53{0) )
2

[ ¢ (en) = (a1 + an-1) bn1€n,
where a; € C, 1<i<n, arby_1#0, by_1 =01+ ap_1;
p(er) =321 10%6@,
@ (e2) = 0412 2 ai—16; + a1 (200 + 1) g,
P (L3 - v (ej) = Z? f aijr1e, 3<j<n-—2,
o (
o (

En— 1)—bn 26n—2 + bp_1€n—1 + bpey,

en) = (1 + an_1) bp_16n,
where a; € C, 1<i<n, ajby_1#0, bp_1 =01 +an_1;
p(e1) = Zz 10%6“
(ﬁi’_l) Was (ej) = a1 Mo + 1) ej +af ! Z?;JQH ai—jt1€i, 2<j<n-—2,
¢ (en—1) = 15 cvie; + bp_nen—2 + (01 + 1) €n_1 + bpen,
¢ (en) = on (a1 +an-1) en,
where a; € C, 1<i<mn, aj(a;+ay_1) #0;

el) ZZ 1 Q€4

e2) = oy (a1 +oap_1)es + o ZZ T 1€ + Q10 _1€p,

=S aies 4 by 3en 34 by_sen o+ (a1 + @n_1) €n1 + bneén,

en) = ( n—3 — On— 3)a16n 2+a16na

~—

(

(

() =af ™ (a1 +ap-1)ej+ai ' 02 qisje, 2<j<n—2
(en—1

(

’
’
P (L3%) 10
’
v
<1

where a; € C, 1 <n, ai(a1+an_1) # 0; for the algebras Ly, Ly, Lo

p(er) = 2"712 aie; + amen,

¢ (ej) = ai” IZZ j Qi—jy1€i, 2<j<n-—2,
@ (en—1) = bp—2en_2 + are,_1 + byen,

¢ (en) = 207en,

where a; € C, 1<i<n—2, a,€C, a; #0.
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The following theorem is one of the main results of the present paper concerning 2-local auto-
morphisms.

Theorem 14. The algebras L, £27, where X € {0,1}, L3, where X € {~1,0,1}, L* and
LM, where A\ p) = (1,1) or (2,4), have 2-local automorphisms which are not automorphisms.

Proof. Let ¢ be an arbitrary automorphism on LA By Theorem 13, the matrix of the
automorphism ¢ has the following form:

aq 0 0 0 0 0 .. 0 0 0
s a? 0 0 0 0 e 0 0 0
Qg Q1o oz‘(f 0 0 0 .. 0 0 0
Opd o1 0,—5 a2, g . 0/1%6042 042“4 0 0 0 0
Op—3 10,4 a2, s . a’ll_6a3 0/11_5(12 a?_g 0 B3 0
Qn-2  MQn_3  an_4 Qo5 ... o Pag aftas ol Bu2 a1fa-s
Q1 0 0 0 0 . 0 0 Bur 0
Qo an,1(1 + )\) 0 0 0 ... 0 0 B a18n-1

Let a1 = o, ap_1 =0, by =, and
21 =01, Z2=0Q2, .., Zp-2=0p-2, Zn—1=Pn-1, Zn=PLn-2, Znt1 = Pn-3.

Then, denoting  this  matrix by M}L’n’n(al, b1, 215 22y ooy Znt1)s we see  that
M}L’n’"(al,bl,zl,zg,...,zn+1) satisfies all conditions of the definition in Section 3 of a ma-
trix

k7m7
Mn "(al,ag, ceey Qg bl, b2, ceey bﬁ, K152y eeny Z’Y)

inthecaseof k=1, m=n—-1, n=n—-1, a=1, f=1and y=n+1.
Therefore, by Theorem 3, we can find a 2-local automorphism on E}L’A which is not linear.

Now we take the algebra £2 and an automorphism ¢ on £ By Theorem 13, the matrix of
the automorphism ¢ has the following form:

[e%1 0 0 0 0 0 0 0 0

as a? 0 0 0 0 0 0 0

as alog ol 0 0 0 0 0 0
Qn_a a10n—_5 alan_g ozll_ﬁozg a?_4 0 0 0 0
Qn_3 Q1Qn—_4 alan_5 a?76a3 a?75a2 CM?73 0 0 0
Qn_2 a1am—3 Cl%an_4 a?an_s a?75a3 a?74a2 CM?72 Brn—2 0
Qn—1 0 0 0 0 0 0 a1l + an—1 0

Qn an_1(a1 +an_1) 0 0 0 0 0 Bn (Cll1 +an_1)2

Similar to the previous case, we take a1 = «a;,, a1 =0, by =3, and
21 =01, 22=0Q2, .., Zp-2=0p-2, Zn—1= Ppn-2.

Then, if this matrix we denote by M%{n’n(al, b1, 21,22, ...y Zn—1), then M%{n’n(al, b1, 21522, oy Zn—1)
satisfies all conditions of definition in Section 3 of a matrix

k7m7
Mn "(al,ag, coey Aoy bl, bz, ceey bﬁ, 215 Ry oens Z,y)

inthecaseof k=1, m=n—1, n=n—1, a=1, § =1and v =n—1. Therefore, by Theorem 3,
we can find a 2-local automorphism on E?L’)‘ which is not linear.
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Similarly we prove that £2! has 2-local automorphisms which are not automorphisms.
Now, we take E‘:’L’fl, Ei’o, E‘:’L’l, Eﬁ’“ and E%”\’“ . By Theorem 13, the matrix of automorphisms
of £271 and £2° has the following forms respectively:

[e%1 0 0 0 0 0 0 0 0
(e D) A2 0 0 0 0 . 0 a2 0
as "ty A3 0 0 0 . 0 as 0
Qn—a a?_lan,5 ozll_loznfe .. a?_laz An—4a 0 0 Qn—a 0
Qn_3 a?ilan_4 arfflan_5 e a?71a3 o/lklag An—3 0 Qn—3 0
an—2 oy o lagg o lan_s o " lag o laz An-2 Brn—2 018n-3
Qn—1 0 0 0 0 0 0 a1 + ap—1 0
Qn 0 0 0 0 0 0 Bn al(al +an_1)
and
o 0 0 0 0 0 0
a9 )\2 0 0 0 a9 0
Qs 102 )\3 0 0 Qs 0
oy a1 a%ag A4 0 y 0
Qs a0y Oé%Oég 04:1”042 0 s 0

Op—q4 Q10p_5 Oé%an,(; a§an77 0 Onp—q 0
On-3 Q10n_4 QFon_5 QFon_g 0 Br—3 0
Qn—2 Q10n_3 Qfan_4 OSan_s5 ... Ao Bn—2 (Bn—3 — an—3)a1
O —1 0 0 0 . 0 a1+ a1 0
Op Q10— 0 0 .. 0 Bn a%
where \; = ozifl (a1 +ap-1),1=2,3,...,n— 2.

For the algebras Ef’;l, Eﬁ’“ and E?{)"“ the matrix of their automorphisms has the following
form

o1 0 0 0 0 0 0
as a? 0 0 0 0 0
3 2oy o3 0 0 0 0
oy adas adag ai 0 0 0
as atay afas ooy 0 0 0
09 o{h?’an,g a?73an,4 oz?*?’ozn,g) e a?72 Bn_o 0
0 0 0 0 - 0 o1 0
an, 0 0 0 0 Bn 202

By these forms and Theorem 3, similar to the cases of E}L’)‘ and £2° we can prove that the algebras
E%’fl, E%’O, E%’l, Efl’“ and Ei)"“ also have 2-local automorphisms which are not automorphisms.
This ends the proof. O

Conclusion

In conclusion, it can be said that the article generalizes the methods of studying 2-local deriva-
tions and automorphisms of algebras. The method proposed in the second section allows one to
make a direct conclusion about whether all 2-local derivations (respectively, automorphisms) are
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derivations (respectively, automorphisms) based on the general matrix form of the matrix of a
derivation (respectively, an automorphism) of an algebra. This method is useful since often the
derivation (automorphism) of an algebra has the matrix form in the method under consideration.
In the third section, a method is developed that allows one to obtain an entire subspace (an entire
subgroup) of 2-local derivations (respectively, 2-local automorphisms) that are not derivations (re-
spectively, automorphisms). As is known, the set of all 2-local derivations (2-local automorphisms)
of an algebra forms a vector space (respectively, a group) and the description of this vector space
(this group) is an open problem. We think that the method developed in the third section allows
to solve this problem.
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Abstract: In control theory, the problem of constructing and investigating attainability domains is very
important. However, under perturbations of constraints, this problem lacks stability. It is useful to single out
the case when the constraints are relaxed. In this case, greater opportunities arise in terms of attainability,
and often a useful effect can be observed even under slight relaxation of the constraints. This situation is
analogous to the duality gap in convex programming. Very often, it is not possible to specify in advance how
much relaxation of the constraints will occur. Therefore, attention is focused on the limit of the attainability
domains under unrestricted tightening of the relaxed conditions. As a result, a certain attainability problem
with asymptotic-type constraints arises. This problem formulation can be significantly generalized. Namely,
we do not consider any unperturbed conditions at all and instead pose asymptotic-type constraints directly by
means of a nonempty family of sets in the space of ordinary controls. Moreover, not only the case of control
problems can be considered. In this general formulation, an analogue of the limit of attainability domains
naturally appears as the relaxed conditions are infinitely tightened. For asymptotic constraints of this kind,
we introduce solutions which are, at the conceptual level, similar to the approximate solutions of J. Warga,
but we use filters or directedness, and not just sequences of ordinary solutions (controls). We investigate the
most general attainability problem, in which asymptotic-type constraints can be generated by any nonempty
family of sets in the ordinary solution space. It is shown, however, that the most practically interesting case is
realized by filters, and the role of ultrafilters is noted as well. The action of constraints is associated with sets
and elements of attraction. Furthermore, some properties of the family of all attraction sets are investigated.

Keywords: Attraction set, Constraints, Filter, Topology, Ultrafilter.

1. Introduction

We consider attainability problems in topological spaces with asymptotic-type constraints.
These asymptotic-type constraints may arise when standard constraints (such as inequalities in
mathematical programming, phase constraints, or boundary conditions in control theory) are re-
laxed, but they can also be posed from the outset. In all cases, we deal with a nonempty family
of sets in the space of ordinary (implementable) solutions. Thus, our concrete solutions must be
essentially asymptotic; here we focus on the approximate solutions in the sense of Warga (see
[17, Ch. III]), allowing, however, for nonsequential variants (i.e., directed sets or filters). In addi-
tion, for the family generating asymptotic-type constraints, we require that the solution direction
eventually takes values in each set of this family (a similar requirement is imposed when using
filters and, in particular, ultrafilters).

In addition, we have a certain target operator with values in a topological space. Using the
solution direction, we obtain a directed set of its values (when using a filter, the filter base is
realized). We consider those points in the topological space that are realized as generalized limits
of such directed sets of values. The set of these generalized limits is called the attraction set for
the given asymptotic-type constraints. Thus, for every nonempty family of sets in the space of
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ordinary solutions, the corresponding attraction set in the fixed topological space is defined. By
varying these families, we obtain a family of attraction sets. The latter family is the main subject
of our research. We strive to develop a kind of “calculus” of attraction sets. Filters and ultrafilters
will play an important role in this construction.

We note that, for the investigation of extremal problems with weakened constraints, extension
constructions are used very widely (see [17, Ch. ITI-V]). This approach motivated the development
of the theory of generalized solutions (controls); in this connection, we would like to especially
mention the monographs [9, 11, 17, 18]. In [11, 12], the fundamental alternative theorem was
established; this theorem defined the current state of differential game theory. In the construction
of the proof, the idea of observing phase constraints in the form of sections of the stable bridge of
N.N. Krasovskii was employed. We also note the wide application of generalized controls in solving
the performance problem; see [9].

For control problems involving impulses, N.N. Krasovskii suggested (see [13]) using the appara-
tus of generalized functions to represent (generalized) controls. This approach served as the basis
for the development of impulse control theory (see [7, 10, 13, 15, 16, 19] and others). In [2, 3, 6],
for abstract control problems with impulse-type and momentary-type constraints, and with discon-
tinuous dependencies among the conditions, extension constructions in the class of finitely additive
measures were proposed. Finally, we note the approach of [4, Ch. 8], which is connected with the use
of ultrafilters as generalized elements in attainability problems with asymptotic-type constraints.
The present article continues the investigations of [4, Ch. 8].

Now, we note essential differences between the present investigation and the constructions in
the author’s earlier works. Namely, here, not a single attraction set is considered, but rather the
space of such objects is explored. In particular, we study the transformations of attraction sets
when the asymptotic-type constraints are varied. Cases where attraction sets are generated by
filters forming asymptotic-type constraints are particularly highlighted. The role of ultrafilters in
the above-mentioned transformations is clarified. Namely, each ultrafilter on the set of ordinary
solutions is associated with an element of attraction. As a consequence, an attraction operator is
defined; by means of this operator, a new representation for attraction sets generated by filters is
established.

2. General notions and definitions

We use standard set-theoretical notation, including quantifiers (V, 3), logical connectives (&,

V, =, <=, and others), and special symbols: def (by definition), 2 (equality by definition), and
3! (there exists a unique element). We assume that a family is a set whose elements are themselves
sets. We also adopt the axiom of choice.

If a and b are objects, then by {a;b} we denote the set such that a € {a;b}, b € {a;b}, and for
any z € {a;b}, (z = a)V(z =b) holds; that is, {a; b} is the unordered pair of these objects. For any

. A . . . .
object z, the set {z} = {z;x} is the singleton corresponding to x. Sets are objects; therefore, for

any objects x and y, the expression (x,y) 2 {{z};{z;y}} defines the ordered pair with first element
x and second element y (see [14, Ch. II, Sect. 3]). If h is an ordered pair, then pry(h) and pry(h)
denote the first and second elements of h, respectively; by virtue of the equality h = (pry(h), pry(h)),

these elements are uniquely defined.

If H is a set, then P(H) denotes the family of all subsets of H, and P'(H) 2 P(H) \ {@}.

Moreover, let Fin(H) denote the family of all finite sets in P’(H), that is, the family of all nonempty
finite subsets of H (any family can be used as H).

Functions. If A and B are nonempty sets, then B4 denotes the set of all functions from A
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to B; for g € B4 (that is, for g : A — B) and a € A, the element g(a) € B is the value of g at the
point a. If A and B are nonempty sets, f € B4, and C € P(A), then [14, Ch. II, Sect. 7]

fNC) 2 {f(@): ©€C)eP(B)

is the image of the set C' under the action of f; if D € P(B), then, as usual, f~1(D) denotes the
preimage of the set D under f. For a nonempty family M, we introduce the family

(Cen)M] £ {Z e P'(M)| (| Z# @ VK € Fin(2)} € P(P'(M))

zZek

of all nonempty centered subfamilies of M. As usual, R is the real line, N 2 {1; 2; ...} € P/(R), and

1,n 2 {k € N| k <n} under n € N. We suppose that the elements of N (the natural numbers) are
not sets. Taking this into account, for every nonempty set H and n € N, we use the notation H"
instead of H'" for the set of all functions from 1,7 to H (these functions are called tuples). Of
course, any nonempty family can be used as H. In denoting functions, we often use the index form
(families with indices, see [17, Sect. 1.1]).

For every family ‘H and set T, we define

((HI(T) £ {H e H| T C H} € P(H))&(H|r £ {HNT: H e M} € P(P(T))).
If M is a set and M € P'(P(M)), then
Cu[M] 2 {M\ M : M e M} € P'(P(M))

is the family of subsets of M dual to M.

Special families. Fix a set I throughout this section. We consider families from P’(P(I)),
that is, nonempty families of subsets of I. In particular,

Al 2 {T e P(P())| (@ € D)&(I € T)&(ANB €T YA IVBeT)} (2.1)
is the family of all w-systems of subsets of I containing the “zero” @ and the “unit” I. Define
(LAT)o[T) £ {T € #[E]| AUB €T YA€ IVYB T}
as the family of all lattices of subsets of I containing the “zero” and “unit”. Next,
ANE{Ter|VIeIVaeI\IIT€T: (xe N&(JNI=0)} (2.2)

is the family of all separable m-systems of (2.1). We also use the family

(top)[I] 2 {7 ex1)| |JGer VGeP(r)} ={re@AT)[ |JGer VGeP(r)}
Geg Geg

of all topologies on the set I. If 7 € (top)[I], then (I,7) is a topological space with unit I, and
Ci[7] € (LAT)p[I] is the family of all closed in (I, 7) subsets of I. Define

(c — top)[T] £ {7 € (top)[T]| (| F# @ VF € (Cen)[Cilr]]} (2.3)
FeF
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as the family of all compact topologies on I. If 7 € (¢ — top)[I], then (I, 7) is a compact topological
space. For 7 € (top)[I] and = € I, let N2(x) 2 {Ger|zeG}and

Ny(z) 2 {H e P(I)| 3G € N°(z) : G C H} (2.4)
be the family of all neighborhoods of the point x in the topological space (I, 7). Define
A
(top)o[I] = {7 € (top)[I]| Yy € IVz € I\ {y} 3G1 € N2(y) 3G2 € N2(2): G1 NG =2}
= {7 € (top)[I]| Vy € IVz € I\ {y} 3H, € N,(y) I3H2 € N;(z) : HiNHy =@}
as the family of all topologies that make I a Th-space. Let

A
(¢ — top)o[I] = (¢ — top)[I] N (top)o[T];
if 7 € (c — top)p[I], then the topological space (I,7) is called a compactum.
If 7 € (top)[I] and A € P(I), then [Cy[r]](A) € P'(Cq[r]) and
d4n = () FelCilA)
Fe[Cr[r]](A)

is the closure of A in the topological space (I, 7).

3. Some topological constructions

If (X,7) is a topological space and Y € P(X), then 7]y € (top)[Y]; the resulting topological
space (Y, 7]y) is called a subspace of (X, 7). For every topological space (X, ), define

(7 — comp)[X] £ {K € P(X)| 7|k € (c — top)[K]}

as the family of all compact (in (X, 7)) subsets of X. Throughout this (brief) section, we fix topo-
logical spaces (U, 1) and (V,12) with U # @ and V # &; that is, 71 € (top)[U] and 7 € (top)[V].
Define

CU,Vim) 2 {f e VY| fUG) € VG € ), (3.1)

Ca(U,71,V,m) £ {f € C(U,m,V,m)| f1(F) € Cy[r] ¥F € Cyln]}
={f e VY fHcl(A,m)) = cl(f'(A), ) VA€ P(U)}.
Note the following important special case:
((T1 €(c— tOp)[U])&(TQ € (tOp)o[V])) — (C(U, 71, V,10) = Ca(U, 71, V,TQ)). (3.3)

In (3.1), the set of all continuous functions from (U, 1) to (V,72) is defined; (3.2) is the set of
all closed (i.e., continuous and closed) functions between these spaces. By (3.3), every continuous
function from a compact topological space to a Ts-space is closed. Of course, every constant function
is continuous.

If f€ VY and H € P'(P(U)), then the family

(3.2)

FUHE (P H) : H e W) € P/(P(V)) (3.4)
is called the “image” of the initial nonempty family H. If H € P(U) and H = {H}, then
FIH] = Y = {1 ().
The following important property holds:
fUEK) € (12 — comp)[V] VfeCU,n,V,m) VK € (r —comp)[U];

see [8, 3.1.10]. That is, the continuous image of a compact set is compact.
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4. Directed families, filters, and filter bases

In this section, we fix a nonempty set J.

In what follows, this set may be realized in various ways. In essence, J serves as a parameter
with specific realizations to be considered as needed. We consider various subfamilies of P(J). In
particular,

ﬂ[J] é {j S ,P,(P(J))‘ VJl S j VJQ & j HJ;J, S j : Jg C Jl N JQ} (4.1)
is the family of all nonempty directed subfamilies of P(J). In addition,
(N}(F) 2 {ﬂ Y Ke Fin(j)} € BlJ] VT € P'(P(J)). (4.2)
ek

Now, we introduce filter bases; namely, we consider the family

BolJ) 2 {B e pl)|@ ¢ B = {BeP (P(J)| VB € BYBy € BIBs € B: B3 C BN By} (4.3)

of all filter bases on the set J. Moreover, note that (see [1, Ch. I])

S E{FeP(P) (ANBeF YAe F ¥YBe F)&(PWU)(F)C F YFeF)}  (44)

is the nonempty family (indeed, {J} € §[J]) of all filters on J. In addition,

(J—f)B|2{FePl|3BeB: BCF}e§lJ] VBEe . (4.5)

Thus (see (4.5)), filter bases from (4.3) generate filters of the family (4.4) via the simple rule (4.5).
In connection with (2.4), note that for all 7 € (top)[J], for all z € J,

NP(z) € Bo[J] = Nrla] = (J - B)[N7(2)] € F[J]. (4.6)

Using (4.6), recall the well-known convergence notion [1, Ch. I]: for all 7 € (top)[J], B € Sy[J], and

z € J,

(B=s 2) <L (N, (2) € (J — fi)[B)). (4.7)

Using the inclusion §[.J] C Bo[J] and the evident property
(J-H)[F]=F VFeFJ

from (4.7), we obtain the following natural corollary for filters: for all T € (top)[J], F € §[J], and
T € J,
(F == z) <= (N.(x) C F). (4.8)

We use ultrafilters, i.e., maximal filters; then,

Fuld] 2 (U € FIVF €5l UCF) = U=F)} (4.9)

is the nonempty family of all ultrafilters on J. As the simplest example of an ultrafilter, for x € J,
we set

(J —ult)[z] 2 {F € P(J)| z € F} € FulJ] (4.10)
((4.10) is the trivial ultrafilter associated with x). Clearly, (4.10) realizes an embedding of the set
J into the family (4.9):
A
(J —ult)[] = ((J —ult)[z]),; € FulJ)”. (4.11)
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Along with (4.11), define the mapping S; € P(Fu[J])7) as follows:
S, (A) 2 U eFulJ]| AcU} YA P(). (4.12)
By [4, Sect. 8.2], we define the Stone topology
] 2 {G e PFulJ)| VU € G AU cU: S;(U) C G} € (c — top)o[FulJ]); (4.13)
thus, we obtain a zero-dimensional compactum

(FulJ], ma[J])- (4.14)
5. Attraction sets in topological spaces

In this section, we fix a nonempty set E, whose elements are called usual solutions. We keep
in mind that each element e € E admits immediate realization. We also fix a nonempty set X and
a topology 7 € (top)[X]; thus, (X,7), X # @, is a topological space. Finally, we fix f € X as a
target operator. Recall that f1(2) = {f(z) : = € X} for ¥ € P(E). Then,

(AS)[B: X375 £:€] £ () el(f1(2),7) € Cx[7] V& € BlE); (5.1)
3e€

where this definition is considered as a preliminary one. If & € P/(P(FE)), then (see (4.2)) we
consider the following attraction set:

(as)[E; X; 75 f; €] 2 (AS)[E; X3 7; f3{N}4(€)] € Cx[7]. (5.2)

In connection with (5.1) and (5.2), we note (see [4, (8.3.10), Propositions 8.3.1 and 8.4.1] that a
series of equivalent representations for attraction sets can be obtained. Now, recall that

(as)[E; X; 75 ;€] = (AS)[E; X375 f; €] VE € BIE] (5.3)

(see [4, Proposition 8.4.1]).
Now, let us consider the simplest example of an attraction set (5.1), (5.3). Here, we present
the construction in a meaningful way, using a scalar controlled system:

@(t) = u(t), telo1], (5.4)

with zero initial state: z(0) = 0. In (5.4), we allow nonnegative controls u of the following type:
u is any piecewise constant, right-continuous, real-valued function on [0, 1[ satisfying

1
/ u(t)dt < 1. (5.5)
0
Let U denote the set of all such functions (see (5.5)). Then,
t
x,(t) = / u(r)dr € [0,00] YueU Vte]|0,1].
0

In this example, we identify E with U. For u € U, consider the following phase constraints:

xu(t) =0 Vte[o,1]. (5.6)
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Define the set A
G={xu(l):uel, x,(t) =0 Vt €[0,1[}

as the reachability domain under these phase constraints. It is clear that G = {0}. Now, let
A
By ={uelU|x,(t)=0 Vte[0,0[} VOe[01]

and define A
B={B,:7€0,1[}.

Clearly, the intersection of all sets in B is the set of all u € U satisfying (5.6), which coincides
with {O}, where O € U and O(t) = 0 for all ¢ € [0,1[. Moreover, we have B € [o[U], so we may
use (5.1) with & = B. Define h € RV by

h(u) :/Olu(t)dt Vuel.

That is, in (5.1), we set f = h. Then,
hY(Bg) = {h(u) : u € By} = [0,1]
for each 0 € [0, 1[. Indeed, for 6 € [0,1] we can construct a function @y € By, defined by

o 1 veeln1]),

(i0() 20 V&€ [0,00)&((6) = —

so that xz,(1) = 1. Moreover, h'(By) is a convex set. Therefore, in this example, the attraction
set (5.1) coincides with [0, 1], while [0,1] # G, where the overline denotes the closure in R with
respect to the usual |- |-topology. Thus, there is a jump when (5.6) is weakened. Therefore, in this
example, (5.1) is more interesting from a practical point of view.

Of course, we can use filter bases and filters as £ in (5.1)—(5.3); in addition, F[E] C Bo[E].
In this connection, we note the following easily verifiable property:

(AS)[E; X; 75 f; B] = (AS)[B; X 73 f5 (E — )[B]] VB € fo[E]. (5.7)
Recall that for any B € 3o[E], the property f![B] € By[X] holds and
(B —1)[B] € Fu[E]) = (X - f)[f'[B] € FulX]) (5-8)

(see [4, Proposition 8.2.1; 1, Ch. I]). Using (5.8), we obtain the following representation of the
attraction set (see [4, Propositions 8.3.1, 8.4.1, and 8.4.2]): for any & € P'(P(E))

(as)[E; X; 75 f; €] = {w € X| 3U € [Fu[EN(E) : U = 2} (5.9)

so, by (5.9), ultrafilters can be used as analogs of Warga’s approximate solutions (see [17, Ch. III]).
Moreover, for any ¥ € P(E), we have the inclusion {X} € [E], and by (5.1),

(AS)[E; X7 f:{S}] = c(f1(%),7). (5.10)

In connection with (5.9) and (5.10), we note the equivalent representation [4, (8.3.10)] realized in
the directed class. Now, we introduce two families of attraction sets. Set

(7 — AS)[f] = {(as)[B; X; 7 f:€) : € € P/(P(E))} € P(Cx[7)) (5.11)
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as the family of all attraction sets under fixed X, 7, and f (recall that X is uniquely specified by 7).
Moreover,

SulE] C §[E] C BolE] C BIE]. (5.12)
Then, by (5.1), (5.3), and (5.12), for any F € §[E],
(as)[E; X; 75 f; F) = (AS)[E; X7 f; Fl = () d(f'(F),7) € Cx[7]; (5.13)
FeF

where, of course, ultrafilters can be used as F. Using (5.13), we set

((7,8) — AS)[f] £ {(as)[B: X;7: f; F] : F € F[E)} (5.14)
= {(AS)[E; X;7; [; F] : F e 3[E]} € P/(Cx[7]).
Clearly,
((7,8) — AS)[f] (7 — AS)[f].
Proposition 1. The following equality holds:
(T — AS)[f] = (7, 8) — AS)[f]U {a}. (5.15)
Proof Let M € (7— AS)[f]. Using (5.11), we choose M € P"P(E)) such that
M = (as)[E; X;7; f; M].
Then, by (4.2), for
wE {N)(M) € BlE]
we obtain (see (5.2))
M = (AS)[E; X 73 f; pl- (5.16)
In addition, by (4.1) and (4.3), either pu € By[E] or @ € u. We consider both cases separately.
Let p € By[E]. Then, by (4.5), define I 2 (E — fi)[u] € §[E]. Therefore, by (5.1), (5.7), and
(5.14),
M = (AS)[E; X;7; f; 9] € ((7,§) — AS)[f].
Hence,
(1 € PolE]) = (M € ((7,8) — AS)[f])-
If @ € p, then by (5.1), (AS)[E; X;7T; f;u] = @, and by (5.16), M = @. Thus, (& € u) =
(M = @). Consequently,
M e ((7,8) — AS)[f]u{a}.
Therefore,
(7 — AS)[f] C ((7,3) — AS)[f]U{a}. (5.17)
Note that @ € P(E) and {@} € S[E]. Then, by (5.1) and (5.3),
(as)[E; X;7; f:{@}] = (AS)[E; X375 f;{o}] = @ € (T — AS)[f].
Therefore, {@} C (7 — AS)[f], and hence,
((7,8) — AS)[f]u {@} C (7 — AS)[f].

Using (5.17), we obtain the required equality (5.15).

Let us recall the example of [4, Sect. 8.9]. In this example, attainability problems are presented
in which the attraction set coincides with @. The asymptotic-type constraints are specified by
filter bases. By using (5.7), we can interpret this example as an attainability problem where the
asymptotic-type constraints are generated by a filter. Thus, in general, the families appearing
in (5.15)-specifically, those on the right-hand sideneed not be disjoint. In the following sections,
we will introduce a natural condition that excludes this possibility.
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6. Attainability problem with precompact target operator
and some representations for attraction sets

In what follows, we fix a nonempty topological space (Y, 7), Y # &, as the main object. Thus,
T € (top)[Y]. Let

FI[E;Y;7] £ {f € YP| f{(E) € (7 — comp)°[V]}, (6.1)

where (7 — comp)°[Y] 2 {HeP(Y)|3IK € (r—comp)[Y]: HC K}. We call functions from (6.1)
precompact functions. It is easy to check that if 7 € (top)o[Y], h € FE;Y;7], and B € Bo[FE],
then

(AS)[E; Y733 B € (7 — comp)[¥] \ {27}, (62)

In this connection, recall that Sy[E] C (Cen)[P(E)] (see (4.3) and [3, (3.3.16)]). From (6.2), it
follows that if 7 € (top)o[Y], h € FO[E;Y; 7], and F € F[E], then

(AS)[E;Y;7;h; F] € (1 — comp)[Y] \ {9} (6.3)

Recall that for any topological space (K,t), K # &, with t € (c — top)[K] (i.e., any nonempty
compact topological space (K,t)), m € K¥, 7 € (top)[Y], and g € C(K,t,Y,7),

gom e F[E;Y ;7]

(where, o denotes composition). Furthermore; we have the following useful property (see [3, Propo-
sition 5.2.1]):
(AS)[E; Y739 0m; €] = g' ((AS)[B; K3 t;m; €]) V€ € BIE]. (6.4)

We note that (6.4) allows a number of generalizations (for example, see [6, Propositins 3.4.10
and 3.4.11], [5]). Of course, in (6.4), the compactum (4.14) can be taken as (K, t). Moreover, recall
that by [4, Proposition 8.3.1],

(as)[B; Y7 f;€] = {y € Y| U € [Fu[E](E) : f'U] ==y} VfeYF VEeP(PE));

see also [4, (8.3.10)], where a representation of the attraction set in the directedness class is given.

7. Filters and attainability sets, 1
Recall some properties noted in [4, Ch. 9] and [1, Ch. I]. To this end, we assume that

E1{N}&s é {prl(z) Npry(z) : z € & X 52} V& € PI(P(E)) V&, € PI(P(E)), (7.1)

see [4, (9.3.6)]. We can use (7.1) for filters; furthermore, by [4, Proposition 9.3.1], for all F; € §[E],
Fo € S[E], and F3 € %'[E],

((F1 C F3)&(Fa C F3)&(VF € FE] (F1 C F)&(Fo C F)) = (F3 C F)))

— (.7:3 = ]:1{0}]:2). (7.2)

In connection with (7.2), we also recall the constructions of [1, Ch. I, § 6]. The following obvious
corollary holds: in (7.2), the specified representation of the supremum for {Fi;Fs} applies if
this supremum exists. We also have the following consequence (see [4, Corollary 9.3.1]): for any

J € S[E] and Fy € 3[E],

(3F € §[E]: (Fi C F)&(Fo C F)) <= (F{N}F € 3[E)). (7.3)
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From (7.3), we obtain the following equivalence:
(A NB 75 g VAeF, VBe ]:2) < (]:1{0}]:2 S %'[E]) (74)

(In connection with (7.4), we only note that Fi{N}F2 € By[E] under the property AN B # & for
all A € Fy and B € F;. Here, (4.5) and (7.3) should be used.) Note that in the general case, for
Ji € S[E] and Jy € %'[E],

Fi{n}rFe € BIE]: (F1 € F{n}Fe)&(Fa C Fi{N}F2); (7.5)
moreover, in this case, we obtain the following equality:
[SulEN)(F1 U F2) = [FulEN(F1{N}F2), (7.6)
where the following natural representation holds for Fi{N}Fs:
Fi{n}F = {nh(F1 U F). (7.7)

From (7.7), by induction, we obtain: for any n € N and (F;),c15 € §[E]", for the families

<ij € P’(ME))) ({ﬂ} { ﬂ Fy: (F)iers € H]—“} =¥ ]) (7.8)
the following equality holds:
[N () = {0k U 7). (7.9)

(The verification of (7.9) follows straightforwardly from the definitions). As a consequence, if
7 € (top)[Y], heYE neN,and (Fi)ictn € S[E]", we have

(as) [E X7k Uf} (AS)[E; Y75 h; {N}1y (F3)]. (7.10)
i=1

Now, consider the case of an arbitrary family of filters. That is, fix a nonempty set T and
(Fo)ier € F[E)T; consider the family

U 7 eP(P(E). (7.11)

teT

To study the attraction set corresponding to asymptotic-type constraints generated by (7.11), we
introduce the family

{m}z(tﬁe)T(]:t) = U { ﬂ Fy: (F)ek € H ft} € P'(P(E)). (7.12)

KeFin(T)  tek teK
Proposition 2. If A € {ﬂ}t r(Ft) and B € {ﬂ}teT( ¢), then

ANBe {ﬂ}teT( t)-

The proof follows directly from (4.4) and (7.12); in this argument, standard properties of finite
sets are used. From (4.1), (7.12), and Proposition 2, we obtain

{100 (F) € BLE). (7.13)
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Proposition 3. The following equivalence is valid:
( NFE#2 VK eFn(T) Y(F)ex € [] }"t> (N}, (F) € 3LE)). (7.14)
teK teK
Proof Let
(VP #2 VK eFn(T) Y(F)wx € [[ 7 (7.15)
teK teK
Then, by (7.12) and (7.15),
& ¢ {NH2r(F).
Therefore,
WE(F) € P(P(E)) : ANB e (n)2n(F) VA€ {MEr(F) YBe(2n(F). (716)
Let ® € {ﬂ}t 7(Ft). Using (7.12), we choose K € Fin(T") and
(®o)iex € [[ 7
teK
such that
o =)o (7.17)
teK
Let H € [P(E)](®). Then H € P(E) and ® C H. By (4.4), we obtain
20, UH € F, (7.18)
for all t € K (indeed, ®; € F; and ®; € [P(E)](®;)). From (7.18), we have
(®1)rex € Hft : ﬂ b € {m}teT( t): (7.19)
teK teK
By (7.18) and (7.19), H C ®. Let x, € ®. Then, by (7.19), we have
z, € ®, VtekK. (7.20)

In addition, (z, ¢ H) V (z, € H). Suppose z, ¢ H. Then, by (7.20), z, € ®; \ H for all t € K, so

by (7.18),
e € Py VteK.

Therefore, z, € ® (see (7.17)), and consequently z, € H, which contradicts the assumption.
Therefore, the property ., ¢ H is impossible, and so x, € H. Since the choice of z, was arbitrary,

the inclusion ® C H is established. As a consequence (see (7.19)),
H=35ec {2 (7)
teT\Y t)
Thus, we obtain the following important property:

[P(E)(®)  {n}Er(F).

Since ® was arbitrary, by (4.4) and (7.16), the inclusion

(N9 (7)) € 3B
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holds (under condition (7.15)). Thus, the implication

( NF#2 VK eFn(T) Y(F)ex €[] }'t> (N} 2 (F) € F(E)

teK teK

is valid. From (4.4) and (7.12), the coverse implication follows directly. Accordingly, (7.14) is
established.

Proposition 4. The following equality holds:

{m}teT(]:t) = {ﬂ}ﬁ< U -7:25)- (7.21)

teT

Proof. Thus, we have two nonempty families. Let P € {ﬂ}teT( ¢). Then, by (7.12), for

some K € Fin(7T') and (P;)wex € [[ Ft, the equality
teK

P=()P (7.22)

teK

holds. Set
Pé{Pt:teK}eFin<U}}).
teT

Then, P is the intersection of all sets of P, and by (4.2) and (7.22),

Pe{ﬂ}ﬁ<U}‘t).

teT
Therefore, we obtain the inclusion
}2rF) c ink (U 7). (7.23)
teT
Now, choose any set
Q€ {m}ﬁ( U -7:t>-
teT
Then, for some r € N and tuple
T
(Q)ety € ( U -7:t> ; (7.24)
teT
we have
T
=@ (7.25)
=1
From (7.24), we have the following obvious property:
T,2{teT|QeF)eP(T) Viel,r (7.26)

Hence,

(Tt € P/(T H’]rl {(t)erz €Tt €Ts VseLr} e P(T7); (7.27)
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Using (7.27), fix any tuple
O ety € [[ T (7.28)
=1
Then, by (7.27) and (7.28), (6),c77 € T7 and, as a result,

©21{0,: 1eT,r} € Fin(T). (7.29)
From (7.26) and (7.28), for each [ € 1,7, we have Q; € Fy,. For t € O, set
L2{leTr 6=t P Ir) (7.30)

We note that, by (4.4) and reasoning by induction, the following property is established:

(Fie F VFeF[E] VmeN V(F)

i=1
Using (7.30) and (7.31), for each t € O, set
A
Q=[)QeEF. (7.32)
lely
Thus,
(Qt)ico € H]:t-
te©
From (7.12) and (7.29),
A
Q2 (@ e K2 (7). (7.33)
te©
Consider two sets: @ and Q. Let y, € Q. Then y, € @, for all [ € 1,7. By (7.30) and (7.32),
Y € @t vt € 65
so, by (7.33), y« € Q. Thus,
QR CQ. (7.34)
Let y* € Q. Then, for y* € E, we have
y e Q Vteo. (7.35)
Now, let v € 1,r. Then T, = {t € T| Q, € F;} (see (7.26)). By (7.28), 6, € T,, so
Ql/ € -7'—0”’
where 0, € © by (7.29). From (7.35), y* € Qy,. Therefore, by (7.32),
y e, VleLy,. (7.36)

By (7.30), v € Ly, so by (7.36), y* € Q,. Since v was arbitrary, it follows that
y e, vielr.

By (7.25), y* € @. Thus, Q C Q. Using (7.34), we obtain the equality @ = Q and, by (7.33),
Qe {ﬂ}gﬁe)T(]:t). Therefore, the inclusion

nk(UR) )

teT

holds. Using (7.23), we obtain the required equality (7.21).
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Corollary 1. Ifh € Y, then
(as) {E; Y7 h; U E] = (AS) [E§ Y7 h; {m}gﬁe)T(]:t)]
teT
The corresponding proof uses (5.1), (7.13), and Proposition 4. In Corollary 1, an essential

generalization is obtained in comparison with (7.10). By Proposition 3 and (5.14), we have

( N F+2 VKeFn(T) V(Flex <[] ]-"t>
teK teK

= ((as)[BsYim 1 | 7] € ((7.3) - AS)[n) WhevE).
teT

8. Filters and attainability sets, 2

In what follows, we suppose that 7 € (top)o[Y]. Thus, we consider the Th-space (Y,7), Y # &.
Moreover, we fix a precompact function h € FO[E;Y; 7]. By (6.2), we have the following important

property:
(AS)[E;Y;7;h; F] € (1 — comp)[Y] \ {@} VF € F[E]. (8.1)

Returning to Proposition 1, we note that, by (5.14) and (8.1),
((7,8) — AS)[h] C (7 — AS)[h]\ {=}
and, as, a consequence (see Proposition 1),
((7,8) — AS)[h] = (7 — AS)[h]\ {@}. (8.2)

Thus, in our case, the attraction set is nonempty if and only if it can be generated by a filter.
Therefore, in this case, we avoid pathologies such as those in the example of [4, Sect. 8.9]. It is
useful to note that both the precompactness condition for h and the T5-separability of (Y, 7) are
typical in control problems. Thus, (8.2) holds for an important class of practical problems.

Now, we note that in (8.1) we can take ultrafilters as F; that is:

(AS)[E;Y;m;h;U] € (1 —comp)[Y] \ {@} VU € FulE]. (8.3)

We will now consider certain constructions related to (8.3). For this, we first introduce some
auxiliary statements regarding filter convergence. If F € F[Y], we define the sets

((r=L)[F] £ fy e Y| F Sy} € PON))&((r = CL)IF] £ () d(F7) €P(Y))  (84)
FeF

which satisfy
(r — LIM)[F] C (7 — CL)[F]

(see [4, (8.3.37)]), and
((r = LIM)[F] = @) V (3y € (r — LIM)[F] : (7 — CL)[F] = {y}) (8.5)
(see [4, Proposition 8.3.3]). Moreover, by [4, Proposition 8.3.2], we always have
(1 —LIM)[U] = (1 — CL)[U] VU € FulE]. (8.6)

We will use statements (8.4)—(8.6) in the investigation of the properties of the attraction set (8.3).
In more general form, these statements are presented in [4, Sect. 8.3].
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Proposition 5. IfU € Fu[E], then Ay € Y : (AS)[E;Y;7;h;U] = {y}.

Proof. Fix U € Fu[E]. Then, in particular, U € By[E] and hi[U] € By[Y]. By [4, Proposi-
tion 8.2.1],
(Y — i)' U] € Fu]Y7. (8.7)

By (5.1), (5.7), and (8.4), we have

(AS)[E; Y73 hiU] = (7 — CL)[(Y — fi)[h' [U]]]. (8.8)
Using (8.6) and (8.7), we obtain the following equality:

(AS)[E;Y ;73 hiUd] = (1 — LIM)[(Y — fi)[h' [U]]].

From (8.3), we have
(AS)[E;Y;m;hyU] # .

Therefore, by (8.5), (8.7), and (8.8),
(AS)[E;Y;mihU] = {y}, (8.9)

where

y € (r — LIM)[(Y — fi)[h' []]].

From (8.4), it follows that y € Y. The element y € Y satisfying (8.9) is, of course, unique.
In connection with Proposition 5, we recall (5.9). Using this proposition, we introduce the
operator
U[E;Y;7;h] € YSulP] (8.10)

by the following natural rule: for any U € §y[E], the value Y[E;Y;7;h](U) € YV is defined by the
equality
(AS)[E; Y mihyU] = { O[E; Y7 h](U) }; (8.11)

we call U[E;Y; 7;h](U) the attraction element corresponding to the ultrafilter .
Proposition 6. If F € §[E], then
(AS)[E;Y; 75 hs F] = WIE;Y; 75 b ([§ul E])(F)). (8.12)

Proof. Fix F € F[E]. Let yo € V[E;Y;7;h]'([Fu[E]](F)). Then yo € Y, and for some
ultrafilter Uy € [Fu[E]](F), the equality yo = V[E;Y;7;h](Up) holds. Using (8.11), we have

(AS)[E; Y 73 hiUo) = {yo}- (8.13)
By (5.1), we have the inclusion
(AS)[E;Y; m;h;Uy] C (AS)[E;Y ;73 h; F]

(since, by the choice of Uy, we have F C Uy). Then, by (8.13), yo € (AS)[E;Y;7;h; F]. Since yo
was arbitrary, the inclusion

V(B Y750 ([Ful E))(F)) C (AS)[EY;7;h; F) (8.14)

is established. Let y, € (AS)[E;Y;7;h; F]. Now, we use (5.9) and [4, (8.2.6) and Proposition 8.3.1].
Then, for some U, € [FulE]](F),
B ] > .
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As a consequence, by (4.7) and (4.8) we obtain
(Y — fi)[h' U] = y..

Therefore,

Y« € (1 = LIM)[(Y — fi) [ 4.]]],

where

(V — fi)[h' U] € FulY]

(see (5.8)). By (8.6),
Y+ € (1= CL)[(Y — fi)[h' 4.]]].

Using (3.4), (4.5), and (8.4), we obtain the following chain of equalities:

(T =CL)[(Y — fi)[h'[th]]] = N cl(%,7)
Se(y )bt

= (] @)= () dd'U),7)=(AS)[E;Y;m:h;l].
Yeh![i,] Uelds

Thus,
ys € (AS)[E;Y; 73l Us].

By (8.11),
Y« = V[E;Y; 7 h](U,).

Since U, € [§u[E]](F), we conclude (by the definition of the image) that
Y € V[E;Y; 7 ]! ([FulB])(F)).
Therefore, the inclusion
(AS)[E; Y 73 hy F| € WIE; Y75 ] ([Ful B](F))

is established. Using (8.14), we obtain the required equality (8.12).

So, the attraction set for asymptotic-type constraints generated by a filter is exhausted by the
attraction elements corresponding to ultrafilters that majorize this filter. We note the following
obvious property of the attraction element for trivial ultrafilters:

U[E;Y;7;h]((F —ult)[z]) =h(z) Vze k. (8.15)
Next, we state two simple facts regarding the nonemptiness of the attraction set. For £ € B[E],
((AS)[E; Y7 h; &] # @) <= (€ € BolE)).
Moreover, for £ € P'(P(E)), the following equivalence holds:
((as)[E;Y;7;h; €] # &) <= (€ € (Cen)[E]).
Proposition 7. The following equality is valid:

((1,8) — AS)[h] = (7 — AS)[h] \ {}. (8.16)
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P r o o f. By Proposition 1, we obtain
(1 — AS)[h]\ {2} C ((1,8) — AS)[h]. (8.17)
On the other hand, from (5.14) and (6.3), we have (in our case)
((1,8) — AS)[h] C (7 — AS)[h]\ {}.

Using (8.17), we obtain (8.16).
Recall Proposition 6. Now, we will use some properties of ultrafilters. We have that for all

F1 € §[E], F2 € F[E], and U € Fu[F],
(.7:1 N Fo CU) — ((]:1 C U) V (.7:2 C U)), (8.18)

here we use [4, Proposition 9.4.3 and (1.5.1)]; in addition, F; N Fy € F[E]. Given & € P'(P(E))
and & € P'(P(E)), we define

E1{UEs 2 {pry(2) Upry(2) : 2 € & x &) € P'(P(E)).
If 7, € §[E] and F» € 3[E], the following obvious equality holds:
FINFy = F{U}F € FIE. (8.19)
From (8.18) and (8.19), we obtain the following chain of equalities:
SulEl](F1 N F2) = [BulEJ(F1{U}F2) = [SulE]](F1) U [SulE](F2.) (8:20)
Now, recall Proposition 6. Then, by (8.19) and (8.20),

(AS)[E;Y;7:h; Fi N Fo] = U[E; Y 7 h) ([Ful B (F1 N )
= V[E;Y; 7 h]' ([FulE])(F1)) U VIE; Y75 h] ([FulE])(F2)) (8.21)
= (AS)[E;Y ;15 h; Fi)U (AS)[E; Y7 hy Fo] VL € §[E] VF, € §E].

From (4.4), it follows that for m € N and ()1 € S[E]™,

m

(7 € 3lE]. (8.22)

i=1

In connection with (8.22), we introduce
m JAY " 4 m
{UL (&) = { USi: Ciictm € H&} VmeN VY(&),erm € P(P(E)™.
i=1 i

It is easy to see that for m € N and (F),;c17; € S[E]™,

()7 = {UHe (7). (8.23)

i=1

Remark 1. In fact, (8.22) and (8.23) can be generalized as follows: if T" is a nonempty set and

(Ft)ter € F[E]T, then
m Fi = {U Fy o (Fy)ter € H}'t} € 3[E).

teT teT teT

By (8.21) and reasoning by induction, the following general statement is established.
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Proposition 8. Ifn € N and (F;);.15 € S[E]", then

CJ(AS)[E; Y:7;h; ;] = (AS) {E; Y;7;h; ﬁ ]:Z}
i=1 i=1

Corollary 2. Ifn € N and (B;),c1, € BolE]", then

CJ(AS)[E; Y;7;h; Bj] = (AS) [E; Y7 h; ﬁ(E - ﬁ)[&]}-

=1 i=1

The corresponding proof follows immediately from (5.7) and Proposition 8. As a consequence,
from (5.14), we obtain

CJ(AS)[E;Y;T;h; Bil € ((r,5) — AS)[h] VneN V(Bi)ictm € BolE]™
i=1

9. Some topological properties

Now, we consider the question of the continuity property of the operator W[E;Y’; 7; h] and some
its consequences. Since P(E) € 7#°[E], by [4, (1.5.8), (2.4.4)] we use

Fim[E;Y; P(E); 7] 2 {g eYE|IVUEFJE| yeY : ¢U] = y} e P'(YE) (9.1)

for which
FE;Y ;7] C Fym|E; Y;P(E); 7]

(the corresponding proof is obvious). Thus, h € F;,[E;Y; P(E); 7], and (see [4, p. 58]) we define
Plim [ B; Y3 P(E); 73] € YSulFl;
moreover, in our case, the following equality holds:

©im[E;Y;P(E); 75h] = U[E; Y; 73 h. (9.2)

Remark 2. In connection with (9.2), we note (8.6). Indeed, let U € Fyu[E]. Then, U € S[E], and
by (3.4), (5.1), and (8.6),

AS)E;Y;mihiU] = () dd(U),7) = (] (1)

Uveu Sehl U] (9 3)
ﬂ c(2,7) = (r — CL)[(Y — fi)[b' [/]]] = (r — LIM)[(Y — fi)[h' /], '
Se(Y—fi)[h! U]
where
(Y — i)' U] € FulY]
(see (5.8)). As a consequence, by (8.4), (8.11), and (9.3),
(v — B)[0' )] = W[E: Y7 b)), (9.4

From (4.7), (4.8), and (9.4), we obtain the following convergence:

h'iU] == V[E;Y;r;h)UU).
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Now, by (9.1) and [4, (1.5.8),(2.4.5),(2.4.6)], the obvious equality holds:
umE;Y; P(E); 73 h|(U) = W[E;Y; 75 h](U).
Since the choice of U was arbitrary, equality (9.2) is established.

Until the end of this section, we suppose that (Y, ) is a regular topological space; that is, (Y, 1)
is both a T}-space and a T3-space. Furthermore, the separability property holds in our case, that
is, 7 € (top)p[Y]. From (9.2) and [4, Proposition 2.4.2], we obtain the following statement.

Proposition 9. The mapping V[E;Y;7;h] has the continuity property:
U[E;Y;7;h] € C(SulE], Ta[E], Y, 7).
Using (3.3) and (4.13), we obtain
V[E;Y; 75 h] € Ca(SulE], m6[E],Y, 7);
therefore, by (3.2),
U[E;Y;7;h]' (cl(A, 75[E])) = cl(U[E;Y;7;h)}(A),7) VA€ P(FulE). (9.5)
Now, we use (9.5) and the natural variant of [4, (9.7.18)]:
FulE] = d({(E —ult)[z] : = € E},75[E]); (9.6)

in connection with (9.6), we also recall [4, (1.5.8), (1.5.9), (8.2.4)]. Using (8.15), (9.5), and (9.6),
we obtain

VU[E;Y ;7 h]) (FulE]) = A({¥[E;Y; 7 h]((E —ult)[z]) : 2 € E},7T)

) (9.7)
=cl({h(z): z € E},7) =cl(h'(E),7).

Proposition 10. Nonempty finite subsets of cl(h!(E),T) are attraction sets generated by fil-
ters:

Fin(cl(h'(E), 7)) C ((7,T) — AS)[h]. (9.8)
Proof. Weuse (9.7) to verify (9.8). Let
V € Fin(cl(h'(E), 7)). (9.9)

Then for some n € N and some tuple (v;) € V", we have

i€l,n
V= {Ui: 261,—”}

In particular, (v;) € Y. Moreover, by (9.9),

i€ln
v;j € c(h!(E),7) VjeT,n. (9.10)
By (9.7) and (9.10), we obtain
W; £ {U € FulE| vj = VB Y; b))} € P/(FulE]) Vi€ L.

It follows that

ﬁ‘l]i = {(Ui)iel,_n c 3U[E]n‘ Uj S %j Vj € 1,—71} S P’(&u[E]”) (9.11)
=1
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Since the set (9.11) is nonempty, we can choose

Viietn € H‘Hi. (9.12)

From (9.11) and (9.12), for each j € 1,n, the ultrafilter V; € Fy[E] satisfies the equality
vj = VIE;Y; 75 h| (V).

Of course, V; € F[E] for all j € 1,n. Therefore, by (8.22),
ﬂ Vi € §[E].
=1

Then, by (5.14),
(AS)[E;Y;7:h; (| V] € ((7.3) — AS)[h.

i=1
Using Proposition 8, we obtain
J@AS)[B;V;m5h; Vi) € ((7,5) — AS)[h]. (9.13)

i=1

By (8.11) and (9.12),
(AS) [E; Y;7;h; Vj] = {v;}

for all j € 1,n. Thus, by (9.13),
U{UZ} € ((7—7 5) - AS)[h]7
i=1

where the union {v;}, i € 1,n, coincides with V. As a consequence,
Ve ((,8) — AS)[h].
Since the choice of V' in (9.9) was arbitrary, (9.8) holds.
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Abstract: In this paper, we consider the Lotka—Volterra equation with displacements and diffusion, that is
transport-diffusion system describing the evolution of prey and predator populations with their displacements
and their diffusion, in a periodic domain in R. It is shown that the solution to this equation and its logarithm are
globally bounded, and that, when the solution converges to the stationary solution in mean value, it converges
uniformly with respect to the time variable as well as the space variable. These results are obtained by using
L2-estimate of the well-known Lyapunov functional, and, in particular, an estimate of the point-wise growth of
the solution by means of the application of the fundamental solution of the heat equation.

Keywords: Lotka—Volterra equation, Asymptotic behavior, Diffusion, Transport/Displacement, Numerical
example.

1. Introduction

As is well-known, the system of equations called Lotka—Volterra equation,

—Ul = au —/3’& u

lf 1 1 1U2,
u u ULy

lf 2 Yu2 1U2,

(v, B,7,0 > 0) was proposed to model the evolution of prey and predator populations (represented
by w; and ug, respevtively). This system of equations has the particularity that all its (positive)
solutions are periodic, as illustrated in [16]. In [16], we also find a detailed analysis of the behavior
of the solution and various versions of the equation.

As for the Lotka—Volterra equation with diffusion, Rothe [15] considered the Lotka—Volterra
equation with diffusion (with the same diffusion coefficient for both species) in one-dimensional
domain 0 < z < 1 with periodic boundary conditions in z (or homogeneous Neumann conditions)
and proved the uniform convergence to the time-periodic solution of the Lotka—Volterra equation
(independent of z) (see also [14], which had made similar reasoning). On the other hand, Gabbuti
and Negro [8] proved the convergence of the solution of the Lotka—Volterra equation with diffusion
in a bounded domain of R? with the homogeneous Neumann condition to the time-periodic solution
of the Lotka—Volterra equation (independent of z); in the article [8], the diffusion coefficients are
not the same for both species and the convergence is in an integral sense, but sufficiently strong.
Successively, the asymptotic behavior of the solution of the Lotka—Volterra equation with diffusion
with the Dirichlet condition was studied in [18], while the aspects of spatial propagation of the
solution to the Lotka—Volterra equation continue to attract the interest of researchers (see for
example [4, 5]).
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As far as concerns the Lotka—Volterra equation with diffusion in one spatial dimension, the
question concerning the travelling waves has attracted the interest of many researchers. However,
the results of [14] and [15] exclude the existence of a travelling wave for the classical Lotka—Volterra
equation with simple diffusion. For this reason, several researchers have sought some aspects of
travelling wave for slightly modified equations (see for example [2, 3, 6, 10, 17]).

In the context of stochastic equations, the Lotka—Volterra equation with logistic effect and
diffusion has been studied in [7] and [9]. In [7] the existence and uniqueness theorem of the solution
has been proved, and in [9] the existence of an invariant measure has been shown.

In [13] the author has considered the Lotka—Volterra equation with diffusion and population
displacements. The results of this article are essentially numerical. However, the question of
population displacement /immigration has attracted the attention of many researchers, as evidenced
by several recent publications (see for example [1, 11, 12]).

In this article, we consider the Lotka—Volterra equation for the population density w;(¢,x)
and ug(t, x) with diffusion and population displacements on the periodic domain of R and prove
the uniform boundedness of u;(t,x), us(t,x), logu;(t,x), logus(t,z). We also prove that in the
case where the solution (u1,u2) tends to the stationary solution in mean value, (u1,us) converges
uniformly to the stationary solution. In order to obtain this result, we use the function

U = —alog(uz) — vlog(u1) + Buz + du,

but due to the population displacements we cannot directly deduce a conclusion from the equation
for U, as the authors of [14] and [15] did. In order to overcome this difficulty, we estimate not
only U in L?(0,27) but also point-wise growth of (¢, z) and ua(t, 7).

Our study is motivated not only by the general interest of the effect of displacement /immigration
for population dynamics but also by the specific behavior that arises from the numerical calculation
of the solution of the Lotka—Volterra equation with population displacement in opposite directions
for prey and predator populations. This will be illustrated in the following section.

2. Motivation and some numerical examples

As we mentioned in Introduction, the evolution of prey and predator populations is described,
in its basic form, by Lotka—Volterra equation

%ul(t) = auy (t) — Bui (t)ua(t), (2.1)
%uz(t) = —yua(t) + dui (t)ua(t), (2:2)

where u; (t) and uz(t) denote the prey and predator populations, respectively, while the coefficients
«a, B, v and 0 are assumed to be constants and strictly positive. We consider the system of
equations (2.1)—(2.2) with the initial conditions

ul(O) =uyo > 0, UQ(O) = ug0 > 0. (2.3)

We first recall the well-known fundamental properties of the solution of the system of equa-
tions (2.1)—(2.2). For this, we define the function Uy(-,-) as

Uo(ur,ug) = —alogug — yloguy + Pug + duy, up >0, wug > 0.
Remark 1. For any initial data u; g > 0, ug o > 0, the solution (u;(t),u2(t)) of the Cauchy prob-

lem (2.1)—(2.3) exists for all ¢ > 0 and it is periodic in ¢. Furthermore, the function Up(uq(t), ua(t))
remains constant, i.e.

Uo(u1(t), ua(t)) = Up(u1(0),u2(0)) = —alog(uz(0)) — vylog(u1(0)) + Buz(0) + dui(0)
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for all ¢ > 0 and the solution (u;(¢),u2(t)) moves along the closed curve
v = {(ul,uQ) \ul > 0, U9 > O, Uo(ul,UQ) = Uo(ul(O),UQ(O))}
with a constant period.

The proof of this fact can be found in [16] (and in many other manuals on population dynamics).

The model (2.1)—(2.2) is constructed for the prey and predators populations homogeneously
distributed in a territory. But, if the populations are not homogeneously distributed and if there
are population displacements, the relations mentioned in Remark 1 will not be guaranteed. Let us
see an example of changing the behavior of the solution.

Consider the equation system

{ Orut (t, x) = —v1(t)0zui(t, ) + auy (t, ) — Buy (t, x)ua(t, x),

t>0, zeR, (2.4)
Opua(t, ) = —va(t)Opua(t, ©) — yua(t, x) + duy (t, x)ua(t, x),

with the initial condition

ui(0,z) =u1(z), wu2(0,z) =n2(x).
Let us choose a particular initial data (u;(z),u2(x)) defined as follows: consider the equation
system (2.1)—(2.2) and write = instead of ¢ in the solution (@i(:),us(+)) to these equations. It is
clear that the thus defined functions % (x) and Uy (z) can be defined on R and are periodic in z.

Let us further assume that
V1 (t) == —UQ(t) Vit Z 0

and that they are periodic in ¢ with the same period as the solution of the equation system (2.1)—
(2.2). Then, for a certain choice of functions (v1(t), v2(t)) we find the amplification of the oscillation
of the solution in certain points x and the contraction in certain points x, as illustrated in the graphs
obtained by numerical calculation (see Fig. 1-2).

x=760 x=253

Prey population (u,) Prey population (u,)

Predator population (u,) Predator population (u,)

wA

0

Population
©
Population

~

I 1 1 1 1 ) I I I I I I 1 1 )
0 2000 4000 6000 8000 10000 12000 14000 16000 18000 0 2000 4000 6000 8000 10000 12000 14000 16000 18000
Time (1) Time (t)

Figure 1. Solution of the equation system (2.4) at a point where amplification occurs and at a point where
contraction occurs.

However, even with displacements, the equation system (2.4) in a periodic domain x € R/mod L
has a globally similar behavior to what we have seen in Remark 1.

Remark 2. Let L be a strictly positive number. Let u; o(z) and ugo(x) be two functions with
strictly positive values and periodic in € R with period L. If the solution (u;(¢,x),us(t,z)) to
the equation system (2.4) with the initial condition

u1(0,2) = uio(z), wu2(0,2) =ugo(x),



Lotka—Volterra Equation with Displacements and Diffusion 49

X=760 x=253

Predator population (“2)
Predator population (uz)

I I I ,
0 1 2 3 4 5 6 0 1 2 3 4 5 6
Prey population (u,) Prey population (u,)

Figure 2. Trajectories of the solution of the equation system (2.4) on the phase plane at a point where
amplification occurs and at a point where contraction occurs in the space (u1, ug2).

exists and is periodic in x € R with period L, then we have

L L
/ Uo(uy(t,x),us(t, z))dx = Const = / Uo(u1,0(z), uz0(x))dx. (2.5)
0 0

Indeed, it follows immediately from (2.4) that

Oy log u; = —v10; loguy + a — Bus, (2.6)
O¢logus = —v90, log ug — v + duq,

from (2.4), (2.6) and (2.7), by direct calculations, we obtain
O Up(u1(t, ), ug(t,x)) = —v10,(—ylogus + duy) — v20, (—alog ug + Lus). (2.8)

Given the assumption that u (¢, z) and uy(t, z) are periodic in x with period L, we have

L L
/ Oy (—vloguy + ouy)dx = / Oy (—alogug + Bug)dx = 0.
0 0

Thus
d L
dt Jo
which implies (2.5). But, we cannot deduce that supy<,<or Uo(u1(t, ), ua(t,x)) is bounded at ¢.
Given these circumstances, we are interested in the asymptotic behavior of the solution
(uy(t,z),us(t,x)) of the Lotka—Volterra equation with displacements and diffusion (see (3.1)—(3.2)
in the next section).

UO(ul (t7 .%'), u2(t7 m))dx =0,

3. Position of problem and preliminary result

We consider in this article the following equation system

Opuy (t, ) = —vy(t)0puq (t, ) + m?iul(t, x) + auq (t,x) — Buy(t, z)us(t, x), (3.1)
Dpus(t, ©) = —vo(t)Opua(t, ) + KO2us(t, ©) — yus(t, z) + dus (t, x)us(t, x), (3.2)
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for t > 0 and = € R, where «, 3,7,0 and k are strictly positive constants and v, (t) and va(t) are
functions of ¢. The system (3.1)—(3.2) will be considered with the initial condition

ui(t,z) = uio(z), 1=1,2. (3.3)
For the functions u; o(z) and ug (), it is assumed that
uw(x) > 0, uw(x) = ui,o(x + 27‘1’) Vr € R, ULQ(-) € LOO(R), 1 =1,2. (34)

Since the equations (3.1)—(3.2) are parabolic equations subject to the conditions (3.3)—(3.4), the
existence and uniqueness of the local solution follow from the classical theory of parabolic equations.
Furthermore, considering the equations (3.1)—(3.2) on R4 x T with the torus T = R/mod 27, the
periodicity in z of the solution (uj(t,z),us(t,x)) follows automatically. As far as concerns the
global solution, we will first prove the inequality (4.3) on the interval of the existence of the solution
(uy(t, ), us2(t,x)) and then deduce from the inequality (4.3) and the theorem of the existence and
the uniqueness of the local solution the existence and the uniqueness of the global solution.

We now define the functions Uy (u1), Ua(ugz) and U(ui,ug):

Uy (u1) = —'y<10gu1 — log %) +6 <u1 - %) , (3.5)
Us (us) = —a<1og us — log %) + 5(u2 - %) (3.6)
U(u1,us) = Uy (uy) + Us(us). (3.7)
Since
min (—ylogus + dur) = —ylog (%) +r, (3.8)
min(~alogus + fuy) = ~alog (%) +a, (3.9)

it follows that Uy (u1) > 0, Uz(u2) > 0 and U(uy,ug) > 0 for any u; > 0 and ugy > 0. Thus

Ry U) = i Oale) = | i, Ul ) =0 (310
U(ui,ug) =0 <= wuj = % and w9 = %. (3.11)
Let us set
_ 1 27
U(t) = 2—/ Uluy(t, z),u2(t,x))dx. (3.12)
™ Jo

Let us first note the following fact, which can be proved in a manner similar to the raisoning
presented in [14] and [15].

Proposition 1. Assume that

sup Ul(upo(x),ugo(z)) < oo
0<x<2m

and that the problem (3.1)—~(3.3) with (3.4) admits the unique solution (u1(t,z),uz(t,z)) in the time
interval [0, 7] (0 <7 < o0). Then, the function U(t) is decreasing on the interval [0, T].

Proof. In a manner similar to deriving (2.8), but adding the terms that result from the
diffusion termes, we obtain

8tU = HagU — RO — Ulaa;Ul — vgang, (3.13)
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where

uy(t, ) usg(t, )

By integrating both sides of the equality (3.13) with respect to = from 0 to 27, we obtain

o= o(t,z) :7<

2T 2T
oUdx = / (/{&%U — ko — V10, U7 — vgﬁng) dx.
0 0

Since the functions U (uq (¢, x), ua(t,x)), Ui(ui(t,x)) and Us(ue(t,x)) are 2m-periodic in x, we have
d 2 2
— U(uy(t,z),u2(t,x))de = —Ii/ o(t,z)dz.

This, together with the relation ¢ > 0, implies that the function U(t) is decreasing. U

Corollary 1. If the solution (ui(t,z),u2(t,z)) of the problem (3.1)~(3.3) (with (3.4)) ewists
for all t > 0, then the function U(t) converges to a value Uy for t — co.

Proof. Itimmediately follows from Proposition 1 and the relation (3.10). g

4. Main result

Our main result is the following.

Theorem 1. Assume that

sup |v1(t) — ve(t)| = C, < 00, (4.1)

>0

sup U(ui0(z),uz0(x)) < oo. (4.2)
0<ax<2m

Then, the problem (3.1)—(3.3) with (3.4) admits a unique solution (uy(t,z),us(t,x)) for all t > 0
and we have
sup  U(ui(t, x),u2(t,x)) < oo. (4.3)
>0, 0<z <2
More precisely,

i) there exists a continuous and increasing function Ay : Ry — Ry such that

thllp sup U(ul(tax)7u2(tax)) < Al(ﬁoo)a
t—oo 0<x<2m

ii) if Us =0, then we have

lim sup U(ul(t?x)au2(tax)) = Oa

=00 g<g<or
where Usy = limy_s00 U (t) with U(t) defined in (3.12).

For the proof of Theorem 1 we use the proposition.
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Proposition 2. Assume that the conditions (4.1)~(4.2) and (3.4) are satisfied and that the
problem (3.1)—(3.3) admits a unique solution (u1(t,z),us(t,x)) for allt > 0. Then, there exists an
increasing and continuous function Ay : Ry — Ry such that

i sup U ur (), b, ) 0,20y < Aa(Tc). (4.4)
— 00

As(0) = 0.

The function As(-) can be given for example by the formula (5.13).
In the following section, we will prove Proposition 2. Theorem 1 will be proved in the successive
section.

5. Proof of Proposition 2

In order to prove Proposition 2, we begin with the following lemma.

Lemma 1. Let U = U(x) be a positive and 27-periodic function such that

d
H—U‘ < 00.
dx ~ 11L2(0,27)
If B
HU||L2(O,27r) > V8m U’ (51)
then we have .
d 2 1 4427 U
45000 2 sz (1 T e )10 6.2
do1l2202m) — 256737 3|[UllL2(0,27)
where
_ 1 21 p
U= o ), U(z)dz.
Proof Set 1ol
L2(0,27)

and denote by |D,,| the measure of the set D,,. Since U(x) > p on D, it follows from the definition
of U and p that o
p| Dyl < 2nU. (5.4)

Since
U(z)? = (U(z) — p)* + 2u(U(z) — p) + p1°,
it follows that

[ wwre=[ we - [

w w ©

WU @) - o+ [ pida.

Hence

C02de — 2 I ,
/D#(U(Cﬂ) p)=d /D#|U( )|“d 2/ w(U(z) — p)d 1D,

Dy

> [ Welde-sipui~ 5 [ W) - i

Iz Iz
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Thus, taking into account (5.3), we have
2 2 IDullUN1Z2 0,20
| W)= ppde= [ WPds -2l =3 [ UGe)Pde - S B0 (5
D, 3 D, 3 D, 47
On the other hand, we have
| W@pds < @n - D,
i
Hence, taking into account (5.3), we have
3, Dyl
2 2 2_ (2 Ja 2
/ U@ de 2 UlEz0r) ~ (2 = Dul)u® = (5 + 52102020y (5.6)
From (5.5) and (5.6) we obtain
1 |Dyl
Uz) — p)ide > (- — =2 ) |U|F : 5.7
[, @ =iz (5= ) 101 (5.7

Recall that under the condition (5.

the relation (5.4) implies that |D,| < 27, and thus there

1)
exists at least one z € R such that U(Z) < p. Since U(x) is 2m-periodic, it is not restrictive to

assume that z = 0 (and thus U(z + 27) < p).
We first consider the case
D;L :]5'30,330 + |D,u|[

In this case, since we have

/D#(U dx—/D# /m - U( "\da! d,
/DH(U(:E) — )2 < 2|D“|</DM(U($) —M)de>1/2</Du <%U(:ﬂ)>2dm> 1/2,

we obtain )
d
/ (U(z) — p)’dx < 4|Du|2/ (—U(CE)) dx.
D[J. D d(E

n

and thus

Even in the general case with

N N
D, = U Jzk, 23, |Dul = Z(az; —z), NeN, N>2 or N =+o0,
k=0 k=1

on every interval ]zy,z} [ we have

@) - wrar <, [ (L)
/ask /mk (dﬂc >

By summing these inequalities, we obtain (5.8).
From (5.7) and (5.8) we have

d 2 1 (1 |D,
| (Gv@) o> g5 (5= ) W
m

(5.9)
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Since, according to (5.4), we have
42w U
U1 L2 0,27

1Dyl <

)

from (5.9) we obtain

d 2 1 WN2rU
/ (d—U(x)> dx > — (1— - )||U\|§2(0,27r).
D, \dz 256730 3IUI L2 (0,27)

/Ozﬂ (%U(@)Q iz > /D (%U(@)Q da,

we deduce the inequality (5.2). This completes the proof of the lemma. ]

Since

Lemma 1 leads to the following property.

Lemma 2. Assume that the conditions (4.1)~(4.2) and (3.4) are satisfied and that the prob-
lem (3.1)~(3.3) admits a unique solution (uq(t,x),us(t,x)) for allt > 0. Let U(-,-) and U(t) be the
functions defined in (3.7) and (3.12), respectively. If

U (ua(t, ), ua(t, )2 (0,0m) > V8TU (),

then we have

d C? K 4Wom -
— Uz < | 22— —(1- UU3 ) U3 5.10
101 < (2 - 5 (1= g0 ) IR 101, (5.10)

where U = U(t) and
U2 = U (ua(t, ), ua(t, )l 2(0,27)-

P roof. By writing vi(t) — va(t) + v2(t) instead of v1(¢) in (3.13), we have
U = kU — ko (t,x) — va(t)0,U — (v1(t) — v2(t))0uUy. (5.11)

If we multiply both sides of (5.11) by U and integrate them on [0, 27], then, using integration by
parts, we have

1d 2T 2T 2T 2T
S \U|?dx = —li/ |0, U |*dx — n/ oUdx + (v (t) — vg(t))/ U10,Udz.
2dt Jy 0 0 0

Note that due to relations U = Uy + Uz, Uy >0, Uz > 0 (see (3.5)—(3.9)), we have

2w 1 2w ) K 2w ) 1 2w ) K 2w )
U19,Ude < — [ |UiPde+= | |0,UPde < — | |[UPde+2 [ |8,Ud.
0 2K 0 2 0 2K 0 2 0

Thus, taking into account the relation cU > 0, we obtain

1d 2w K 2w |1)1(t) _ v2(t)|2 2w
—— UPdr < —= / 0, U|*dx + —————"— / \U|dz. (5.12)
th 0 2 0 2/4/ 0

Applying the inequality (5.2) to the first term on the right-hand side of the inequality (5.12) and
taking into account the condition (4.1), we obtain (5.10). This completes the proof of the lemma. [J



Lotka—Volterra Equation with Displacements and Diffusion 55

Proof (of Proposition 2). Note that if |U||;2 > v/&xU, then we have

4vor -1
U2 — 3

Thus, in this case, the right-hand side of the inequality (5.10) is bounded from above by
Cy I 5
- 3 ind 2 H Uv”[/2 °
K 256m3U% 3

Therefore, from Lemma 2 it follows that

t—o00

27
nmwg/ U (s (£, 2), us (£, 2)) e < As(Unc),
0

where Ag(-) is defined by
76877303) 5
T ) g2,

K2

As(a) = max (871', (5.13)

which completes the proof of Proposition 2. [

6. Proof of Theorem 1

In order to prove Theorem 1, we begin with an estimate of the [[0,U (u1(t,-), u2(, )l 12 (0,27)-
We have the following lemma (in Lemmas 3-9, we assume that the hypothesis of Proposition 2 is
satisfied).

Lemma 3. For all ty > t; > 0, we have

to
[ 1006, D s i
t ! (6.1)
LG [ T e

= K2 J, U (ur (8, ), ua( "))HL%O’%) + ;H (u1(t1, ), w2t )7 2(0,2m -

Proof. From (5.12) we deduce that
2 2 2 2
t) —valt 1d
| 10U a)Pds < [oa(f) = va(OF | Wweapa - L5 [T WP,
0 K 0 kat Jo

where U(t,z) = U(uy(t,x),u2(t, z)). Integrating both sides of this inequality with respect to ¢ from
t1 to to, we obtain

to Cv to 1
1006 0amr< Sy [ 106 gt (10 0101 ) (62
1

t1

Eliminating the negative terme of the right-hand side of the inequality (6.2), we obtain (6.1). O

We deduce from Lemma 3 the following relation.

Lemma 4. We have

t+1
/ sup U(ul(tlaw)7u2(t,7x))dt,
t 0<x<2m

(6.3)
~ Cv t+1 1 1/2
<00+ VER (S [ 1001w DI e+ 2104 (6, D )

where U(t) is the notation introduced in (3.12).



56 Ahlem Chettouh

P roof. We use the notation U(t,z) = U(u1(t,z),u2(t,x)) as in the proof of Lemma 3. Since
lellzro,27) < V27l L2(0,27)
for all ¢ € L?(0,2m), from the relation

sup  U(t,2) < U(t) + 10U (8, ) 11 0,.20),

0<zx<L2mw
we obtain )
sup  U(t,x) SU(t) + V27| 0:U (¢, )l 12(0,2x)- (6.4)
0<zx<L2m

Taking into account the decreasing of U(t), the inequality (6.3) follows immediatly from (6.1)
and (6.4). O

We will now estimate the growth of

Sup ul(taw)7 sup ’LLQ(t,.%'), Sup (_1Ogu1(t7w))7 Sup (_ IOg’LLQ(t,.%'))
0<z<2m 0<e<2m 0<z<2m 0<e <27

To this end, we return to the equations (3.1) and (3.2). Note that, if we introduce the function

t
&i(t,x) ==z +/ vy ()t
0
and if we consider the variables (¢,&;) instead of (¢, z), then the equation (3.1) is rewritten as

Opua (t,&1) = kOZ ur(t, &) + auy(t, &1) — Bua(t, E1)ua(t, &) (6.5)

Analogously, if we introduce the function

t
L(t,x) = +/ va(t")dt’,
0
and if we consider the variables (¢,&2) instead of (¢, z), then the equation (3.2) is rewritten as

Brua(t, &2) = KOZ,ua(t, &) — Yual(t, &2) + ur (t, E2)ua(t, &2). (6.6)

Using (6.5) and (6.6), we will prove the four following lemmas.

Lemma 5. Set

uf(t) = sup wui(t,z)= sup ui(t,&). (6.7)
0<z<27 &H1eR

Then, for 0 <ty <t, we have

uf (t) < uf (t)e® 1) = By (uf (to), ¢ — to)- (6.8)

P r o o f. By formally applying the fundamental solution of the heat equation to (6.5), we have

+oo

uy(t, &) = Ot —to, & — &1)ui(to, &' )de’

—00

t ~+o00
T / / Ot — .6 — &) (aur(t' &) — Bur (', yual(t', €)) dE'dt.
to J —o0
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where | |2
1 n
O(1,1) = ——=exp(———).
(1) = s exp(— )
Since
400
O(r,n)dn =1

for all 7 > 0, we have

so that we obtain (6.8). O

Lemma 6. Set

wy (t) = sup (—logua(t,z)) = sup(—logusa(t,&2)).
0<z<2m &2€R

Then, for 0 < to < t, we have
wy (t) < wy (to) +y(t — to) = Pa(wy (to), t — to). (6.9)
Proof. If we divide both sides of (6.6) by —us(t, £2), we have
O (—log(ua(t, £2))) = KOE, (= log(ua(t,&2))) — (Ie, log(ua(t, £2))) + 7 — dua (t, &a). (6.10)

By formally applying the fundamental solution of the heat equation to (6.10), we have

—+00

—log(ua(t, &) < O(t — to, €' — &)(— log(ua(to, £)))dE’ + v(t — to),
and this inequality implies (6.9). O
Lemma 7. Set
uy (t) = sup us(t,z) = sup ua(t,&).

0<z<2m &2€R

Then, for 0 <ty <t, we have

t -
u;(t) < u;—(to) <1 + 5uf(t0)/ ea(t’,to)ets/a-uf(to)(ea(tfto)fea(t - 0))dt/>

to
= Oo(uf (to), ug (to),t — to)-

(6.11)

Proof. We formally apply the fundamental solution of the heat equation to (6.6), so that
we have

+oo

t +oo
us(t, &2) < O(t —to, & — &)ua(to, &' )ds’ + 5/ / Ot —t',& = L)ur(t, & ua(t', §)de dt’.
—00 tg J —o0
Hence, using the inequality (6.8), we have

t
Wk () < i (to) + bu (to) / O —t0) (1),

to



58 Ahlem Chettouh

or
t
V(1) < @10yt () + Su (b)Y (K), Y (£) = / O —10) (1)

to

From this inequality follows (6.11).

Lemma 8. Set

wi (t) = sup (—logui(t,x)) = sup(—logui(t,&)).
0<z<2m &1eR

Then, for 0 <ty <t, we have

t
wl (t) <wf(to) + B [ Palto,us (to),t)dt’ = Uy (uf (to),ud (to), wi (to),t — to).
to

P r o of. From the equation
Ou(—log(ui(t,€1))) = w0z, (—log(u1(t, &1))) — k(g log(u(t,61)))* — o + Bua(t, &1),

we deduce (in a similar way to the previous case)

t
—log(ui (£, 1)) < wi (to) + 8 | g (¢)de’.

to

Hence, using (6.11) we obtain (6.12).

Let us define wi (U), uf (U), wyi (U) and uj (U), for all U > 0, as follows:

wi (U) = —log(@1), Ui()=U, 0<ay < %
W (U) =1, Ui(@)=U, @ > %
wi (U) = ~log(m), Un(m) =U, 0<uz< 7,
uy (U) =tp, Us(lin) =U, 1> %-
It is clear that
.

U =Ui(e W) = Ui(uf (U)) = Uz ) = Ua(u (1),
These definitions are justified due to the definition (3.5)—(3.6) of U;(u1) and Us(uz).
Lemma 9. If we set

U+(t) = sup U(ul (t’ x)a u2(t’ x)),
0<zx<L2m

we have .
UT(t) < MUY (o), t —to), t>to,

where
M(U* (to), t — to) = UP™ (U™ (to), t — to) + U™ (Ut (o), — to),
UP=(U ™ (to), t — to)
— max(Us (1 (wh (U (t0)), £ — to)), Uy (e~ ¥10F U (o)) i (U o)) wf (U (t0)) £10)y

(6.12)

(6.13)

USRS (U (t0), t — to) = max(Ua(®a(ui (U (t)), ug (U (t0)), t — to)), Up(e™ V203 (U (o)) t=to)y)
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P r 0 o f. The lemma follows immediatly from the definition of M (U (t), t—tp) and Lemmas 5-
8. g

Remark 3. The function M (a,b) can be defined for any values ¢ > 0 and b > 0 (independently
of the solution (u1(t,x),ua(t,z)) of the problem (3.1)—(3.3)). Furthermore, the function M(a,b) is
continuous and increasing with respect to either a > 0 or b > 0.

Indeed, this remark follows immediately from the definition (6.13).
We are now able to prove the main result.
Proof (of Theorem 1). In this proof we use the notations U(t) introduced in (3.12) and
U(t,z) = U(uy(t,x),ui(t,z)). Lemma 2 (see also (5.13)) implies that, if
U, ')H%Q(O,Qn) > AQ(U(t))v

then [|U(t,-)]%. (0,2r) decreases. Taking into account that U(t) is decreasing, we have

103205y < max (100, )0 50 » A2(0(0))) = By, ¥t > 0.

This inequality, together with (6.3) and Proposition 1, allows us to conclude the existence of 7 in
each interval [¢,t + 1] such that

- C, 1\1/2
sup U(T,%’)SU(O)—F\/%(?—F > vV By = Ap.

0<zx <27 E
On the other hand, it follows from Lemma 9 (see also Remark 3) that

sup U(t,z) < M(AU,t - 7),
0<z<2m

for t > 7. Thus, from these relations it follows that, for all ¢ > 0, we have

sup U(t',xz) < M(Ap,1), Yt €tt+1],
0<z <27

in other words, we have B
sup U(t,z) < M(Ay,1), Vt>0,
0<x<2mw
with M(Ay,1) < oo (see (6.13)), which completes the proof of (4.3).
We now set

Al(Uoo) - M(A*U(Uoo)7 1)7

A5 (0) :0w+m(%+§)”2,m2<ﬁw). (6.14)

We note that the right-hand side of (6.14) does not depend on t and we can deduce from the
definition of M that the function A;(Us) is continuous and increasing. From the reasoning of the
proof of (4.3), taking into account (4.4), we deduce that

where

limsup sup U(t,z) < A1(Ux),
t—oo 0<z<2mw

which completes the proof of the statement ¢) of Theorem 1.
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We now assume that Us, = 0. Then, according to Lemma 4, we have

[ sw vtraar <01+ var (S [ 106N g pyptr + 001 )r02)
t—10§8;1«1£27r TBAT = ™2 1 Tl (0,2m24T T 1 » ML2(0,27) :

According to Proposition 2 the upper limit of the right-hand side of this inequality is A’{J(ffoo), as
given in (6.14). Thus, we have
t

lim sup U(r,z)dr =0. (6.15)
1700 Ji1 0<e<2r

In order to prove the statement ii) of Theorem 1, we argue by contradiction by assuming that

lim sup U(t,z) #0,

=00 g<g<or

in other words, suppose that there exists € > 0 such that, for each ¢t > 0, there exists ¢ > ¢ such
that
sup U(t,x) > e. (6.16)
0<zx<L2m

Let us define the function U®)(s), for each s > 0, as
MU (s),s) =e. (6.17)
Then, from the definition of M it follows that, for #’ satisfaying (6.16), we have for 7 < t'

UG —7)< sup U(r,x).
0<x<L2m

Thus
¢ ¢
/ Ut —7)dr < / sup U(r,x)dr. (6.18)
t

—1 t'—1 0<z<27m

Recall that the definition of M (and also of U™ and UY®*; see (6.13)) implies that for any
to > 0, we have

lim UP™(U*(to), ¢ — to) = max(Us (uf (U (to))), Ur (7% U7 10))) = U+ (),

t—td
: max 77+ _ +77+ —wF (Ut (o)) _ 77+
lim U*(U™ (to), t = to) = max(Us(uz (U™ (o)), Uz(e™™ )) = U (to),
t—t]
and thus
lim M (U (ty),t —to) = 2U™ (to).
t—td
This relation also implies that
1
lim US# —7)=Ze>0. (6.19)
Tt~ 2

From the continuity of M (a,b) we can deduce that U®)(s) is continuous (see (6.17)). Thus,
from (6.19) it follows that there exists some s, > 0 such that U®)(s) > 0 for 0 < s < s., and
we have

t Se
| v -nir= [ v = e >0
t 0

/_86
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Thus, it follows from (6.18) that

t/
/ sup U(r,z)dr > ¢ > 0,
t

/1 0<a<2n
where c. is independant of ¢’. This result contradicts (6.15). Therefore we have

lim sup U(t,z)=0.
t=00 0<g<2n

This completes the proof of the theorem. O

7. Conclusion

In this article, we have analyzed the asymptotic behavior of the solution to the Lotka—Volterra
equation with diffusion and population displacements in a periodic domain of R. From this analysis
we have obtained the global boundedness of the solution and its logarithm and also its uniform
convergence to the stationary solution in the case in which the solution converges in mean-value to
the stationary solution. This result guarantees that, even if there can be the growth of oscillation
of the solution in certain points as we have seen in the example of numerical calculation in the
Section 2, these phenomena cannot develop infinitely, and the growth of oscillation is limited.

Moreover we have developed some particular techniques of estimate of the solution. Even if the
conditions we have set for the equation are relatively simple, the techniques we have developed here
can, with possible adaptation, be used also for analogous problem with more complex conditions.
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Abstract: Let [z| and [x] denote the lower integer part and the upper integer part of a real number z,
respectively. Our main goal is to construct four partitions of a finite set A with n > 7 elements such that each
of the four partitions has exactly [n/2] blocks and any other partition of A can be obtained from the given
four by forming joins and meets in a finite number of steps. We do the same with [n/2] — 1 instead of [n/2],
too. To situate the paper within lattice theory, recall that the partition lattice Eq(A) of a set A consists of all
partitions (equivalently, of all equivalence relations) of A. For a natural number n, [n] and Eq(n) will stand
for {1,2,...,n} and Eq(|n]), respectively. In 1975, Heinrich Strietz proved that, for any natural number n > 3,
Eq(n) has a four-element generating set; half a dozen papers have been devoted to four-element generating sets
of partition lattices since then. We give a simple proof of his just-mentioned result. We call a generating set X
of Eq(n) horizontal if each member of X has the same height, denoted by h(X), in Eq(n); no such generating
sets have been known previously. We prove that for each natural number n > 4, Eq(n) has two four-element
horizontal generating sets X and Y such that A(Y) = h(X) 4+ 1; for n > 7, h(X) = |n/2].

Keywords: Partition lattice, Equivalence lattice, Minimum-sized generating set, Horizontal generating set,
Four-element generating set.

1. Notes on the dedication

Arpéd Kurusa, 1961-2024, was an excellent geometer. The present paper is dedicated to his
memory. In addition to his high reputation in geometry, his editorial and technical editorial work
for several mathematical journals as well as his textbooks (in Hungarian) were also deeply ac-
knowledged. From 2000 to 2018, he led the Department of Geometry at the Bolyai (Mathematical)
Institute of the University of Szeged. As the title of [5] shows, our collaboration has added a piece
to the traditionally strong interrelation between geometry and lattice theory. At the motivational
level, the present paper has some (but very slight) connection to the just-mentioned joint paper.
Indeed, partition lattices form a specific subclass of geometric lattices, and the term “horizontal”
is rooted in a geometric perspective of these lattices.

2. Introduction and our theorem

Given a set A, the collection of equivalences, that is, the collection of reflexive, symmetric,
transitive relations of A forms a lattice Eq(A), the equivalence lattice of A. In this lattice, the
meet and the join are the intersection and the transitive hull of the union, respectively. By the
well-known bijective correspondence between the equivalences of A and the partitions of A, Eq(A)
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2 Dedicated to the memory of my local colleague and co-author Arpdd Kurusa.
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is isomorphic to the partition lattice of A, which consists of all partitions of A. By the just-
mentioned correspondence, we make no sharp distinction between equivalences and partitions in
our terminology and notations. To explain that we use the notation Eq(A) rather than something
like Part(A), note that equivalences are more appropriate for performing the lattice operations and
forming restrictions. For a natural number n, we let [n] := {1,2,...,n}, and we usually abbreviate
Eq([n]) to Eq(n).

Partition lattices play an important role in lattice theory since congruence lattices, which play a
central role in universal algebra, are naturally embedded in partition lattices. In fact, every lattice
is embeddable into a partition lattice by Whitman [12] and each finite lattice into a finite partition
lattice by Pudldk and Tuma [9]; note that these facts can be exploited in some proofs, for example,
in [1]. Furthermore, every partition lattice Eq(A) is known to be a geometric lattice, that is, an
atomistic semimodular lattice; see, e.g., Grétzer [7, Section IV 4] or [8, Section V.3|. Being atomistic
means that each element x of Eq(A) is the join of all atoms below . Semimodularity is understood
as upper semimodularity, that is, for any z,y,z € Eq(A4), z =< y implies that  V z < y V z, where
=< is the “is covered by or equal to” relation.

A subset X of Eq(A) is a generating set of Eq(A) if X extends to no proper subset S of Eq(A)
such that S is closed with respect to joins and meets. In the seventies, Strietz [10] and [11] proved
that, for any natural number n > 3, Eq(n) has a four-element generating set. His result is optimal,
since Eq(n) does not have a three-element generating set provided that m > 4. Since Strietz’s
pioneering work was published in [10] and [11], five additional papers have already been devoted to
the four-element generating sets of equivalence lattices; see [6], the 2nd-, the 3rd-, and the 4th-item
in the “References” section of [6], and Zadori [13].

For n > 3, which is always assumed, each permutation of [n] extends to an automorphism
of Eq(n), and such an automorphism sends generating sets to generating sets. We say that two
generating sets of Eq(n) are essentially different if no such automorphism sends one of them to
the other one. We know even from Strietz [10] and [11] that, for n large enough, Eq(n) has several
essentially different four-element generating sets. Many more (essentially different) four-element
generating sets have been given in [6]. However, it is very likely by the computer-assisted section
of [6] that only an infinitesimally small percentage of the four-element generating sets of Eq(n) are
known for n large. Exploring more such generating sets seems to be a reasonable target in its own
right, and there is an additional motivation: Namely, the more small generating sets of Eq(n) are
available, the more the cryptographic ideas of [2] can benefit from equivalence lattices. (If there
are and we know many four-element generating sets, then we can extend them to small generating
sets in very many ways.)

Before explaining what sort of new four-element generating sets of Eq(n) we are going to present,
note that even at the very beginning of this type of research in the seventies, Strietz himself paid
attention to some lattice theoretical properties of his four-element generating sets. For n > 4,
he showed that a four-element generating set is either an antichain (that is, a subset with no
comparable elements) or it is of order type 1+ 1+ 2, that is, exactly two out of the four generators
are comparable. He managed to prove that Eq(n) has a four-element generating set of order type
1+ 1+ 2 for every integer n > 10. Briefly saying, Eq(n) is (1 + 1 4 2)-generated for n > 10. With
ingenious constructions, Zadori [13] improved “n > 10” to n > 7, and he gave a visual proof of
Strietz’s result that Eq(n) has a four-element generating set; his proofs are simpler than Strietz’s
ones. Zadori [13] left open the problem whether Eq(5) and Eq(6) are (1 + 1 + 2)-generated. This
problem was solved as recently as 2020 in [6], where an affirmative answer for Eq(6) was given but
a computer-assisted negative answer for Eq(5) was provided.

As Eq(n) is a geometric lattice, there is a natural property of a subset, which is more restrictive
than being an antichain. To introduce it, recall that the length of an n-element chain is n — 1. The
least element and the largest element of Eq(n) or Eq(A) will be denoted by A and V, respectively.
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If confusion threatens, we write A,,, V4, etc. The height of an element p € Eq(n) is the length
of a maximal chain in the interval [A, u]; we know from the Jordan-Hélder Chain Condition for
semimodular lattices, see, e.g., Grétzer [7, Theorem IV.2.1, p. 226] or [8, Theorem 377], that no
matter which maximal chain is taken. We denote the height of p by h(u). A subset X of Eq(n) is
horizontal if its elements are of the same height; in this case, the common height of the elements
of X is denoted by h(X). A horizontal subset of Eq(n) is necessarily an antichain. Clearly, Eq(n)
for n > 3 has a horizontal generating set, since the set of atoms is such. To get a better insight into
the four-element generating sets of partition lattices, it is reasonable to determine those natural
numbers n for which Eq(n) has a four-element horizontal generating set. In fact, we are going to
do more by showing that whenever Eq(n) has a four-element antichain at all, that is, whenever
n > 4, then it has two four-element horizontal generating sets of neighboring heights. To smooth
our terminology, let us introduce the notation

HFHGS(n) := {h(X) : X is a four-element horizontal generating set of Eq(n)};

the acronym above comes from the heights of four-element horizontal generating sets. For a real
number r, we denote by |r| and [r] the lower integer part and the upper integer part of r; for
example, |v/2| = 1 and [v/2] = 2. Let NT denote the set of positive integers.

Theorem 1. For every natural number n > 4, the partition lattice Eq(n) has two four-element
horizontal generating sets X andY such that h(Y) = h(X)+1 holds for their heights. Furthermore,

HFHGS(n) D {|n/2], [n/2] + 1} for all integers n > 7 and also for n =5, and (2.1)
HFHGS(n) C{keNT: |(n—1)/4] +1 <k <n—[Vn]} for all integers n > 4. (2.2)

Based on the following statement, we conjecture that “O” in (2.1) is never an equality for
n > 7. We do not know whether lim,_,~ [HFHGS(n)| = co and HFHGS(n) is always a convex
subset of NT. We know HFHGS(n ) only for n € {4,5,6,7,8}. In the proposition below, each
occurrence of the relation symbol P denotes an equality that we could prove only with the
assistance of the brute force of a computer.

Proposition 1. We have the following equalities and inclusions:

HFHGS(4) = {1,2}, (2.3)
HFHGS(5) = {2,3}, (2.4)

{2,3} C HFHGS(6) C {2,3,4}, in fact, HFHGS(6) “=" {2,3}, (2.5)
{2,3,4} C HFHGS(7) C {2,3,4,5}, in fact, HFHGS(7) “=" {2,3,4}, and  (2.6)
{3,4,5} C HFHGS(8) C {2,3,4,5,6}, in fact, HFHGS(8) “=" {3,4,5}. (2.7)

Remark 1. (2.3) and (2.5) witness that (2.1) fails for n € {4,6}. Note also that concrete
four-element horizontal generating sets witnessing (2.1) and (2.3)—(2.7) are defined by Lemma 5
combined with Assertion 1, by Lemmas 6, 7 and 8 combined with both (the Key) Lemma 4 and
Assertion 1, and in the rest of the lemmas presented in Section 5. For n large, the just-mentioned
four-element horizontal generating sets are given only inductively; the inductive feature could be
eliminated but we do not strive for non-inductive definitions of these generating sets.

The rest of the paper is devoted to proving Theorem 1 and Proposition 1. Unless explicitly
stated otherwise, we assume that 4 < n € NT for the remainder of the paper.
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3. Some lemmas, the Key Lemma, and a new proof of one of Strietz’s results

For a finite nonempty set A, if {a11,...,a14}, ..., {ak1,..., 0k } is a repetition-free list of
the blocks of a partition u € Eq(A), then we denote both p and the corresponding equivalence by

€q(@1,1s .-y @ty 5k 15 Ahty) OF  €Q(A11 ... Qi3 Qh1--- Qg )-

That is, we omit the commas when no confusion threatens but not the block-separating semicolons.
Usually, the elements in a block and the blocks are listed in lexicographic order. For example,

Ay =eq(1;2;3;4), Vy=-eq(1234), and Vi3 =eq(1,2,3,4,5,6,7,8,9,10,11);

for more involved examples, see Lemmas 5-15. For u,v € A, the least equivalence of A collapsing
u and v will be denoted by at(u,v) or, if confusion threatens, by at(u,v). For example, in Eq(6),
at(2,5) = eq(1;25; 3;4;6). Note that at(u,v) is an atom of Eq(A) (that is, a cover of A), and every
atom of Eq(A) is of this form.

We define the graph G(S) of a sublattice S of Eq(A) by letting A be the vertex set of G(S5)
and letting {(a,b) : a # b and at(a,b) € S} be the edge set of G(S). (No matter if we consider
(a,b) and (b, a) equal or different.) A Hamiltonian circle of G(S) is a permutation a1, ag, ..., a, of
the elements of A such that at(a;—1,a;) € S for i € [n] — {1} and at(an,a;1) € S. Of course, G(S)
need not have a Hamiltonian circle. The following lemma occurs, explicitly or implicitly, in several
papers dealing with generating sets of equivalence lattices; see, for example, Czédli and Oluoch
[6, Lemma 2.5]. For the reader’s convenience, we are going to outline its trivial proof.

Lemma 1 (Hamiltonian Cycle Lemma). For a finite set A with at least three elements and a
sublattice S of Eq(A), we have that S = Eq(A) if and only if G(S) has a Hamiltonian circle.

P roof. The “only if” part is trivial. To prove the “if” part, let a4, ..., a, be a Hamiltonian
circle of G(S). As each element of the atomistic lattice Eq(A) is the join of some atoms, it suffices
to show that for all i # j, 4,7 € [n], we have that at(a;,a;) € S. This membership follows from

at(ai,aj) = (at(ai, ai+1) V at(ai+1, ai+2) VeV at(aj_l,aj))
A (at(ai, ai_l) vV at(ai_l, ai_g) VeV at(ag, al)
V at(a1,an) V at(an, an—1) V at(an—1,an—2) V- - Vat(aji1, a;))

and the “commutativity” at(z,y) = at(y, x). O
Let Z4 := ({0,1,2,3},+) denote the cyclic group of order 4; the addition in it is performed

modulo 4. To give the lion’s share of the proof of (2.3) and also to present an easy consequence of
Lemma 1, we present the following lemma, in which the addition is understood in Zjy.

Lemma 2. Both
X :=A{at(i,i+ 1) : i € Zy}

and
Y :={at(i,i+1)Vat(i+1,i+2):3 € Zy}

are four-element horizontal generating sets of Eq(Z4) = Eq(4).

Proof. By Lemma 1, X generates Eq(Z4). Since

at(i,i +1) = (at(i,i + 1) Vat(i + 1, +2)) A (at(i — 1,4) Vat(i,i + 1)) for i€ Zy,
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it follows that X is contained in the sublattice of Eq(Z4) generated by Y, whence Y also generates
Eq(Zy4). O

Next, we introduce a concept that is crucial in the proof of Theorem 1. By an n-element eligible
structure we mean a 7-tuple
A= (A B, u,v) (3.1)

such that A is an n-element finite set, u and v are distinct elements of A, {«, 3,7, 0} is a four-element
generating set of Eq(A), and

aVi=V, aNd=A, (3.2)
B A (7 Vv at(u,v)) =A, YA (ﬁ Vv at(u,v)) =A,
and SV ~yVat(u,v) =V. (3.4)

To present an example and also for a later reference, we formulate the following statement.
Lemma 3. With a = eq(123;4), 5 =eq(14;2;3), v =eq(1;2;34), and § = eq(1;24;3),
A= ([4],, 5,7,9,1,2) (3.5)
1s an eligible structure.
Proof. Let S be the sublattice of Eq(4) generated by {«, 5,7,d}. Since
at(1,2) = eq(12;3;4) =a A (BVI) €S, at(2,3)=aA(yVI) €S, at(3,4) =~v¢€S,

and at(4,1) = g € S, the sequence 1, 2, 3, 4 is a Hamiltonian cycle in G(S). Thus, Lemma 1
implies that {«,3,7,0} generates Eq(4). Since (3.2), (3.3), and (3.4) are trivially satisfied, the
proof of Lemma 3 is complete. U

For A C B and p € Eq(A), the smallest equivalence of B that includes p will be denoted

by u%*. The superscript in the notation comes from “extension”. As a partition, u%* consists of

the blocks of 1 and the singleton blocks {b} for b € B — A.

Lemma 4 (Key Lemma). Assume that (A, 3,7,0,u,v) is an eligible structure, |A] > 4,
we¢ A, and B=AU{w}. Let

o = BE Vatg(u,w), B i=aFt, 7 =05 & =98 Vatg(v,w), (3.6)
!/ / :

ui=u, v i=w.
Then the extended structure
ES(A):=B= (B, d, f,v,d v, ) (3.7)
is also an eligible structure. The heights of the partitions occurring in (3.6)—(3.7) satisfy that
h(o) =h(B)+1, h(B)=h(a), h(y')=h(), h(d)=nh(y)+L (3.8)

Proof. Assume that A is an eligible structure and B = ES(A) is as in (3.7). We will
frequently but mostly implicitly use the obvious fact that the function f: Eq(A) — Eq(B) defined
by p — pgt is a lattice embedding and, for any u € Eq(A), h(f(u)) = h(u). Denote by S the
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sublattice generated by {c/, 8',+',0'} in Eq(B). For pu € Eq(B), let u| 4 denote the restriction of u
to A. That is, as an equivalence, u[4, = uN (A x A). E.g.,

(ADF) 14 = A4

Note the obvious rule:
(PEVa=p and ()5 =puA(Va)F forevery p€Eq(A) and p€Eq(B). (3.9)

Let us agree that, for x,y € B, at(z,y) is understood as atp(z,y) even when x,y € A. We claim
that for any p € Eq(A) and for any d € A,

(HE* Vv atp(d,w)) 14 = p; (3.10)
and, in particular,
dly=8 and &, =1. (3.11)

The inequality
(W5 Vatp(d,w)) 4 > 1

is clear.  To show the converse inequality, assume that a # b and (a,b) belongs to
(M‘E‘t \ atB(d,w)) [ 4- Then a,b € A and, by the description of the join in equivalence lattices,
there exists a shortest sequence zg = a, x1, ..., s_1, £t = b of elements of B such that, for each
i€ [t],

either (x;_1,2;) € u&* or (wi_1,2;) € {(d,w), (w,d)}. (3.12)

Since this sequence is repetition-free, the first alternative in (3.12) means that (z;_1,x;) € u. By
way of contradiction, suppose that not all elements of the sequence are in A. Let j be the smallest
subscript such that x; ¢ A. As xg =a € A and 2y = b € A, we have that 0 < j < t. By the choice
of j, xj_1 € A. This rules out that (z;_1,z;) = (w,d). Since z; ¢ A, (xj_1,2;) € p cannot occur
either. Hence, (2j_1,2;) = (d,w). However, then the only possibility to continue the sequence is
that (z;,2;41) = (w,d). So d occurs in the sequence at least twice, which contradicts the fact that
our sequence is repetition-free. Therefore, all elements of the sequence are in A, whereby the first
alternative of (3.12) holds for all ¢. Thus, (z;—1,2;) € p for i € [t], and we obtain the required
membership (a,b) = (zg,z:) € p by transitivity. We have shown (3.10). Letting (i, d) := (5, u)
and (p,d) := (v,v), (3.10) implies (3.11).
Next, using the first half of (3.2) (and the fact that f is an embedding), we obtain that

(Va)g' = (aVO)F" = vog' =5 vy

belongs to S. Hence, so does o/ A (V4)%*. By the second half of (3.9) applied to p := o/, this

ext

equivalence is (/[ 4)%", whence (a/[4)%" € S. Therefore, applying (3.11), &' € S. As 8 and
v play a symmetric role, &% is also in S. By (3.6), S contains o' = ' and 6% = 9/, So
f(p) = ut € S for every u € {a,3,7v,6}. Since f is an embedding and {«a,3,7,0} generates
Eq(A), we conclude that f(Eq(A)) C S. In particular, atg(u,v) = f(ata(u,v)) € S. Based on this

containment, we claim that
atp(u,w) = o’ A (atp(u,v) Vo) € S. (3.13)

As atp(u,v),a/,d" € S, it suffices to show the equality in (3.13). The inequality “<” in place of
the equality is clear by the definition of o given in (3.6). To show the converse inequality, assume
that a # b and (a, b) belongs to the right-hand side of the equality in (3.13). Let

v:=ata(u,v) V.
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Observe that

(a,b) € & A (v5* Vatg(v,w)), (3.14)
since
o A (Vg Vatp(v,w)) =o' A ((ata(u,v) VY)E Vatp(v,w))
=o' A ((ata(u,v))F VA5 Vatg(v,w)) (8.15)
=o' A (atp(u,v) V5 Vatp(v,w)) O o A (atp(u,v) V &'). (3.16)
As a # band |B — A| = [{w}| = 1, at least one of a and b is in A. By symmetry, we can assume

that a € A. Depending on the position of b, there are two cases.
First, assume that b is also in A. Then (a,b) € o and (3.11) give that (a,b) € 5. As (a,b) is in
the second meetand in (3.14) and a,b € A, we have that

(a,b) € (V5" Vatp(v,w))] 4.
Hence, (3.10) applied to (u,d) := (v,v) yields that (a,b) € v. Thus, (a,b) belongs to
BAv=8A (atA(u,v) \/7),

which is A4 by (3.3). Since (a,b) € Ay contradicts the assumption a # b, the first case cannot
occur.

Second, assume that b ¢ A. Then
(a,w) = (a,b) € &/ A (atp(u,v) V')

and a € A. By (3.6), (w,u) € . As both (w,v) and (v, u) belong to the second meetand of (3.15),
(w,u) belongs to this meetand, too. These facts, (3.15), and (3.16) give that o/ A (atp(u,v) V
¢') contains (w,u). By transitivity, it contains (a,u), too. If we had that a # u, then (a,u)
(with u playing the role of b) would be a contradiction by the first case. Thus, a = u, that is,
(a,b) = (u,w) € atp(u,w), as required. We have shown the validity of (3.13).

We obtain the following fact analogously; we can derive it also from (3.13) by symmetry, since
(A,98,7,B,a,v,u) is also an eligible structure:

atp(v,w) =8 A (atp(u,v) V') € S. (3.17)
With n := |A|, list the elements of B as follows:
C1i=U, €2y ..vy Cpe1, Cp =0, Cpyl:i=W.
Since f(Eq(A)) C S and ¢y,...,c, € A, we have that
atp(ci,ciy1) = f(ata(e,ciqr)) € 5,

that is, (¢, ¢i11) is an edge of G(S) for i € [n—1]. So are (¢, cp+1) = (v,w) and (cp41,c1) = (w, w)

by (3.17) and by (3.13), respectively. Therefore, our list is a Hamiltonian cycle, and Lemma 1

implies that {o/, 3',7/,0'} is a generating set of Eq(B). This set is four-element since |B| > 4 and

so we know from Strietz [10] or [11] that Eq(B) cannot be generated by less than four elements.
Clearly, v/ = u € A is distinct from v' = w € B — A. Since

3.6
NAVE 22 BEYV atp(u,w) VS Vatg(v,w) = BEY VARV atg(u,v) V atg(v, w)

= (5 VAV atA(u,v))(;(t Vatp(v, w) 34 (VA5 Vatp(v,w) = Vg,
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B satisfies the first half of (3.2). To show by way of contradiction that B fulfills the second half,
suppose that a # b and (a,b) € o/ Ad'. If a,b € A, then (3.11) leads to (a,b) € BA~y = Ay,
contradicting that a # b. So one of a and b is w, and we can assume that a € A and b = w. As
(a,w) = (a,b) € o/ and (w,u) € o/, we have that (a,u) € o. Hence, (a,u) € 8 by (3.11). Similarly,
(a,w), (w,v) € ¢' and (3.11) imply that (a,v) € 7. The just-obtained memberships and relations
give that
(a,u) € BA (v Vata(u,v)) and (a,v) €A (BVata(u,v)).

Combining this with (3.3), we obtain that ¢« = u and a = v, contradicting u # v. So we have
proved that B fulfills (3.2).

By symmetry, to show that B satisfies (3.3), it suffices to deal with its first half. For the sake
of contradiction, suppose that

B'A (Y Vatp(u,v)) # Ap.
Then we can pick a,b € B such that a # b and

(a,b) € B/ A (7' Vatp(u/,0)) 22 aBt A (05" v atp(u,w)). (3.18)

The containment (a,b) € a%* gives that a,b € A. The meet in Eq(B) is the set-theoretic inter-
section, so it commutes with the restriction map. Hence, applying the first equality of (3.9) with
p =« and (3.10) with (u,d) := (6,u) at =, (3.18) leads to

(a,b) € (a‘fft A (5?t \/atB(u,w))) [4 = a?t f4 A (5?t \/atB(u,w)) l4 Zand (?;2) Ay C Ap,

which contradicts the assumption a # b and proves that B satisfies (3.3). Since

3.6
B'VAy Vatgu,v) (19 a0V 0 v aatg(u, w) = (a VvV I)E Vatp(u,w)

(32) (VA5 V atp(u,w) = Vg,

B satisfies (3.4), too. We have proved that B is an eligible structure, as required.
For a finite nonempty set H and p in Eq(H), let NumB(u) denote the number of blocks of p.
For example, if 11 = eq(14;25;3) € Eq(5), then NumB(p) = 3. The following folkloric fact is trivial:

For any € Eq(H), h(p)+ NumB(p) = |H]|. (3.19)
Clearly, (3.6) leads to
NumB(a/) = NumB(8), NumB(3') = NumB(a) + 1,
NumB(y') = NumB(§) + 1, NumB(¢') = NumB(~).

These equalities and (3.19) imply (3.8), completing the proof of the Key Lemma. O

Now we are in the position to give a new proof of Strietz’s result stating that Eq(n) is four-
generated. For those who prefer theoretical arguments rather than long and tedious computations
with concrete partitions, the proof below is presumably simpler than the earlier ones.

Corollary 1 (Strietz [10] and [11]). For any natural number n > 3, Eq(n) has a four-element
generating set.

Proof. Asthe case n = 3 is trivial, we assume that n > 4. Let A4 be the eligible structure
given in (3.5); see (3.1). For n > 4, define A,, as ES(A,—_1). Then, for each n > 4, A, is an
n-element eligible structure by Lemmas 3 and (the Key) Lemma 4. Thus, by the definition of
eligible structures, Eq(n) is four-generated, completing the proof of Corollary 1. O
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4. A tediously provable lemma

The n-th Bell number B(n) is defined to be the number of elements of Eq(n), that is,
B(n) := |[Eq(n)|. Asn grows, B(n) grows very fast; see https://oeis.org/A000110 of N. J. A. Sloan’s
Online Encyclopedia of Integer Sequences. For example,

|Eq(6)| = B(6) =203, |Eq(8)| =4140, |Eq(9)|=21147, and
|Eq(20)| = 51724158 235372 ~ 5.17 - 103,

These large numbers explain our experience that even when it is feasible to prove that a four-element
subset X of Eq(n) generates Eq(n), this task requires straightforward but tedious computations
in general. Each of Lemmas 5-15 belongs to this category by stating that a subset X of Eq(n)
generates Eq(n); some of these lemmas state slightly more, but these surpluses are trivial to verify.
We offer two ways to verify these lemmas.

First, one can read their proofs based on Lemma 1. Omne of these proofs is given in this
section. As the rest of these proofs are long without containing a single new idea, the proofs of
Lemmas 6-15 are given only in Appendix 1 of the extended version of the paper. At the time of
writing, this extended version is at https://tinyurl.com/czg-h4ge (and also at the author’s website?
http://tinyurl.com/g-czedli/), and it will be available at www.arxiv.org soon.

Second, the author has developed three closely related computer programs in Dev-Pascal 1.9.2
under Windows 10. These programs, available at https://tinyurl.com/czg-equ2024p or at the au-
thor’s website given in the previous paragraph, form a mini-package. The main program and its
auxiliary program are also given in Appendices 2 and 3 of the extended version of the paper. The
third program performs the same tasks as the first one and also uses the auxiliary program. Despite
being slower, it is more cross-platform because it requires less computer memory. For n < 9, the
auxiliary program lists the elements of Eq(n); the other two programs rely on this list. In what
follows, by a program, we mean the main program. The program can “prove” Lemmas 5-15, and
it can also “prove” the “=" parts of (2.5)—(2.7). In fact, the program has been designed to perform
the following two tasks.

First, the program can take an n € {4,5,...,9} and a four-element subset X of Eq(n) as
inputs. After enlarging X by adding the join and the meet of any two of its elements as long as the
enlargement is proper, the program computes the sublattice S generated by X. Then the program
displays the size |S| of S on the screen and tells whether X generates Eq(n). The program can
prove Lemma 8, where n = 9, in about fifteen minutes. For Lemma 14, where n = 8, 25 seconds
suffice. Note that for just one four-element subset X of Eq(n), it is not worthwhile to create and
the program does not create the operation tables of Eq(n). For this (the first) task, there is no
difference between the main program and its slower variant.

Second, for a given n € {4,5,...,9} and a k € [n — 1] as inputs, the program decides whether
Eq(n) has a four-element horizontal generating set of height k. For (n, k) = (8,2), this takes about
three and a half minutes, provided the program runs on a desktop computer with AMD Ryzen 7
2700X Eight-Core Processor and 3.70 GHz with 16 GB memory. For (n,k) = (9,3), if Eq(9) has
no four-element horizontal generating set of height 3, which we do not know, the program would
need about a month; partially because there is not enough computer memory to store the operation
tables of Eq(9) and also because there are significantly more cases.

The quotation marks around “proved” in a paragraph above indicate that the author believes
but cannot prove that the program itself is error-free. The source code of the program and that
of its auxiliary program are 24 and 8 kilobytes, respectively, totaling 32 kilobytes. Proving ezxactly
that the program is perfect would probably be harder than verifying all proofs in Appendix 1.

3This standard “tiny” short link redirects us to the real URL https://www.math.u-szeged.hu/ czedli/ .
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Lemma 5. With

a = eq(123;4;5), (4.1)
B = eq(1;23;45), (4.2)
v :=eq(13;25;4), and (4.3)
0 :=eq(15;2;34), (4.4)

([5], 0, By7y,0,1,4) is an eligible structure and h(a) = h(B) = h(vy) = h(0) = 2.

Proof. Let S denote the sublattice of Eq(5) generated by {«,3,7,0}. We will list some
members of S; each of them belongs to S by earlier containments as indicated.

eq(1;23;4;5) = eq(123;4;5) Aeq(1;23;45) € S by (4.1) and (4.2), (4.5)
eq(13;2;4;5) = eq(123;4;5) Aeq(13;25;4) € S by (4.1) and (4.3), (4.6)
eq(1235;4) = eq(123;4;5) Veq(13;25;4) € S by (4.1) and (4.3), (4.7)
eq(15;234) = eq(15;2;34) Veq(1;23;4;5) € S by (4.4) and (4.5), (4.8)
eq(1345;2) = eq(15;2;34) Veq(13;2;4;5) € S by (4.4) and (4.6), (4.9)
eq(15;2;3;4) = eq(15;2;34) Neq(1235;4) € S by (4.4) and (4.7), (4.10)
eq(1;2;3;45) = eq(1;23;45) Aeq(1345;2) € S by (4.2) and (4.9), (4.11)
eq(13;245) = eq(13;25;4) Veq(1;2;3;45) € S by (4.3) and (4.11), (4.12)
eq(1;24;3;5) = eq(15;234) Aeq(13;245) € S by (4.8) and (4.12). (4.13)

Let E(S) denote the edge set of the graph G(S5); it is defined in the paragraph preceding Lemma 1.
Since (1,3) € E(S) by (4.6), (3,2) € E(S) by (4.5), (2,4) € E(S) by (4.13), (4,5) € E(S) by
(4.11), and (5,1) € E(S) by (4.10), the sequence 1,3,2,4,5 is a Hamiltonian cycle of G(S). Hence,
{a, B,7,0} is a generating set of Eq(5) by Lemma 1. Armed with this fact, now it is a trivial task
to verify that ([5],«, 3,7,0,1,4) satisfies (3.2), (3.3), and (3.4), whereby it is an eligible structure.
Thus, (3.19) completes the proof Lemma 5. O

5. The rest of tediously provable lemmas

We need the following ten lemmas, too. As indicated in the second paragraph of Section 4,
their proofs are given only in Appendix 1 of the extended version of the paper.

Lemma 6. With
a:=eq(134;256;7), [:=eq(146;27;3;5), ~:=eq(135;2;4;67), and 0 :=eq(12;357;46),
([7], @, B,7,0,2,3) is an eligible structure, h(«) = h(d) =4, and h(B) = h(y) = 3.
Lemma 7. With

o :=eq(134;258;67), [ :=eq(14;2;36;578),
v :=eq(17;25;348;6), and 0 :=eq(12;378;456),

(8], @0, B,7,0,2,6) is an eligible structure, h(«) = h(6) =5, and h(B) = h(y) = 4.
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Lemma 8. With

([9]56“185’755; 1,2) 15 a

Lemma 9. With

a = eq(178;249; 356),
v = eq(1; 28; 359; 467),

n eligible structure, h(c)

o= eq(134;25), B :=eq(13;245),

B :=eq(19;26; 378;45),
and 0 := eq(169;258;347),

= h(0) =6, and h(B) = h(y) = 5.

v:=eq(12;345), and ¢ :=eq(124;35),

{a, B,7,6} generates Eq(5) and h(a) = h(B) = h(y) = h(d) = 3.

Lemma 10. With

a = eq(12;34;5;6),

B := eq(1;2;35; 46),

v:=eq(1;25;36;4), and §:=eq(15;24;3;6),

{a, B,7,0} generates Eq(6) and h(a) = h(B) = h(v) = h(d) = 2.

Lemma 11. With

a:=eq(13;256;4), [ :=eq(156;2;34),

v :=eq(12;35;46), and ¢ := eq(13;246;5),

{a, B,7,6} generates Eq(6) and h(a) = h(B) = h(y) = h(d) = 3.

Lemma 12. With

o :=eq(1;24;35;6;7)
7 := eq(1;2; 34; 5; 67),

{a, B,7,0} generates Eq(7) and h(a) = h(B) =

Lemma 13. With

a :=eq(13;24;567)

, B :=eq(125; 3;467)

{a, B,7,0} generates Eq(7) and h(a) = h(B) =

Lemma 14. With

a = eq(18;2;35;4;67)

v = eq(16;2;34;57;8),

{a, B,7,0} generates Eq(8) and h(a) = h(B) =

Lemma 15. With

a := eq(137;246; 58),

B := eq(146; 257; 38),

;. Bi=eq(14;26;3;5;7),
and 0 :=eq(17;2;3;4;56),

v :=eq(1357;26;4), and ¢ := eq(126;35;47),

» Bi=eq(1;24;37;5;68),

and ¢ :=eq(12;3;45;6;78),

v :=eq(136;2;4578), and §:=eq(1245;37;68),

{a, B,7,0} generates Eq(8) and h(a) = h(B) = h(v) = h(d) = 5.
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6. Proving Theorem 1 and Proposition 1 with our lemmas

Since the proof of Theorem 1 relies on parts of Proposition 1 and the proof of Proposition 1
uses (2.2) from Theorem 1, we present a combined proof of both the theorem and the proposition.

Proof (Proving Theorem 1 and Proposition 1). First, we deal with (2.2). Assume that
{aq,...,a4} is a four-element horizontal generating set of Eq(n) with height k. That is, k = h(q;)
for ¢ € [4]. We need to prove that

(0= 1)/4] +1<k<n—[¥al. (6.1)

By semimodularity, see Gréatzer [7, Theorem IV.2.2, p. 226], the height of oy V -+ V a4 is at most
h(ap)+- - -+h(as) = 4k. The just-mentioned join is the largest element of the sublattice S generated
by {ai,...,a4}. But this sublattice is Eq(n), so this join is V,,, whereby h(V,) < 4k. We know
from, say, (3.19) that h(V,) = n — 1. Thus, the previous inequality turns into (n —1)/4 < k.
If (n—1)/4 < k, then [(n — 1)/4] < k and we obtain the first inequality of (6.1) since k is an
integer. Hence, it suffices to exclude that (n —1)/4 = k. To obtain a contradiction, suppose that
(n—1)/4 =k, thatis,n—1 = h(V,) = 4k. Let i € [4]. As h(a;) =k, we can find k atoms B(;_1)+1,
Br(i—1)+25 -+ > Bri in Eq(n) such that «; is the join of these atoms; the existence of such atoms is
clear in Eq(n) and it is true even in any geometric lattice by Grétzer [7, Theorems I1V.2.4-1V.2.5,
p. 228-229] or [8, Theorems 380-381]. As {aq,...,as} generates Eq(n), a; V---Vay = V,,. Hence,

4k
h(\/ Bj) = hlar V- Vag) = h(Vy) =n— 1 = 4k.
j=1

Therefore, Grétzer [7, Theorem IV.2.4, p. 228] or [8, Theorem 380] yields that {/,..., B4} is an
independent set of atoms; this means that {1, ..., B4} generates a Boolean sublattice T" of Eq(n).
In particular, T is a distributive. As aq,...,aq are in T, they generate a sublattice of 7', which
is distributive, too. This means that Eq(n) is distributive, which contradicts the assumption that
n > 4. Therefore, (n — 1)/4 = k cannot occur and we have proved the first inequality in (6.1).

Clearly, aj A - -+ A ag, which is the smallest element of S, is A,. Let b := NumB(«;); by (3.19),
b =mn — k does not depend on i € [4]. The largest block C; of a; has at least n/b elements. When
we form the meet a; A ao, then C; splits into at most b blocks of a1 A as and the largest one of
these blocks has at least (n/b)/b elements. So a1 A as has a block Cy with at least n/b? elements.
And so on; finally, A, = a; A --- A oy has a block with at least n/b* elements. But A, has only
one-element blocks, whereby n/b* < 1, that is, b > /n. Thus b > [/n], since b € NT. Therefore,
as we know from (3.19) that b = n — k, we obtain that k¥ < n — [/n]. This completes the proof
of (6.1) and that of (2.2).

Next, assume that A = (A, «, 5,7, d,u,v). With the “extended structure operator” introduced
in (3.7), we use the notation (C,a”, 8”,+",8",u",v") for ES?(A) := ES(ES(A)). Clearly, (the Key)
Lemma 4 implies the following assertion.

Assertion 1. If A= (A, «,B,7,0,u,v) is an eligible structure and C = (C,a”, B",~4",§" 4" v")
is ES?(A), then C is also an eligible structure,

h(a”)y=h(a)+1, R(B)=h(B)+1, hH®")=h(y)+1, and h(")=h(S)+1.

Resuming the proof, let us agree that, for any meaningful x, At denotes the eligible structure
defined in Lemma z. For example, A5 is defined in Lemma 5. We call an eligible structure
horizontal if its four partitions have the same height; this common height is the height of the
structure.
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By Lemma 5, A; 5 is a 5-element horizontal eligible structure of height 2. Applying Assertion 1
repeatedly, we obtain a 7-element horizontal eligible structure, a 9-element horizontal eligible struc-
ture, etc. of heights 3, 4, ..., respectively. Thus,

for n > 5 odd, Eq(n) has a four-element horizontal generating set of height [n/2]. (6.2)

By Lemma 7 and (the Key) Lemma 4, ES(A;7) is a 9-element horizontal eligible structure of
height 5. Applying Assertion 1 repeatedly, we obtain an 11-element horizontal eligible structure, a
13-element horizontal eligible structure, etc. of heights 6, 7, ..., respectively. Hence,

for n > 9 odd, Eq(n) has a four-element horizontal generating set of height |n/2] +1.  (6.3)

By Lemma 6 and (the Key) Lemma 4, ES(A;g) is an 8-element horizontal eligible structure of
height 4. Hence, the repeated use of Assertion 1 yields that

for n > 8 even, Eq(n) has a four-element horizontal generating set of height [n/2]. (6.4)

By Lemma 8 and (the Key) Lemma 4, ES(A;g) is a 10-element horizontal eligible structure of
height 6. Hence, the repeated use of Assertion 1 yields that

for n > 10 even, Eq(n) has a four-element horizontal generating set of height |n/2] +1. (6.5)

We know from Lemma 9 that Eq(5) is generated by a four-element horizontal generating set of height
[5/2] + 1. By Lemma 13, Eq(7) has four-element horizontal generating set of height ([7/2] + 1).
For Eq(8), a four-element horizontal generating set of height (|8/2] + 1) is provided by Lemma 15.
These three facts, (6.2), (6.3), (6.4), and (6.5) imply (2.1).

In what follows, we will implicitly use that Eq(n) has no four-element horizontal subset of height
0 or n — 1. Since there is no four-element subset of height 0 or 3 in Eq(4), Lemma 2 implies (2.3).

Since {2,3} € HFHGS(5) by (2.2), (2.1) implies (2.4).

We obtain from (2.2) and Lemmas 10-11 that {2,3} € HFHGS(6) C {2,3,4}. As the already
mentioned computer program yields that 4 ¢ HFHGS(6) in less than a second?, (2.5) holds.

Lemma 12, (2.1), and (2.2) imply that {2,3,4} € HFHGS(7) C {2,3,4,5}. In 2 seconds, the
program excludes that 5 € HFHGS(7). Thus, we have shown (2.6).

Lemma 14, (2.1) and (2.2) yield that {3,4,5} € HFHGS(8) C {2,3,4,5,6}, as required. The
program excludes 2 and 6 from HFHGS(8) in three and a half minutes and in one minute, respec-
tively. Thus, we proved the validity of (2.7) and that of Proposition 1.

Finally, the first sentence of Theorem 1 follows from (2.3), (2.4) or (2.1), the first inclusion
in (2.5), and from (2.1). The combined proof of Theorem 1 and Proposition 1 is complete. O

7. Conclusion

Motivated by earlier results on four-element generating sets of finite equivalence lattices and
their link to cryptography, we have proved the existence of two four-element horizontal generating
sets of consecutive heights in these lattices. After the first submission of the paper, this result—
and the method behind it—motivated two subsequent papers on four-element generating sets of
equivalence lattices with other special properties (see [3] and [4]). We anticipate similar results in
the future.

4The auxiliary program creates the auxiliary files containing the lists of partitions of [n] for n < 9 in 4
seconds, but this has to be done only once. Thus, here and later, even though the program needs these files,
the just-mentioned 4 seconds are not counted. The time for entering n and k are not counted either.
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Abstract: Let Y denote the set of all functions from X to Y. When Y is a topological space, various
topologies can be defined on YX. In this paper, we study these topologies within the framework of function
spaces. To characterize different topologies and their properties, we employ generalized open sets in the topolog-
ical space Y. This approach also applies to the set of all continuous functions from X to Y, denoted by C'(X,Y’),
particularly when Y is a topological group. In investigating various topologies on both Y and C(X,Y), the
concept of limit points plays a crucial role. The notion of a topological ideal provides a useful tool for defining
limit points in such spaces. Thus, we utilize topological ideals to study the properties and consequences for
function spaces and topological groups.

Keywords: Topological group, Topological ideal, Function space YX.

1. Introduction

For any topological space Z and topological group H [6, 26], let C(Z, H) denote the group of
all continuous functions from Z to H, equipped with the “pointwise group operations”. That is,
the product of f € C(Z,H) and g € C(Z, H) is the function fg € C(Z, H) defined by

for all z € Z. The space C(Z, H) with the point-open topology was studied by Shakhmatov and
Spévak [25]. A set of the form

2. VIT ={feC(Z,H) f(z) eV},

where z € Z and V is an open subset of H, is a subbase of the point-open topology on C(Z, H).
The space C(Z, H) with the open-point topology has a subbase consisting of sets of the form

U.r]”={f € C(Z,H)| f(r)nU #0},

where r € H and U is an open subset of Z.

The space C(Z, H) with the bi-point-open topology has a subbase consisting of sets of both
kinds: [z, V]T and [U,r]”, where z € Z and V is an open subset of H, U is an open subset of Z,
and r € H.

The following three propositions serve as necessary tools for the development of this paper.
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Proposition 1 [5]. Let 8 be a basis of a topological group H. The collection
{le,B1)T N N[z, Bu]T| n €N, 2 € Z, B; € B}
is a basis for the space C(Z, H) equipped with the point-open topology.
Proposition 2 [26]. Let 8 be a basis of a topological space X. The collection
{[Bi,m1] " N---N[Bn,m] | nEN, r; € H, B; € B}
is a basis for the space C(Z, H) equipped with the open-point topology.

Proposition 3 [26]. Let 8z and Si be bases of a topological space Z and a topological group H,
respectively. The collection

{[z1, Bt N N 2, Bul T O Vi r] ™ 0 0 Vi, 7]
veZ,rjeH rp,€ H B; € By, and V; € Bz, 1 <1 < n, 1§j§m}

is a basis for the space C(Z, H) equipped with the bi-point-open topology.
General definition of the point-open topology on YX:
Definition 1 [21]. Given a point x € X and an open set U in a topological space Y, define
S(z,U)={feY¥| f(z) e U}.

The collection of all such sets S(x,U) forms a subbasis for a topology on Y~. This topology is
called the point-open topology on YX.

To obtain a topology on YX | it is not necessary that Y be a topological space. That is, for any
set Y, the following construction defines a topology on Y.
Let x be a point of the set X and A be any subset of Y. Consider

S(z,A) = {f € YX| f(x) € A}.

The sets S(z, A) form a subbasis for a topology on Y. Suppose § C Y.
The question is: Is § open in the topology on YX generated by the subbasis elements above?
Let g € §. For any z € X, we have g(z) € Y. If X is finite, then g € S(z,{g(x)}) € §. Thus,
the subbasis
{S(z,A)|ze X, AcplY)}

generates the discrete topology on YX when X is finite. If we take A =Y, then the subbasis
{0 u{S(z,Y)| z € X}

generates the indiscrete topology on YX. If we restrict the subsets of Y used in the subbasis, we
obtain a weaker topology on YX. Therefore, we conclude that “Y being a topological space” is
not essential for defining a topology on YX. In particular, starting with the discrete topology on
Y yields the discrete topology on Y, while starting with the indiscrete topology on Y yields the
indiscrete topology on YX.

In this paper, we will discuss various topologies on YX. For this purpose, the following gener-
alized open sets are important tools.

Definition 2. A subset A of a topological space Y is said to be
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semi-open [15] if A C Co(Io(A));

— preopen [16] if A C Io(Co(A));

— p-open [10] or semi-preopen [3] if A C Co(Io(Co(A)));

b-open [4] if A C To(Co(A)) U Co(Io(A));

h-open [1] if, for every nonempty open set U #Y, A Clo(AUU),

where lo and Co denote the interior and closure operators, respectively.

We denote the collection of all semi-open sets, preopen sets, S-open sets, and b-open sets in a
topological space Y by SO(Y'), PO(Y), BO(Y ), and BO(Y), respectively. These collections satisfy
the following inclusion relations: the collection of open sets C PO(Y) C BO(Y) C BO(Y') and the
collection of open sets C SO(Y) C BO(Y) C pO(Y).

The following is one way to obtain weaker and stronger topologies on YX: it serves as an
introductory result of the paper.

Lemma 1. Suppose o and o’ are two topologies on the set Y such that o C o'. Then, the
point-open topology induced by o’ is finer than the point-open topology induced by o.

Proof Let 3, and B, be bases for the point-open topologies 7 and 7" induced by ¢ and o’,
respectively, on YX. Let

B = S(xl,Ul) N S($2,U2) NN S($n,Un)

be a member of 3, and suppose f € B. Then f € S(z;,U;) for all i = 1,2,...,n. This implies
that f € S(x;,U]), where U; = U] for all i = 1,2,...,n. So,

feS(x,U)NS(x2,U)N---NS(xy,,U.) =B € B

as U{,U), ..., U} are open subsets of (Y,0’). Thus, for every f € B, there exists B’ € (3, such
that B’ C B. This completes the proof. O

Note that if ¢’ is strictly finer than o, then the point-open topology induced by ¢’ is strictly
finer than the point-open topology induced by o.

Our aim is to discuss different point-open topologies for various operators in topological spaces.
Thus, for various operators, we consider a topological ideal [2, 14].

An ideal T on a topological space (Y, o) is a collection of subsets of Y satisfying:

(i) f AC B eI, then A€l
(ii) f A,B €1, then AUB € L.

This concept of an ideal on a topological space was first introduced by Kuratowski [14] in 1933.
The study of the local function (or the generalization of limit points) is an important aspect of the
theory of topological ideals. It is defined as follows:

A'={yeY|U,NA¢L U, €0y},

where o(y) is the collection of all open sets of (Y, o) containing y. The set-valued set function [20]
associated with the operator ()* is the operator ¢ [18, 22], which is defined by the relation ¢(A)
Y\ (Y\A)*

Throughout this paper, (Y, 0,I) denotes an ideal topological space. Furthermore, an ideal I on
the topological space (Y, o) is called a codense ideal [9] (or, equivalently, the ideal topological space
(Y,0,1) is called an H-S space [8]) if IN o = {0}.
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2. Topologies on Y X

In this section, we consider X as a set and Y as a topological space (or simply, a space).
Lemma 2. Given a point x € X and a subset A of the topological space Y, define
S(x,Io(A)) = {f € Y| f(z) € Io(A)}.
The sets S(x,10(A)) form a subbasis for a topology on Y.
Proof Let fe€YX. Then

feS@Jj:ﬂLbW»gUS@MM&»

where z; € X and A; are subsets of Y. So,

erﬂ%mmm.

Thus,
YX C S, To(4y)).

Hence, the sets S(z;,10(4;)) form a subbasis for a topology on YX. O

The topology generated by the above subbasis is called the point-interior topology on YX.
As is well known, the operator Co is the set-valued set function [20] associated with To. Thus,
if we define the sets S(x,Io(A)) by

{feY™| f(z) € X\ Co(X\ A)}
{f €Y¥| fz) ¢ Co(X \ A)},

then we obtain the same topology.
Now we state that the operator Co independently generates a topology on Y as follows.

Lemma 3. Given a point x € X and a subset A of the topological space Y, define
S(z,Co(A)) = {f € Y| f(x) € Co(A)}.
The sets S(x,Co(A)) form a subbasis for a topology on Y.

The topology generated by the above subbasis is called the point-closure topology on Y.

As To ~Y Co [20], one can rewrite the above Lemma using the Io operator. The point-open
topology and the point-interior topology on Y¥ coincide. However, the point-interior topology and
the point-closure topology are not comparable.

Ezample 1.  Let X = {a,b} and (Y,0) be a topological space, where Y = {1,2,3} and
o= {0,Y,{2},{3},{2,3}}. All possible functions from X to Y are defined by

file) =1, fi(b)=2; fala)=1, fa(b)=3; f3(a) =2, [f3(b)=3;
fala) =2, fa(b)=1; fs(a)=3, fs(b)=1; fela)=3, [fs(b)=2;
f7(a’) =1, f?(b) =1 fS(a) =2, fS(b) =2 fg((l) =3, f9(b) = 3.
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Then, a basis of the point-interior topology 7 on Y X is

Br = {0,V {fs}, {fe}, {fs}, {fot, {fs, fs}, Lo, fot, {fs, fs}, {fs, fo},
{f37f47f8}7 {f57f67f9}7 {f17f67f8}7 {f27f37f9}7 {f37f67f87f9}7
{f3: fas f5s for f35 fo s {15 fos f3, f6, [, fo} }-

A basis of the point-closure topology 7 on YX is

ﬁ’r’ = {Q,YXa {f7}’ {fl, f7}a {f2a f7}a {f4a f7}a {f5a f?}a
{f1, fo, fad Afas 1, fa b AL fas fos o b Ao f30 fas f2 b, {Ufs Iss fes f} Lf2s f5s frs fo )
{11, f2, f3, o fr, fs3 A1 fos f50 foo fro fo s {f1s fas f5, oo fr fs}o {f2s f30 fas f50 7, fo ) }-

Here, fs € {f¢} € B- but there does not exist any B’ € 8, such that fg € B’ C {fs}. Thus, 7/
is not finer than 7.

Similarly, f7 € {f7} € 8, but there does not exist any B € (; such that fr € B C {f;}. Thus,
7 is not finer than 7.

Hence, the point-interior topology and the point-closure topology on YX are not comparable.

Lemma 4. Given a point x € X and a subset A of the topological space Y, define

S(x,To(Co(A))) ={f € YX| f(z) € TIo(Co(A))}.

The sets S(z,10(Co(A))) form a subbasis for a topology on YX.

Proof. Let f € YX. Then

feSY)=S(xIo(Co(Y))) C US(mi,Io(CO(AZ-))),

where x; € X and A; are subsets of Y. Therefore,
f € JS(@i,To(Co(A)))).

Thus,
v¥ C U S(x;,Io(Co(4;))).

Hence, the sets S(z;,10(Co(4;))) form a subbasis for a topology on Y. O

The topology generated by the above subbasis is called the point-interior-closure topology
on YX. Since Io Co ~¥ Colo [20], we may rewrite the subbasis of the point-interior-closure topology
on YX using the Colo operator.

Proposition 4. Suppose Y is a topological space. Then, the point-open topology on Y™ is finer
than the point-interior-closure topology on Y.

Proof. Let 8, and 5, be bases for the point-interior-closure topology and the point-open
topology on YX, respectively. Let

B = S(x1,I0(Co(A1))) NS(x2,I0(Co(Ag))) N --- N S(zp, Io(Co(Ay)))
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be a member of 3;, and let f € B. Then
f € S(zi,Io(Co(A;))) Vi=1,2,...,n.
This implies that f € S(x;,U;), where
Ui =10(Co(4;)) Yi=1,2,...,n.

Therefore,

f € S(ml,Ul) N S(I’Q,UQ) N---N S(Z’n,Un) =B e B,

as Uy,Us,...,U, are open subsets of Y. Thus, for every f € B, there exists B’ € 3,/ such that
B' C B. O

For the converse of this proposition, we have the following.
Let
Bi = S(Cﬂl, Ul) N S(CEQ, Ug) N---N S(mn, Un)

be a member of 3,7, and let g € B]. Then
g € S(z;,U;) = g € S(z4,10(Co(U;))) (as U; C Co(U;) = U; CIo(Co(Uy))), Vi=1,2,...,n.

So,
g € S(z1,Io(Co(Uy))) N S(z2,I0(Co(Us))) M-+ N S(xy,Io(Co(Uy,))) = By € 5.

Thus, for each B} € 8,7, there exists By € ;. However, B; C B} does not hold in general. To
justify this statement, we give the following example.

Ezample 2. Let (Y, o) be a topological space, where Y = {a,b,c} and o = {0,Y, {c}}. Then
{Io(Co(A))| ACY} ={0,Y}.

Thus,
{lo(Co(A))| AC Y}

is not equal to o.

Lemma 5. Given a point x € X and a subset A of the topological space Y, define
S(z,Co(Io(A))) = {f € Y¥| f(z) € Co(Io(A))}.
The sets S(z,Co(Io(A))) form a subbasis for a topology on YX.
Proof Let fe€YX. Then

feS(xY)=S(xCo(lo(Y))) C US(xi,CO(IO(AZ'))),
where z; € X and A; are subsets of Y. So,
f € JS(@i, Co(lo(4)))).

Thus,
Y* < S(xs, Co(lo(4)))).
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Hence, the sets S(z;, Co(Io(4;))) form a subbasis for a topology on Y. O

The topology generated by the above subbasis is called the point-closure-interior topology
on YX.

The following example shows that the point-interior-closure topology and the point-closure-
interior topology on Y X are not comparable.

Example 8. In Example 1, a basis of the point-interior-closure topology 7 on Y¥ is

Br = {vaX7{f3}7 {f6}7{f8}7 {f9}7{f37f47f8}7{f57f67f9}7{f17f67f8}7{f27f37f9}}'

A basis of the point-closure-interior topology 7/ on Y ¥ is

Br = {®7YX7 {f7}7{f17f7}7 {f27f7}7 {f47f7}7 {f57f7}7
{fu, fos frbo S fso fob A fas oo fs o Afes o, fas foh A fso fo, fa b Af2y o, frs fo s
{f17f27f37f47f77f8}7 {f17f27f57f67f77f9}7{f17f47f57f67f77f8}7 {f27f37f47f57f77f9}}'

Here, f3 € {f3} € B;, but there does not exist any B’ € 3.+ such that f3 € B’ C {f3}. Thus, 7/
is not finer than .

Similarly, fr € {f7} € B/, but there does not exist any By € (; such that f7 € By C {f7}.
Thus, 7 is not finer than 7.

Hence, the point-interior-closure topology and the point-closure-interior topology of Y X are not
comparable.

Lemma 6. Let Y be a topological space. Given a point x € X and a subset A € SO(Y) (resp.
PO(Y), BO(Y), BO(Y)), define

S(x, 4) = {f € Y¥| f(x) € A},
The sets S(x, A) form a subbasis for a topology on Y.

The topology generated by the above subbasis is called the point-semi-open (resp. point-
preopen, point-3-open, point-b-open) topology on yX.

Theorem 1. Suppose Y is a topological space. Then, the point-preopen topology on Y is finer
than the point-open topology on Y.

Proof. Let 8, and 8, be bases for the point-open topology and the point-preopen topology
on YX, respectively. Let

B = S(.%'l,Ul) N S(.%'Q,Ug) n---N S(mn,Un)

be a member of 3, and let f € B. Then f € S(z;,U;) for all i = 1,2,...,n. This implies that
f € S(z;,U;), where U; € PO(Y) for all i = 1,2,...,n (since U; are open in Y'). So,

fe S(xl,Ul) N S($2,U2) NN S($n,Un) =B e B

as Up,Us, ..., U, € PO(Y) are open subsets of Y. Thus, for every f € B, there exists B’ € 3
such that B’ C B. Hence, the proof is complete. O

For the converse of Theorem 1, we always obtain a set By € 3, for any B} € 3./, but it is not
necessarily the case that By C Bf. To illustrate this, we present the following example.
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Ezample 4. Let (Y, o) be a topological space, where Y = {a,b,c} and o = {0,Y, {c}}. Then
{ACY|Ae POY)}={0,Y,{c},{a,c},{b,c}}.

Thus,
{ACY| Ae PO(Y)} #o.

However, the two topologies will be equal when PO(Y) = o.
Theorem 2. Suppose Y is a topological space. Then, the point-semi-open (resp. point-$-open,
point-b-open) topology on YX is finer than the point-open topology on YX.

The proof of this theorem follows from the fact that open sets in Y are contained in SO(Y)
(resp. BO(Y), BO(Y)). The reader should not conclude that, for any collection .4 containing the
collection of open sets of Y, the point-open topology with respect to A is necessarily finer than the
point-open topology on YX. However, the result of Theorem 2 holds because every open set is a
preopen (resp. semi-open, b-open, $-open) set.

Therefore, a common generalization is discussed in the following lemma.

Lemma 7. Suppose a collection G C o(Y') (the power set of Y') satisfies the following condi-
tions:

1) 0, Y eg;

2) G is closed under arbitrary unions.

Leth:G — G and k : G — G be two set-valued set functions [20] such that h(A) =Y \ k(Y \ A) for
all A€ p(Y) and h(0) =0, h(Y) =Y.
Given a point © € X and a subset A C hok(A), define

S(r,4) = {f € YX| f(z) € A}.
The sets S(x, A) form a subbasis for a topology on Y.
Proof.
hok(Y)=h(Y\R(Y\Y))=h(Y \R(®) =hY) (as hd) =0)=Y.

Thus, Y C ho k(Y).
Let f € YX. Then

feS(Y) (@i (4)),
where z; € X and A; C hok(4;). So,
ersmxm»

Thus,
Y* S, (4)).

Hence, the sets S(z;, (4;)) form a subbasis for a topology on YX. O

The topology generated by the above subbasis is called the point-associated topology on YX.
The following is an example of this topology.

Ezxample 5. By taking h and k to be the Io and Co operators, respectively, we see that Lemma 7
coincides with Lemma 4.
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Lemma 8. Let Y be a topological space. Given a point x € X and a subset A € D(Y) (the set
of all dense sets in'Y'), define

S(z,A) ={f € YX] f(z) € A}

The sets S(x, A) form a subbasis for a topology on Y.

Proof. Let f € YX. Then

fesS@Y)C US(%', (4)),
where z; € X and A; € D(Y) (as Y € D(Y)). So, f € US(wi, (4;)). Thus,
YXc Usm, (A4)).
Hence, the sets S(z;, (4;)) form a subbasis for a topology on YX. O

The topology generated by the above subbasis is called the point-dense topology on Y¥.

Example 6.

1. In Example 1, a basis of the point-open topology 7 on Y ¥ is

Br = {0,V {fs}, {fe}, {fs}, {fo ks {fs, fs}, {fs, fot, {fs, fs}, {fs, fo},
{f3, fas [}, A S5, fo, fo}, {f1, fo, fs}, LS, f3, fo}o {f3: f6, [, fo}s
{f15f2yf3,f6?f8af9}7 {f37f4af5af6af8,f9}}'

A basis of the point-dense topology 7/ on YX is

57" = {YX,{f3af6af8’f9}a{flaf?,f?nfﬁ’f&fg}’{f3’f4af5af6af8,f9}}'

In this case, the point-open topology is strictly finer than the point-dense topology.
2. In Example 1 with o = {(}, Y, {3}}, a basis of the point-open topology 7 on YX is

Br = {0,Y X {fo}, {f5. fo. fo}. {fo. f3, fo} }-

A basis of the point-dense topology 7 on Y¥ is

Br =YX {fo}. {fo. fo}. {f3. fo}. {f5. fo}. {f6. o}
{f2, f3, fo}:s A fs, for fo s L f1, fo, fos o}, A Sy f5, f7s fo}, {f3s fas f5, fo}, {f35 fes fs fo )
{f1. fos f5, fos frs fo s {f1s f2u fas foo [ fobo { fas 35 fas fos 70 fo s {f3, fas fo f6s [0 fo ) }-

In this case, the point-dense topology is strictly finer than the point-open topology.

Hence, we conclude that the point-open topology and the point-dense topology on Y X are not
comparable.
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3. Topologies on Y* due to ideal

It is known from [7, 11, 17, 18] that ¢ is not an interior operator. The following lemma shows
that a noninterior operator may also serve as an essential tool in obtaining a topology on YX.

Lemma 9. Let I be an ideal on the topological space Y. Given a point x € X and a subset A
of the topological space Y, define

Si(w,¥(A)) = {f € Y| f(z) € p(A)}.
The sets Si(z,1(A)) form a subbasis for a topology on Y.

Proof. Let fcYX. Then
f € S]I(x?y) = SI[(CC,¢(Y)) - USH(:UZ’ZZ)(AZ)),

where z; € X and A; are subsets of Y. So,
f el S, v(4).

Thus,
Y& Si(wi, v(A).

Hence, the sets Sy(z;,(A;)) form a subbasis for a topology on YX. O

The topology generated by the above subbasis is called the point-i) topology on YX.

Since 1) ~¥ % [20], the subbasis for the point-¢» topology on Y can be equivalently rewritten
in terms of the x-operator.

Comparison of the point-1) topology with other topologies on Y X are as follows.

Proposition 5. Suppose I is an ideal on the topological space Y. Then, the point-open topology
on YX is finer than the point-i) topology on YX.

Proof. Let 8, and 3 be bases for the point-y topology and the point-open topology on
YX, respectively. Let

B = Si(w1,1(A1)) N Si(w2,9(A2)) N -+ N Sp(xp, P(An))

be a member of 3;, and let f € B. Then f € Si(z;, ¥ (A;)) for all i =1,2,...,n. This implies that
f € S(x;,U;), where U; = ¢(A;) (since for each ¢, ¥(A4;) is open by [11, 18]), for all i =1,2,...,n.
Hence,

fe S(.%'l,Ul) N S(.%'Q,Ug) n---N S(mn,Un) =B e B

since Uy, Us,..., U, are open subsets of Y. Thus, for each f € B, there exists B’ € 3, such that
B’ C B. O

For the converse relation of this proposition, we give the following example.

Ezample 7. Consider Example 1 with o = {0,Y,{3},{1,3},{2,3}} and I = {0,{1}}. Then, a
basis of the point-1» topology 7 on YX is

Br ={0,YX {fo, f5. fr, fo}, {f1. fo, f5. foo fr, o} {for F3, fas f5. f7, fo )} }-
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A basis of the point-open topology 7 on Y ¥ is

Ber = {0, Y, {fo}, {fo, fo}. {f3: fo}, {f5: fo}. { fo. fo}
{fa, f3, fos A fss fo, fo s {f1, fos fo, fo}s A fas f5, fr, fo}s { S35 fa, f5, fo}, {f3, fo, fos fo}
{f1: fos o fo [, fo s {S1s f2, f3, fou fao fo b {f2, f3, fas fos 2o fo s {f3s fas fo S f55 fo ) }-

Here, fg € {f9} € B;/, but there does not exist any By € /3, such that fg € By C {fo}. Thus, 7 is
not finer than 7.

However, the set {¢(4) : A C Y} does not form a topology on Y.

Ezample 8. Let (Y,0,I) be an ideal topological space, where Y = {a,b,c}, 0 =
{0,Y,{c},{a,c},{b,c}}, and I = {0, {a}}. Then {¢(A)| AC Y} ={0,Y,{a,c}}. In this example,

it is clear that
{Y(A)| ACY}#o
onY.

As a consequences of the above results and Theorem 46.7 of [21], we have the following.

Theorem 3. Suppose I is an ideal on the metric space (Y,d) and Y is a topological space. For
the function space YX, the following inclusions of topologies hold:

(uniform) D (compact convergence) D (point-open) = (point-interior) D (point-1)).

Proposition 6. Suppose I is a codense ideal on the topological space Y. Given a point x € X
and a subset A of the topological space Y, define

Si(z, A*) = {f e Y| f(z) € A"},
The sets Si(z, A*) form a subbasis for a topology on YX.
Proof Let fecYX. Then

f e Si(x,Y) = Si(z,Y") (since Iis a codense ideal) C U S1(zi, A7),

(2

where z; € X and A; are subsets of Y. Thus,
felJSulas, A7).
i

Thus,
YX | Su(wi, A7).

Hence, the sets Sp(z;, AY) form a subbasis for a topology on Y. O

The topology generated by the above subbasis is called the point-+ topology on YX.

Ezample 9. Consider Example 1 with o = {0,Y,{3},{1,3},{2,3}} and I = {0, {1}}. Then, a
basis of the point-1» topology 7 on YX is

Br = {0,YX {fo, f5, F1. fo}s {1, fo fo foo fro fo b {fos f3s fas f5 fro fo} }-
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A basis of the point-* topology 7/ on Y is

Brr = {0,Y X {fs}, {fs. fa. fs}, {1, fo, fs} }-

Here, fo € {f2, f5, f7, fo} € B, but there does not exist any B’ € 3,/ such that f, € B’ C B.
Thus, 7/ is not finer than 7.

Similarly, fs € {fs} € B/, but there does not exist any By € (; such that fs € By C {fs}.
Thus, 7 is not finer than 7.

Hence, the point-1) topology and point-* topology of Y are not comparable.

To discuss further topologies on Y X, we make use of the notion of 1-sets in an ideal topological
space. This concept was introduced by Modak and Bandyopadhyay in [7], whose definition is as
follows.

Let I be an ideal on a topological space Y. A subset A of Y is called a 9-set if A C Io(Co(¢(A))).
The collection of all 1/-sets in the ideal topological space Y is denoted by ¥Y (V).

Theorem 4. Let I be an ideal on the topological space Y. Given a point x € X and A € ¥ (Y),
define
Si(z, A) ={f €Y | f(z) € A},

The sets Si(x, A) form a subbasis for a topology on YX.

Before proceeding to the proof of this theorem, we make a few remarks on 1-sets. The collection
Y (Y) forms a topology on Y whenever the ideal I is a codense ideal or a o-boundary ideal [23]
on Y. Modak and Bandyopadhyay studied this topology in [7] and showed that this topology
coincides with the a-topology [24] of the x-topology [12] generated by o. Thus, we say that the
topology obtained in Theorem 4 is the point-open topology for ¥¥ (Y') (forms a topology on Y). If
we denote the o*-topology generated by o by *-topology, the topology constructed in Theorem 4
is the point-open topology of (¢*)*. We also note that codenseness is not essential for the proof
of Theorem 4. However, if we consider the point-open topology of Y arising from (o*)%, then
codenseness is required. We omit the proof of this theorem, leaving it as an exercise for the reader.

For our next discussion, we will refer to the topology obtained in Theorem 4 as the point-Co,,
topology on YX.

The following gives a comparison of the point-Co,, topology on yX.

Corollary 1. Suppose 1 is an ideal on the topological space Y. Then, the point-Co, topology
on YX is finer than the point-open topology on YX.

P r o o f The proof of this corollary is only meaningful when I is not a codense ideal on Y
otherwise, the result follows immediately from Lemma 1. O

Theorem 5. Suppose 1 is an ideal on the topological space Y. Then, the point-Coy topology
on YX is finer than the point-i) topology on YX.

Proof. Let3; and 8 be bases for the point-1) topology and the point-Co,, topology on yX,
respectively. Let

B = Sy(w1,9¥(A1)) N Si(w2, ¥ (A2)) N -+ N Sp(zn, Y(An))
be a member of 5;, and let f € B. Then

f € S]I(xlaw(Al))7 Vi = 1727 s T
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This implies that f € Sy(x;, U;), where U; = ¢(A;) for all i = 1,2,...,n. Therefore,
fe S]I(.%'l, Ul) N S]I(.%'Q, UQ) n---N S]I(.%'n, Un) =B ¢ B

(as Uy, Us,...,U, are open subsets of Y and U; € ¢¥ (Y)). Thus, for every f € B, there exists
B’ € B, such that B’ C B. This completes the proof. U

The converse of this theorem does not necessarily hold in general.

If we replace the Co operator with ()* operator, we obtain another topology on YX. To this
end, we introduce Modak’s *-set [17]. Its formal definition is as follows.

Let T be an ideal on a space Y. A subset A of Y is called a ¢*-set if A C To((¢)(A))*). The
collection of all 1/}*—sets in an ideal topological space Y is denoted by w*(Y)

Theorem 6. Let I be a codense ideal on the topological space Y . Given a point ¢ € X and a
subset A € Y*(Y'), define

Si(z, A) = {f e Y¥| f(z) € A}.
The sets S(x, A) form a subbasis for a topology on Y.

Proof SinceY isopen, Y C4(Y). Then Y =Y (as [ is codense)C (¢(Y'))*. This implies
Y =To(Y) CIo((¢(Y))*), and hence, Y € ¢*(Y).
Let f € YX. Then

f € S]I(I',Y) g USH(xia (AZ))a
where z; € X and A; € ¢¥*(Y). Therefore,

erSmx&»

Hence,

YX | Sz, (A)).

7

Thus, the sets Sy(z;, (4;)) form a subbasis for a topology on YX. O

The topology generated by the above subbasis is called the point-&* topology on YX.

Moreover, if T is a codense ideal on Y, then the collections 1Y (V) and e (Y') both represent
the a-sets of the *-topology of o (see [7]). Thus, the point-open topologies induced by ¥ (Y') and
Y*(Y) coincide.

Definition 3 [19]. Let (Y,0,1) be an ideal topological space, and A C'Y. Then A is called
h¥ -open, if, for every nonempty open set U #Y, it holds A C (AU U).

Theorem 7. Let (Y,0,1) be an ideal topological space. Given a point x € X and a h¥-open set
A of the topological space Y, define

Si(w, A)={f €Y | f(z) € A}.

The sets Si(x, A) form a subbasis for a topology on YX.
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Proof . This follows from the fact that the collection of h¥-open sets forms a topology
onY. O

The topology generated by the above subbasis is called the point-h¥-open topology on Y.

Theorem 8. Suppose I is an ideal on the topological space Y. Then, the point-h¥ -open topology
on YX is finer than the point-open topology on YX.

P roof . This follows directly from the fact that the topology generated by the h¥-open sets
is finer than the topology o on Y. 0

Theorem 9. Let Y be a topological space. Given a point x € X and an h-open set A of the
space Y, define
S, A) = {f € YX| f(x) € A}.

The sets S(x, A) form a subbasis for a topology on Y.
The topology generated by the above subbasis is called the point-h-open topology on YX.
Theorem 10. The point-h-open topology on YX is finer than the point-open topology on Y.
From the above theorems, we conclude the following common phenomenon.

Corollary 2. Let I be an ideal on a topological space Y. Then, the point-open topology on Y X
is contained in the point-h-open topology on YX, which in turn is contained in the point-h¥ -topology
onYX.

4. Topologies on Y* induced by continuous functions

In this section, we discuss the interrelation among the open-point topology, the point-open
topology, and the bi-point topology [13, 26].

Theorem 11. Let C,y(Z, H) be the group of all continuous open functions from Z to H. Then,
the open-point topology on Coy(Z, H) is finer than the point-open topology on Cop(Z, H).

Proof Letf; and 3, be bases for the open-point and point-open topologies on C,,(Z, H),
respectively. Let B’ = [21, Vi]TN---Nz,, Vu]T, where n € N, z; € Z, and each V; is an open subset
of H, be a member of 3./, and let f € B’. Then f € [z;,V;]* foralli=1,2,... ,n,and f: Z - H
is continuous. Hence, z; € B;, where B; = f~Y(V;) foralli = 1,2,...,n (as f~(V;) are open in Z).
Let 7; € V; be such that f(z;) = r;. Then z; € f~!(r;). Therefore,

z; € fﬁl(ri)ﬂBi Vi=1,2,...,n.

Thus,
fe[Bi,ri] NN [Bp,ry]” =B € .

Therefore, for every f € B’, there exists B € 3;.
It remains to show that B C B’. Let f € B. Then

f N r) N B; # 0.

Let
z € f71(r)) N B;.
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Then
fi) € fIf ) N Bl € F(F7Hra)) 0 f(Bi) € f(Bi) = Vi
Hence, f(z;) € V;, which implies f € B’. This show that B C B’. This completes the proof. O

Openness of a function is a necessary condition for Theorem 11. To illustrate this, we give the
following example.

Ezxample 10. Let (Z,7) and (Y, 0) be two topological spaces, where Z = {a,b}, 7 = {0, Z, {a}},
Y ={1,2,3}, and 0 = {(Z),Y7 {2}, {3}, {2,3}}. All possible functions from Z to Y are given by
file) =1, fi(b) =2 fala) =1, fa(b) =3; fs(a) =2, f3(b) =3;
fala) =2, fa(b) =1; fs(a) =3, [f5(b)=1; [fela)=3, [fe(b) =2
frla) =1, f2(b) =1; fs(a) =2, [fs(b)=2; [fola)=3, [fo(b)=3.
Now,

C(Za Y) = {f4af5af7af8,f9}'
Here, f7 is not an open map since f7({a}) = {1} ¢ 0. We have

[aa {2}]+ - {f47f8}7 [a7 {3}]+ - {f57f9}7 [a7 {273}]+ - {f47f57f87f9}7
b, {217 = {fs}, [b,{3}" ={fo}, [0:{2,3}]" = {fs, fo},
[, YT" = [b,Y]" = {fa, f5, f1, f3, fo}-
Then, a basis for the point-open topology on C(Z,Y") is
B = {0, {fa, fs}. {5, fo}, {fs}s {fo}, {fs, fo s {fas fos S5 fo s {fas fos 7, f5, fo} }-

Also,

[{(Z}, 1]_ = {f7}’ [{(Z}, 2]_ = {f4a fS}? [{(Z}, 3]_ = {f5a fg}’

[Z’ 1]_ = [Za 2]_ = [Za 3]_ = {f4a f5a f7a f8, f9}
Then, a basis for the open-point topology on C(Z,Y") is
/8 = {07 {f7}7{f47f8}7 {f57f9}7 {f47f57f77f87f9}}'
In this example, we see that the open-point topology on C(Z,Y") is not finer than the point-open
topology on C(Z,Y).
Theorem 12. Let C,,(Z, H) be the group of all continuous open functions from Z to H. Then,

the bi-point-open topology on Cop(Z, H) is finer than the point-open topology on Co,(Z, H).

Proof Let 3, B, and B, be bases for the open-point topology on C,,(Z, H), the point-
open topology on C,,(Z, H), and the bi-point-open topology on C,,(Z, H), respectively. Let

B = [z, Vi 00 [, Val T

where n € N, z; € Z, and each V; is an open subset of H, be a member of 3,/, and let f € B’.
Then, from Theorem 11, there exists

B =[Bi,r1]  N---N[Bpn,ra]” € Bry
where n € N, r; € H, and B; are open subsets of Z such that f € B. Thus,
felzuVilt NNz, Vol N [Br,r] N N [By,rn]” = B" € B
Clearly, B” C B’. This completes the proof. O
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Theorem 13. Let C,y(Z, H) be the group of all continuous open functions from Z to H. Then,
the bi-point-open topology on Co,(Z, H) is finer than the open-point topology on Cop(Z, H).

Proof. Letf;, B and B;» be bases for the open-point topology on Cy,(Z, H), the point-open
topology on C,,(Z, H), and the bi-point-open topology on C,,(Z, H), respectively. Let

B = [Bla"ﬂl]i n---N [Bna"ﬂn]i € IBT7

where n € N, each r; € H, and each B; is an open subset of Z, be a member of 5, and f € B.
Then

fH )N By # 0.
Let z; € f~(r;) N B;. Then

fz) € fFIf M) N B C £ (r) 0 f(Bi) € f(Bi) = Vi,
where each V; is open in H. Therefore, f(z;) € V;. This implies that
fe B = [21,V1]+ N---N [Zn,Vn]+ € B

Thus,
felz, Vim0 0z, Vil T N [By,r] NN [Bp,rn]” = B" € B

Clearly, B” C B’. This completes the proof. O

5. Conclusion

In this paper, the role of generated open sets in defining topologies on Y X has been discussed.
The interrelations among these topologies were also explored. We have shown that the concept of
a topological ideal provides a useful framework for studying such topologies on Y. Furthermore,
for a topological group H and a space Z, the relationship between the point-open topology and the
bi-point-open topology on C(Z, H) was also examined.
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Abstract: In this article, we introduce and rigorously analyze the concept of difference A-weak convergence
for sequences defined by an Orlicz function. This notion generalizes the classical weak convergence by incorpo-
rating a A-density framework and an Orlicz function, providing a more flexible tool for analyzing convergence
behavior in sequence spaces. We systematically investigate the algebraic and topological properties of these
newly defined sequence spaces, establishing that they form linear and normed spaces under suitable conditions.
Our results include demonstrating the convexity of these spaces and identifying several important inclusion rela-
tionships among them, such as strict inclusions between spaces involving different orders of difference operators
and Orlicz functions satisfying the As-condition.

Keywords: Weak convergence, Orlicz function, A\ convergence.

1. Introduction and preliminaries

The concept of weak convergence, first introduced by Banach [1], is central to functional anal-
ysis, providing a foundation for evaluating how sequences converge in infinite-dimensional spaces.
While important, weak convergence has its limitations, especially when applied to complex sequence
structures or when more precise convergence criteria are required.

Recently, Mahanta and Tripathy [21] made important advances in the study of vector-valued
sequence spaces by investigating novel types of convergence and their repercussions. Their con-
tributions have improved our understanding of the algebraic and topological properties of these
spaces, enabling the development of new tools and approaches for investigating convergence in
broader contexts. This growing field of study emphasizes the continual growth and improvement of
sequence space theory, overcoming the limitations of traditional weak convergence while responding
to the demands of more complex mathematical analysis.

The concept of natural density for subsets of N was extended by Mursaleen [13] to what is known
as A-density, which enabled a further generalization of the statistical convergence of real sequences,
leading to the concept of A-statistical convergence. If A\ = {\;} .y represents a nondecreasing
sequence of positive real numbers tending to infinity, satisfying A\; = 1 and Ag31 < A+ 1, s € N,
then for any subset 7' C N, the A-density d)(7") is defined as

kel,:keT
dy (T) = Tim HEEL RETH

S—00 As ’
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where Iy = [s — A\ + 1, s].
A sequence t = {tq},cy Of real numbers is called A-statistically convergent or Sy-convergent to
to € R if, for every € > 0, dx(T'(¢)) = 0, where

T(e) = {a e N: |ty —to| > €}.

The generalized de la Vallée-Poussin mean is defined by

qs (t) = )\izta

saels

where Iy = [s — As + 1, s]. A sequence is called (V,\)-summable to a number ¢ if g5 (¢) — to as
§ — 00.

If A\s = s for all s € N, then the notions of A-density and A-statistical convergence coincide
with the notions of natural density and statistical convergence, respectively. Some discussions and
applications related to A-statistical convergence can be found in [2, 4, 5, 12, 14, 15, 17-20].

Let X be a normed space. The concept of the difference sequence space Z(A) was first intro-
duced by Kizmaz [10] and is defined as follows:

Z(A) = {t = (ta) : (Ata) € X},

where At = (Aty) = (ta — tat1) for all @ € N. Later, Et and Colak [3] extended this idea by
defining generalized difference sequence spaces, expressed as

Z (AP) ={t = (ta) : (APty) € X}
for Z = lo, ¢, and g, where APt, = AP~ 1, — APt 1 and A%, =t, for all o € N.
The binomial expansion for this generalized difference operator is given by

p

APt, — Z(—l)d <Z> totdq, forall @ € N. (1.1)
d=0

These generalized difference sequence spaces have been further studied by researchers such as
Tripathy [22, 23], Tripathy and Esi [24], among others.

Definition 1. Let V' be a real vector space and let u,v € V. Then, the set of all convex
combinations of u and v is the set of points

{weeV:iwy,=(1—-p)u+pv, 0<p <1}, (1.2)

In, say, R?, this set is exactly the line segment joining the two points u and v. We now introduce
the concept of a convex set.

Definition 2. Let M C V. Then the set M is said to be convex if, for any two points u,v € M,
the set defined in (1.2) is a subset of M.

An Orlicz function U : [0,00) — [0, 00) is defined such that ¢(0) = 0, U(t) > 0 for ¢ > 0, and

U(t) — oo as t — oo. This function is continuous, nondecreasing, and convex.
Lindenstrauss and Tzafriri [11] introduced the concept of an Orlicz function to define the

sequence space
—, (It
by = {(tz) Ew: 511/{(7) < oo for some v >O}7
1=
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where w denotes the class of all sequences. The norm on the sequence space ¢ is defined by

- (It
= inf : — ] <1
||t]| = in {v >0 ;:1 U< o) =1

which turns ¢ into a Banach space, commonly referred to as an Orlicz sequence space. Various
researchers, including Khan [6], Khan et al. [7—9], Parashar and Choudhury [16], and Tripathy and
Mahanta [21], have explored different forms of Orlicz sequence spaces.

Definition 3. A sequence (t;) in a normed linear space X is called weakly convergent to an
element tg € X if
lim f(t; —to) =0 forall f e X',

1—00

where X' denotes the continuous dual space of X.

Definition 4. A sequence (t;) in a normed linear space X is said to be A-weakly convergent to
to € X if

for every f € X', where X' is the continuous dual space of X. In this context, the notation DY is
used to denote the set of all \-weakly convergent sequences.

Definition 5. A sequence space E is called solid if, for any scalar sequence (3;) with |5;| <1
for all i € N, the condition (t;) € E implies that (B;t;) € E.

Definition 6. A sequence space E C w is called monotone if it contains all preimages of its
step spaces.

Definition 7. A sequence space E C w is called symmetric if, whenever (t;) € E, the permuted
sequence (tw(i)) also belongs to E, where 7 is a permutation of N.

Lemma 1. A sequence space E being solid does not necessarily mean that E is monotone.

Definition 8. An Orlicz function U satisfies the Ao-condition if there exists a constant T > 0
such that for all u > 0,
U2u) < TU(u).

2. Main result

This section presents the following classes of sequences and establishes results related to them:

[DA,uA]o{t( b Jim - ZU<|prt)|>—0forsomev>0},

S aels

8—)00

[DY,U,AP], = {t: : lim — ZL[U (A%t — to) for some tg andv>0}

5 ael,

P
[D&”,L{,Ap]w—{t—(t lim — ZU(UAt )|> < oo for somev>0}.

S*)OO s
acl;

The following result is presented here with a sketch of the proof.
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Theorem 1. The classes of sequences [DY,U, AP],, [DY,U, AP]
spaces.

1> and [DY, U, AP]__ are linear

P r o o f. The proofis provided only for the class [DY’,U, AP]; the other cases can be established
using a similar approach. Let (t.),(ga) € [DY,U,AP],, and let y,3 € C. To prove the result, we
need to find some vg > 0 such that

1 |f (9APt, + 3APq,)|
lim )\—s Z U < =0.

S5—00 ’[)3

0>

acls
Since (ta), (qa) € [DY,U, AP, there exist v1,v2 > 0 such that
L1 |f (APt
lim — Sy (L2
B 52 ( o

and

.1 |/ (APgq )|
5% Z“(T) =0

CEGIS

We set v3 = max (2|y|v, 2[3|v2). Suppose that U is both convex and nondecreasing; it follows that

1 F ()APL, + 3APq, 1 FOAPE)|  |If GAPga
A_Zu<| (n 3 q>'>§y2“<' (n )|+| (3 Q)|>

$ acly v3 s a€lg v3 v3
1 1 J(0APt,)  f(3APq,)
<—> = + — — 0.
=5 5 [U( o o 0 as s

o€l

This proves that [DY,U, AP]; is a linear space over the field C of complex numbers.

Theorem 2. For any Orlicz function U, the space [DY,U,AP]_ forms a normed linear space
with respect to the norm

sean(t) —Ep:\f(a:i)]—l—inf{v > Ozsup)\i S u (‘f(ii“)v < 1}.

i=1 =

P roof. To prove the theorem, we begin by examining the implications of sar(t) = sar(—t)
and t = 0, which leads to APt, = 0. As a result, we find U(0) = 0, which consequently yields
»ar(0) = 0. Conversely, suppose »ar(t) = 0, which implies that

p
. 1 |f (APL, )|
4 . SUD — <1p=0.
Z|f(t2)|+1nf{v>0 sgp)\S ZU( S <1 0
=1 a€lg
Thus, we conclude that
P
. 1 |f (APt,)]

t)|=0 and inf 0:sup— 3 u (LT ) <L,

D111 =0 and {v> ws S ( ol <

From the first part, it follows that

ti=60 for i=1,2.3,...,m, (2.1)
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where 6 denotes the zero element. For the second part, for any o > 0, there exists some v, with
0 < vy, < o such that

sup 5 ZU<\JC(A ta )’) <1= Zu(’f(ﬁ”a)\) <1

s S o€l o€l g

Therefore,
(APt,) (APt,,
S (L)) o g (LY
acls a€cls
Suppose that APt,, # 6 for each i € N. As ¢ — 0, it follows that
APt
)l
o
Thus,
(APt
Ly (U,
acls

as 0 — 0, where ¢; € I, which leads to a contradiction. Hence, APt,, = 0 for each i € N, and
consequently At, = 6 for all a € N. Therefore, it follows from (1.1) and (2.1) that t, = 6 for all
«a € N, implying that ¢ = 6.

Next, let v1,v2 > 0 be such that

|f (APtq )I)
sup X agel u ( o <1
. Ly ()
W
sup X aejsl/{ < o ) <1.

Let v = v1 + v9, then we have

ap L3 (L e =) o

CEGIS

Since v is nonnegative, we have

war [ (tHw)= Z\f ti+w; \+1nf{v>0 sup— ZU( (A7 (ta—i-wa))]) 51}

S a€cly

= %Apf(t + w) < %Apf(t) + %Apf(w).
Let ¥ # 0 and ¢ € C. Then

ar (Ut) :Z |9t;| + inf {v>0 : sup )\i Z u <w> gl} < |9 seanf (t).

i=1 A=

This completes the proof. ([l

Every normed space is convex. In fact, we will show that the space [DY,U, AP]_, defined in
this work, is convex, as stated in the following result.
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Corollary 1. The sequence space [DY,U,AP]_ is convez.

Proof. Let (o), (wa) € [DY,U,AP] . Then, from the definition of the space, we can write

slggo_ Z U <M> < oo for some v >0,

(¥
acls t

and

Shﬁrgo— ZL{ (W) < oo for some wvg > 0.

acls «

For o = pt + (1 — p) @, we have to show that

lim — E:Z/{<’]C (pita + (1 M)wa))‘><oo for some v, > 0.

S—00 \ 1)9
5 ael,

Since U is a convex function, we have

o (ML Uzl gy (PG g (22 ),

Vo

Ve

where v, = pve + (1 — p)vg.
Now, taking the limit as s — oo, we have

S o D W (L S (=)

8

a€ls acls acls
Therefore,
o= ut+(1— ) e [DY,U, A7),
Hence, the space [DY,U, AP]__ is convex. O

Theorem 3. LetlU; and Us be Orlicz functions satisfying the Ao-condition. Then the following
strict inclusions hold:

(i) [DY, Uy, AP]. C [DY,Us - Uy, AP];
(11) [’D%aUI,AP]K m [D?’u27Ap]K g [D;\U,ul +u2’Ap]IC’ wher@ ,C = O’ ]_’ and 0.

Proof. We first prove the statement in the case X = 0. The same methods can then be
applied to the remaining cases.
(i) Let (ta) € [DY, U1, AP],. Then there exists v > 0 such that
o1 |f (APt)[\ _
Jim 3 > () =0
a€cly
Let 0 <o <1and 0 < 8 <1 besuch that Us(m) < o for 0 <m < 3.
Define AP
t
wa:Z/[l(’f( Oé)‘)

(Y

Consider the expression

Z u2 (wa) = ZUQ (wa) + ZUQ (wa) 5
1 2

QEIS
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where the first summation runs over terms with w, > 5 and the second summation includes terms

with w, < 8. Since . .
T+ > Uy (wa) < Us(2) 1 > (@a) (2.2)
S

S1

for w, > [, we have
Wa
W < 14+ —.

B

Since U5 is nondecreasing and convex, it follows that

Us (ma) < %Uz(?) + %Z/{Z <2§a> .

Since Uy satisfies the As-conditions, we have

Uy (wg) = T%L{g@).

Hence,
ZZ/{Q we) < max (1 T3~ 12/12 Zwa (2.3)
Taking the limit as s — oo, from (2.2) and (2.3), we obtain
(ta) S [D%,UQ -U, AP]O .
A similar approach can be applied to demonstrate the result for the remaining cases.

(ii) The proof is standard and is omitted.

By taking U, (t) =t and Us = U(t) in Theorem 3 (i), we obtain the following particular case.
Corollary 2. The inclusion [DY,AP], C [DY,U, AP) is strict.
Here, the space [DY, AP], is defined by
|f (AP,
w P J— R =
[DA,A]O—{t— slggo)\ Z( = 0 for some v > 0.
acls
Theorem 4. Let p > 1 and K = 1,2,00. Then, the inclusion [’Df\”,U,AP*I]K C [DY, U, AP],
is strict. In general, [DY,U, Ai]IC C [DY, U, AP fori=0,1,2,...,p—1.
Proof. Let (t,) € [DK’,U,Ap_l] . Then we have

[f(AP M)
Sll)rglo — Z U<? =0 for some v > 0. (2.4)
aEI
Since U is both convex and nondecreasing, we can deduce that

ZU(\f (APtq )\) ZU(!J”(N’ 'ta ;vN’ 1ta+1)\>

ae[ aEI

< Zu('f AP )I) rz (If( Ua+1)|>>.
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As s — 0o, we have

Ly u(He)

s a€ly
by (2.4), which implies (¢,) € [Df,l,{, AP—l]O,
The other cases will follow by a similar approach. Using induction, we can establish that

[D;\U’Z/{’ AZ]]C C [Dﬁ\u¢u> Ap]IC

and ¢ =0,1,...,p— 1. O

The following example directly illustrates this inclusion.

Ezample 1. Let Ay = (s) be a sequence and U(t) = t. Consider the sequence (tq) = (a?™1).
Then

APt, =0, AP, =(=1)P"p-1)!
for all v € N. Therefore, (o) € [DY,U, AP], but (to) ¢ [DY, U, Apfl]o.

Theorem 5. The space [DY,U,AP],., where K = 0,1,00, is generally not solid. The spaces
[DY,U], and [DY,U]_ are solid.

o0

Proof. Let (ty) € [DY,U], Then there exists v > 0 such that

.1 |f (ta)]
SILI&A—SZU( - > =0.

QEIS

Let (d4) be a sequence of scalars such that |0, < 1. Then, for each s, we can write

() ()

S ael, a€l;

o1 |f (0ata)] 2.5

= (0ata) € [DX, U]y -

From the inequality presented in (2.5), it follows that [DY,U]_ is solid. O

To demonstrate that the spaces [DY,U, AP]; and [DY,U,AP]_ are generally not solid, we pro-
vide the following example.

Ezample 2. Consider the function f(t) =t for all t € R. Let X = R with p = 1. Let the
sequence (t,) be defined by t, = « for all & € N. Let U(t) = " with » > 1, and A\s = (s). Then
(ta) € [DY, U, AP]; and (t,) € [DY,U,AP] . Let () = ((—1)%). Then (yata) ¢ [DY,U,AP]; and
(Vata) & [DY, U, AP] .

The following example illustrates that [DY,U, AP] is generally not solid.

Ezample 3. Let X = R and consider the function f(¢) =t for all t € R. Let p = 1. Consider
the sequence (t,,) defined by t, = 1 for all @ € N. Assume U(t) = t" with »r = 2 and A\s = (s). Let
(Vo) = ((=1)%) for all & € N. Then (vata) ¢ [DY,U, AP],. Thus, the set [DY,U, AP]; is not solid.

The following result is a consequence of Lemma 1 and Theorem 5.
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Corollary 3. The spaces [DY,U], and [DY, U] are monotone.

Remark 1. The space [DY,U, AP], is not convergence free.

P roof. The following example clearly illustrates this point. U

Ezample 4. Let p =1, U =t and consider the sequence A\s = (s). Consider the sequence ()
defined by

(1= (=1)%).

N —

to =

Then (t.) € [DY,U, AP],.
Now consider the sequence (w,) defined by

{a if o is odd,
wa: 9—

if o is even.

Then (wa) ¢ [DY,U, AP],.

Remark 2. The spaces [DY,U, AP]
following example illustrates this fact.

> Where K = 0,1, 00, are generally not symmetric. The

Ezample 5. Let p =1, X = R, and consider the function f(¢) =t for all t € R. Let U(t) =t
and A\s = (s). Consider the sequence () defined by t, = a for all @ € N. Then (t,) € [DY,U, AP],.
Now, rearrange the sequence (t,) to obtain the sequence (w,) defined by

We = (tl,tg,t4,t3,t9, ce)

Then (@) ¢ [DY,U, AP],., where K = 0,1, 00. Hence, the spaces [DY,U, AP],., where K = 0, 1, oo,
are generally not symmetric.

3. Conclusion

In this paper, we introduced and analyzed the concept of difference A-weak convergence for
sequences defined by an Orlicz function. Our study provided an in-depth examination of the
algebraic and topological properties of these sequences, offering a foundational perspective on their
structure and behavior. We also established key inclusion relationships between these newly defined
spaces and existing sequence spaces, thereby enhancing the overall framework of sequence space
theory. Our results contribute to the broader field of functional analysis, particularly in the context
of sequence spaces and Orlicz functions, and open new avenues for future research.
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Abstract: Perfect Italian Domination is a type of vertex domination which can also be viewed as a graph
labelling problem. The vertices of a graph G are labelled by 0,1 or 2 in such a way that a vertex labelled 0
should have a neighbourhood with exactly two vertices in it labelled 1 each or with exactly one vertex labelled 2.
The remaining vertices in the neighbourhood of the vertex labelled 0 should be all 0’s. The minimum sum of
all labels of the graph G satisfying these conditions is called its Perfect Italian domination number. We study
the behaviour of graph complements and how the Perfect Italian Domination number varies between a graph
and its complement. The Nordhaus—Gaddum type inequalities in the Perfect Italian Domination number are
also discussed.

Keywords: Perfect Italian domination, Graph complement, Nordhaus—Gaddum type inequalities.

1. Introduction

Analysing how graph properties vary across each graph family is always fascinating. That is
the manner in which a graph’s structural characteristics, such as its number of vertices, edges,
connectivity, symmetry, etc., affect graph parameters such as its chromatic number, clique number,
domination number, etc. The variation of a graph parameter between a graph and its complement
has also been researched since the seminal work of Nordhaus and Gaddum [7]. On n-vertex graphs,
they determined an upper and lower bound for the sum (and product) of chromatic numbers of a
graph and its complement. The problems that include determining the upper and lower bounds of
the sum or product of certain graph properties are referred to as Nordhaus—Gaddum type studies.

Perfect Italian Domination is a domination concept defined by T.W. Haynes and M.A. Henning.
It can be viewed as a vertex labelling problem, where vertices are labelled by 0,1 or by 2. A vertex
in a Perfect Italian Dominated (PID) graph is labelled 0 if and only if it is adjacent to two vertices
labelled 1 each or one vertex labelled 2, and the remaining vertices in its neighbourhood are
labelled 0. The sum of the vertex labels on a graph G that satisfies the PID condition is determined
and the term PID number of G denoted as 77 (G) refers to the smallest sum that may be computed
for a graph G [5].

The graph G is called the complement of a graph G, when two vertices are neighbours in G if
and only if they are not neighbours in G. In this paper, we examine the variation in the Perfect
Italian Domination (PID) number of a graph and its complement. We find some Nordhaus-Gaddum
type inequalities of Perfect Italian Domination number and, also characterise some graph classes
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which attain the upper bound and lower bound. We have also considered a few graph classes whose
PID numbers are found and are compared with the PID numbers of their complements.

2. PID on graph complements and Nordhaus—Gaddum inequalities

The Perfect Italian domination number of any graph G is at least two and is at most its order.
Hence, for a graph G of order n,

4< (G +14(@) < 2n.

In this paper, we prove that these bounds are tight by constructing classes of graphs. The
gap between the bounds is shortened when a few restrictions are made to the graphs considered.
We consider a few cases where the upper bound is small. We arrive at a conclusion that if G is
any graph such that v/(G) = n, then v/(G) > 5 or equal to 2. If G is a connected graph, then
0 (G) > 5. We have also determined the PID number of certain graph cases and their complements.
This helps in the study of determining the criteria that the graph must satisfy in order to maximise
or reduce a graph PID value. This study can help us find extremal graphs which is an important
area of study in graph theory. Some of these will also would lead to optimal solutions.

We examine graphs that correspond to a specific PID number and analyze the PID number of
its complement. We will start by considering graphs G with 77(G) = 2,3, 4 and later 77 (G) > 5.

The only possible graphs of order n = 2 are 2K; and K3. We know that PID number of each
of them is 2 and they are complement to each other. When n > 3, 47(G) = 2 if and only if there is
a universal vertex or if there exist two non adjacent vertices adjacent to all the remaining vertices
of G. A universal vertex of G forms an isolated vertex in G. Similarly, the non adjacent vertices
adjacent to all the remaining vertices in G form a Ky component. Hence when n > 3 if ¥7(G) = 2,
then 77 (G) is always greater than or equal to 3.

Let G be any graph of order n and ~}(G) = 2. Then G is a disconnected graph with

2 <AP(G) < n.

The following realization problem shows that for any integer 2 < a < n, we can find a graph such
that its PID number is 2 whereas the PID number of its complement is a.

Theorem 1. For any a € N— {1}, there exists a graph G such that v/(G) = 2 and 1} (G) = a.

Proof. Let G be a graph obtained from the join of a path complement graph- Py,_3 and
K1, (P24—3 + K1), where (see [8])
’y?(Pga,g + Kl) = 2.

Then G will be Py, 3U K;. For any path P,, (see [6])

n+11

W?(Pn) = { 9

Hence,

Proposition 1. Let G be a graph such that v¥(G) = 3. Then +%(G) < 6.
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Proof. A graph G with v7(G) > 2 has /7(G) = 3 if and only if G has a perfect dominating
set of size 3 [6]. This implies that v7(G) < 6. O

From the above results it is clear that 77 (G) = 3 and 77 (G) = 2 if and only if G is a disconnected
graph.

Corollary 1. Let G be a connected graph such that v7(G) = 3. Then 3 <~7(G) < 6.
Proposition 2. Let G be a graph such that v/ (G) = 4. Then 77(G) < 4.

Proof. If Gis a graph such that +/(G) = 4, then either of the following is true.

1) There exists a vertex set S in G consisting of four vertices {u;} for ¢ = 1,2, 3,4 such that the
remaining vertices in G are adjacent to exactly any two vertices of the set S.
2) There exists a set S in G consisting of two vertices, uj,us such that the remaining vertices
in G are adjacent to exactly any one vertex of the set S.
3) There exists a set S in G consisting of three vertices, u1, us, us such that any other vertex, v
belonging to G satisfies one of the following;:
(a) N(v) NS ={ui}
(b) N(v)NS = {ug,us}.

If G satisfies 1), then the vertices belonging to N (u;) NN (u;) in G will not be adjacent to u;, u;
in G, but will be adjacent to u;, where k # 4, j. Hence labelling all the w,s by 1 and the remaining
vertices by 0 satisfies the PID condition. Thus, +/(G) < 4.

If the graph G satisfies 2), then the vertices adjacent to u; € G are not adjacent to u; € G but
will be adjacent to us. Similar is the case of neighbours of uy. Hence labelling uq, us by 2 and the
remaining vertices by 0 satisfies the PID condition, i.e., 7} (G) < 4.

If G satisfies 3), then the vertices belonging to N(u;1) in G are not adjacent to u; but are
adjacent to ug,uz in G. Similarly the vertices belonging to N(u2) U N(u3) are not adjacent to
ug9,u3 but are adjacent to uy;. Hence labelling uq by 2 and wuo,ug by 1 gives a PID labelling, i.e.,
P(G) < 4. O

Corollary 2. Let G be a connected graph such that v7(G) = 4. Then +¥(G) = 3 or 4.

If G is a connected graph with a PID number greater than or equal to 7, then from the above
results, PID number of G cannot be 2,3 or 4. This implies that PID number of G is greater than
or equal to 5 but less than or equal to the order of G.

The following realisation problem shows that the upper bound is tight.

Theorem 2. For any k > 5, there exists a graph G of order n such that v7(G) = k and
b=
71 (G) = n.

Proof. Let G bea graph constructed by the following steps:

Take k copies of Py where k is any integer greater than or equal to 5. Label each path as
Q1,Q2,...,Qk. Let us consider a K; whose vertices are uj,us, ..., u;. Then make each vertex of
the path @; adjacent to w;, u;+1 where i = 1,2, ..., (k — 1). The vertices of Q) are adjacent to wu;
and ug. An illustration of the construction when k& = 5 is given in Figure 1. This is a connected
graph of order 5k.

Since each vertex of the path P; is adjacent to exactly two vertices among the u}s, labelling all
the uls 1 and the vertices belonging to the paths 0 gives a PID labelling where

Y(G) <k — (a).
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Figure 1. An illustration of construction of Graph G, where k = 5.

Obviously, degree of u; is 8 which coincides with A(G). But from [3], we have

2(5k)

(G) > v(G) > AG) 12

Le, G >k— (b).
From (a) and (b), 7/(G) = k.

Since {uy,us...u;} is a set of independent vertices in G, they induce a clique K in G. As P,
is a self-complementary graph, each Q; remains the same in G. Each vertex u; is adjacent to the
vertices of all the paths except P;_1,FP; j #¢— 1,7 and ¢,j = 2,3,...k. The vertex u; is adjacent
to the vertices of all the paths except P, and P;. Each vertex of the path P; will be adjacent to all
the vertices of the paths P; where j # i and 7,5 = 1,2,3... k.

Since G and G are connected graphs, v (G) > 2. Let us consider the following cases of possible
labellings for G:

1. Let a vertex v; belonging to a path @5 be labelled 0. Then, at most two vertices in its neigh-
bourhood, say z, y, are non-zero labelled and the remaining vertices in its neighbourhood
are zero labelled. Since each vertex in a path is of degree at least 5k — 5, there exist two
vertices among the u;’s and at most two vertices in the path ); that are non-adjacent to
the vertex v;. If any one among this, say z is non zero labelled, then there exists at least
one vertex on a path @); labelled 0 adjacent to x,y and z. This violates the perfect Italian
domination condition. This implies that no vertex among the non adjacent vertices of v; can
be non-zero labelled. Hence, all remaining vertices in the graph are labelled 0. This contra-
dicts ¥ (G) > 2. Hence, no vertex on the path @; can be labelled 0 and its non adjacent
vertices can be non-zero labelled. The remaining vertices in the graph are labelled 0. Since
each vertex in a path is of degree of at least 5k — 5, there exist two vertices among the uls
and at most 2 vertices in the path (); that are non adjacent to the vertex v;. If any one
among this is non zero labelled, then there exists at least one vertex labelled 0 among the
paths P; where j # k adjacent to all the vertices not labelled zero. This is a contradiction
to the PID condition. Hence no vertex on an induced path P; of the G can be labelled 0.

2. Each vertex wu; is adjacent to all the vertices of £k — 2 induced paths. From the above case
we know that no vertex on an induced path of the graph G is labelled 0. Since k > 5, this
implies that no vertex u; can be labelled 0.

This shows that no vertex in G can be labelled 0. i.e., ’yf (G) = 5k, the order of graph G. ]

The following is a summary of the results mentioned above.

Remark 1. Let G be a connected graph of order n,
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1. If /7(G) = 3, then 77(G) € {3,4,5,6}.

2. If ¥7(G) = 4, then +/(G) € {3,4}.

3. If ¥7(G) € {5,6}, then /7 (G) € N — {1,2,4}.
4. If /7(G) > 7, then 5 <47 (G) < n.

Based on the results above, we can deduce the following Nordhaus—Gaddum type inequalities.

Remark 2. Let G be a connected graph of order n > 3 and 77(G) = 3. Then,

6 <HP(G)+2(G) <9, 9<ARG)-AR(G) <18,

Remark 3. Let G be a connected graph of order n > 3 and 77(G) = 4. Then,

7T<A(G)+7(G) <8, 12<7(G)-+4(G) < 16.

Remark 4. Let G be a connected graph of order n > 3 and 7 < 77(G) < n. Then,

12 < (G) + (@) < 20, 35 <A(G) (@) < .

Remark 5. Let G and G be connected graphs of order n. Then

6 <(G)+7(G) <2n, 6<A1(G) H(G) <n’

3. PID of some graph classes and their complements

A vertex in a graph G is said to be dominated if it is either belonging to or is adjacent to a
vertex belonging to the Dominating set .S of G. A Perfect Dominating set, S, of a graph G is a set
of vertices such that any vertex of G not belonging to this set is dominated by exactly one vertex
from S,. The least number of vertices that can exist in such a set S, is called Perfect Domination
number v,(G). [4].

Theorem 3 [2]. For a path P,, the perfect domination number,

g, n=0 (mod 3),
n+1

Yo(Pr) = 3 NE 2 (mod 3),
2

n;— , n=1 (mod 3).

Theorem 4 [1]. For a cycle C,,, the perfect domination number,
n=0 (mod 3),

Yp(Cr) = —|, n=1 (mod 3),

w|3

wW|3Iw|3 -

J—|—2, n=2 (mod 3).
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Theorem 5 [6]. Let G be a connected graph with 77 (G) > 2. Then v4(G) = 3 if and only if G
has a perfect dominating set of size 3.

Theorem 6. For a path P,, +/(P,) = [(n+1)/2] and

1, n=1,
2, n=2,
3, 3<n<9,

n, otherwise.

'75) (Pn) =

Proof. Forapath P,, 77(P,)=[(n+1)/2] [6].

1. For n > 10 : The two end vertices of P, are adjacent vertices of degree (n —2) in P,, and the
remaining vertices which are of degree 2 in P, are of degree n — 3 in P,. This implies that
AV (Pr) > 2.

(a) If a vertex of degree (n — 2), say wu;, is labelled 0, then u;11 can be non-zero labelled
and a vertex x in the neighbourhood of w; is labelled 2 (or two vertices x,y in its
neighbourhood are labelled 1 each). This implies that all the remaining vertices are
labelled 0. Since n > 10, and vertices are of degree at least n — 3 there exists a zero
labelled vertex adjacent to the vertices x,y,w;4+1. This is a contradiction to the PID
condition. Hence ;41 is not labelled zero but then this is a contradiction to v/ (P,) > 2.

(b) If a vertex of degree (n — 3), say w;, is labelled 0, then at most two of its adjacent
vertices say a, b are non zero labelled and at least n — 5 vertices are labelled 0. In the
previous case we proved that the vertices of degree (n — 2) cannot be labelled 0, since
n > 10 there exists at least one vertex of degree (n — 2) in the neighbourhood of wu;.
This implies that at least one among a,b say a is of degree (n — 2). Let u;—1,u;+1 be
the vertices not adjacent to w; and if one among them say w;_1 is non zero labelled,
then w;_1 is not adjacent to u; and at most one more vertex. a is not adjacent to one
vertex and b is not adjacent to at most two vertices. This implies that there exists at
least n — 5 — (1 + 1+ 2) = n — 9 vertices labelled 0 adjacent to a,b and w;—;. This is
a contradiction to the perfect Italian domination condition. This implies that neither
U;—1 NOT u;41 can be non-zero labelled.

This is a contradiction to #(P,) > 2. Hence no vertex of degree (n — 3) can be

labelled 0.

Thus no vertex in P, where n > 10 can be labelled by 0. This implies that 77 (P,) = n.
2. For n = 1, the complement is a K. Hence 77(Py) = 1.

w

For n = 2, P5 is two isolated vertices and v/ (P2) = 2.

4. Assume 3 < n < 9. The graph P35 is K; U Ky and the PID number is 3. The graph
P, is Py and the PID number is 3. Let ujus...us be a Ps. Then {u1,uq,us} is a perfect
dominating set of size 3 and from the Theorem 5 we can conclude that v¥(P5) = 3. Similarly
the vertices {ug,uq,us} is a perfect dominating set of a Ps, wuj,us...ug. This implies that
¥ (Pg) = 3 (from Theorem 5). For n = 7,8,9, v,(P,) = 3 (from Theorem: 3), this implies
that 77 (P,) = 3 (from Theorem 5). Hence for 3 <n <9, 4/(P,) = 3.

U
Theorem 7. For a cycle Cy,, 77(Cy) = [n/2] and
3, n=357,09,
75)(671) - 47 n= 47 67 87
n’

otherwise.
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Proof. For a cycle Cp, 7/7(C,) = [n/2] [6]. Since each vertex in C), is of degree 2, the
vertices of C, are of degree n — 3. This implies C}, is a (n — 3) regular graph and +/(C,,) > 2.

1. Assume n > 10. If a vertex, v is labelled 0, then v is adjacent to n — 3 vertices, say
U1, ug, u...up—3, and is not adjacent to wy, we. Among the u}s two vertices are labelled 1,
say uj,ug (or one vertex u is labelled 2) and the remaining (n — 5) (or (n — 4)) uls are
labelled 0. The vertex v is not adjacent to wy, wq, as 77 (Cp) > 2, at least one of them, say
w1, should be non-zero labelled.

(a) If both wy,wy are non-zero labelled, then at least (n — 6) zero labelled vertices are
adjacent to each of them. Vertices ui,us are adjacent to at least n — 7 vertices. Since
n > 10, there exists at least one vertex adjacent to three non-zero labelled vertices.
This is a contradiction to the PID condition.

(b) If w; is non zero labelled and ws is zero labelled, then wo is adjacent to at least n — 5
zero labelled vertices (as wj; should be adjacent to we, it cannot be adjacent to one
of the wuy,ug, say us.) This implies that w; is adjacent to at least n — 6 zero labelled
vertices, u; is adjacent to n — 7 vertices labelled 0 and ws is adjacent to n — 6 zero
labelled vertices. This means that there exists at least one zero labelled vertex adjacent
to all the three non-zero labelled vertices. This is a contradiction to the PID condition.

Thus no vertex in C,, can be labelled 0.

2. Assume n = 3,5,7,9. The graph C3 is 3K; and the PID number is 3. Perfect domina-
tion number of cycles Cy,, where n = 5,7,9 is 3 (from the Theorem 4). This implies that
77(Cy) = 3 (from the Theorem 5).

3. Assume n = 4,6,8. The graph Cy is 2K and the PID number is 4. When 7,(Cs) = 2,
it cannot have a perfect dominating set of size 3. This implies that ~} (Cg) # 3. Hence,
7p(Cs) =4 = ~¥(Cs) # 3 (from the Theorems 4, 5). The Fig. 2 shows a PID labelling
with 47 value equals to 4. Hence, for n = 4,6,8, fyg’(én) = 4.

0

=)
(]

0 0

0
Figure 2. PID labelling of Cg, Cs.

Theorem 8. Let G be a connected graph of order n/2. Then,

3, G= Cg or Pg,

V(G oK)= { :
n, otherwise.
Proof. Letthe vertices of G be uy, uz...u, o and the corresponding K{s be vy, vg...0p 2. The
v;s form a clique K/, and each of these vjs will be adjacent to all the u;-s such that j # ¢ for
i,j=1,2,3,..,n/2.



Perfect Italian Domination of Graphs and their Complements 111

Since G is a connected graph, G o K has neither an isolated vertex nor a Ks. This implies that
there exists neither a universal vertex nor two non-adjacent vertices adjacent to all the remaining
vertices in G o K. Thus, v7(G o K1) > 2 and degree of each vertex v; belonging to the clique Ky )2
is (n —1).

1. Assume any connected graph G 2 C3 or P, i.e., n/2 > 4.

(a) If any vertex belonging to the clique K, /2, say v1, is labelled 0, then u; which is not
adjacent to v; can be non-zero labelled and two vertices belonging to the neighbourhood
of vy are labelled 1 each (or a vertex is labelled 2). This implies that all the remaining
vertices of the graph is labelled 0. Since n/2 > 4, there exists a vertex belonging
to the clique adjacent to all the three non-zero labelled vertices. This violates the
PID condition, i.e., u; cannot be non-zero labelled. But this is a contradiction to
’Y?(G o Kl) > 2.

(b) If a vertex u; belonging to G is labelled 0, then it is adjacent to at least n/2 —1 vertices
belonging to the clique. From the above case it is clear that no vertex of Kj can be
labelled 0, i.e., they are all non-zero labelled. A vertex u; belonging to G is adjacent to
at least n/2 — 1 vertices belonging to Kj. Hence, no vertex u; belonging to G can be

labelled 0.

This implies that no vertex in G o K can be labelled 0. Hence, 77(G o K1) =2 x n/2 = n.
2. Assume G = (3 or P3. Labelling all the three vertices v}s 1 and all the uls 0 gives a PID
labelling, i.e., 77(G o K1) < 3. Since +¥(G o K1) > 2, we can conclude that 47(G o K7) = 3.

0

Remark 6. Let G be a graph with an isolated vertex v. Then 7%(G o K;) = 2 since v € G and
its corresponding pendant vertices in G o Ky are non-adjacent vertices of degree n — 2 in G o Kj.

Remark 7. Let G be a complete bipartite graph. Then 17(G) = +7(G) = 4.

4. A unique family G of graphs G

Theorem 9. For any positive integer n > 20 there exists a graph G of order n such that G, G
are both connected and A7 (G) = +7(G) = n.

Proof. Let G be a collection of graphs G each of order n. Then each graph G in G is
constructed as follows.

Construction of the graph G in G. Let {v1,va, .02}, {u1,u2,...up 2} be the vertices of two
paths P, /; each of order n/2 and P,/; + P,/ be the graph obtained by taking join of these two
paths. Then G is a graph of order n obtained by removing the edge viu; from P, 5 + P, a.

Any vertex in G is of degree n/2+2, n/2+1 or n/2. This implies that there exists no universal
vertex or two non-adjacent vertices of degree n— 2. Hence 77 (G) > 2. Let A = {uy, ug, ...u, o} and
B = {vy,v9, ...’Un/g}. Then the following are the possible labellings for the vertices of the graph G.

1. If two vertices belonging to the set A are labelled 1 each or one vertex in the set A is
labelled 2, then labelling a vertex belonging to the set A makes all the vertices belonging to
the set B labelled 0. (If the vertex labelled 0 is u;, then all the vertices in B except v;.)
Since there exist vertices in B which are PI dominated by the non-zero labelled vertices in



112 Agnes Poovathingal and Joseph Varghese Kureethara

A, all the remaining vertices in A should be labelled 0. (Since v; is adjacent to ve which is
zero labelled and is PI dominated by the vertices of A, v; is also labelled 0). Similarly, if
a vertex in B is labelled 0, then all the remaining vertices in A are labelled 0. (If vy is the
vertex labelled zero, then all the remaining vertices except u; is labelled 0.) There exists at
least one vertex x belonging to B adjacent to the zero labelled vertex which implies that =
also should be labelled 0 and is PI dominated by the vertices of the set A. Since B is a
connected graph, this continues and all the vertices of B are labelled 0. This forces u; also
is to be labelled 0.

2. Let a vertex x from set A and a vertex y from a set B be labelled 1 each. Then a vertex
in the neighbourhood of z and y belonging to the set A or B, is labelled zero forces all the
remaining vertices in the other set are to be labelled 0. There exists at least one zero labelled
vertex adjacent to the y in B. This implies that all the remaining vertices in A should be
labelled 0.

Both the cases are contradictions to 77(G) > 2. This implies that no vertex in G is labelled 0.

Hence
reay ="
71(G) 5 + 5 =
The complement G is P, 2 U P, 2 with an edge between vy and u;. The vertex v; belonging
to a path complement is adjacent to vertex u; belonging to another path complement. Hence, the
adjacency between any two vertices of G other than {v;,u;} is same as its adjacency in P,, /2. This
implies that as given in the proof of Theorem 6, if any vertex in the graph is labelled 0, then at
most two vertices can only be non-zero labelled and they are labelled 1 each. Since n > 20 and
vy, u; are of degree n/2—1+1 = n/2 each, 47(G) > 2. This implies that no vertex can be labelled 0
and
7(G) =5+

=n.

|3

n
2
O

This theorem proves that there exists a family of graphs in which each of them and its cor-
responding complement are connected as well as have their PID number same as its order. This
shows that the upper bound of Nordhaus—Gaddum inequalities for the Perfect Italian Domination
is tight.

Thus, /7(G) + +7(G) = 2n if and only if /7(G) = 77(G) = n. Since there is no complete
characterization of graphs satisfying 77(G) = n, characterizing the graphs such that

F(G) +~7(G) =2n

remains an open problem.

5. Conclusion

The lower and upper bounds in the Nordhaus—Gaddum type inequalities for the Perfect Italian
domination number of an arbitrary graph G are way apart. Hence, particular cases of the graphs are
considered to find the Nordhaus—Gaddum type inequalities. We have constructed different graph
classes to show that the bounds are tight since there is no complete characterization of graphs
satisfying 77 (G) = n. Thus characterizing the graphs such that 77(G) + ~7(G) = 2n remains an
open problem.
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Abstract: In this paper, we establish a result on the Hyers—Ulam—Rassias stability of the Euler—Lagrange
functional equation. The work presented here is in the framework of modular spaces. We obtain our results
by applying a fixed point theorem. Moreover, we do not use the Ay-condition of modular spaces in the proofs
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1. Introduction

In this paper, our main result concerns the stability property of a type of Euler—Lagrange
functional equation. This type of equations was introduced by Rassias [18] in 1992. The name
is derived from the Euler-Lagrange identity [19] and has several variants [12, 20, 26, 30], but our
study is conducted within the framework of modular spaces.

The kind of stability investigated for the functional equation considered here is well-known as
Hyers—Ulam—Rassias stability, which is very general and applicable to diverse branches of math-
ematics [4, 7, 25]. The concept originates from a mathematical question posed by Ulam [27] in
1940, along with its extensions and partial answers provided by Hyers [6] and Rassias [21]. In the
most general terms, following Gruber [5], Hyers—Ulam—Rassias stability holds for a mathematical
equation if, whenever it approximately satisfies an equation from a certain class, it admits an exact
solution close to that approximate one. It involves questions such as whether a given approximately
linear equation has an exact linear approximation.
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Our framework of study is modular spaces [13, 16, 17, 28]. A modular space is a linear space
equipped with a modular function possessing specific properties. Such a function introduces an ad-
ditional structure on the linear space, thereby broadening its scope. Several studies from different
domains of functional analysis have been successfully extended to this structure. References [9, 14]
provide the technical details of the modular spaces mentioned above. Functional equations of
various kinds have been considered in the investigation of Hyers—Ulam—Rassias stability proper-
ties [8, 23, 29]. We study the stability of such equations in modular spaces without assuming the
A-condition, using a fixed point technique. It may be noted that fixed point methods have already
been applied to Hyers—Ulam—Rassias stability problems in [2, 24]. Here, we apply this approach to
our problems in modular spaces.

2. Preliminaries

If X and Y are assumed to be a real vector space and a Banach space, respectively, then a
mapping f : X — Y satisfies the functional equation

flx+y)+ flx—y) =2f(x) +2f(y), VYz,yecX, (2.1)

which is known as the quadratic functional equation.

Any solution of (2.1) is called a quadratic mapping. In particular, if X =Y = R, the quadratic
form f(z) = ax? is a solution of (2.1).

We consider here a type of Euler—Lagrange functional equation known as the general k-quadratic
Euler-Lagrange functional equation:

q(kx +y) + q(kz —y) = 2[q(z +y) + q(z — y)] + 2(k* — 2)q(x) — 2¢(y), Yo,y X,  (2.2)

where k € N, and ¢ : X — Y is a function from a real vector space X to a Banach space Y.
Here, we recall certain definitions, theorems, and results regarding modular spaces.

Definition 1 [16, 17]. A generalized functional m : X — [0,00] is called a modular if, for any
two elements x,y € X, where X is considered as a vector space over a field K (in our case R or C),
the following conditions hold:

(i) m(x) =0 if and only if x =0,
(ii) m(cx) = m(x) for every scalar ¢ with |c| =1,
(iii) m(z") < m(x) + m(y) whenever x’ is a convex combination of x and y,
(iii)" ifc1,c0 > 0 and ¢1 + c2 =1, then m(c1x + cay) < cym(x) + cam(y), and in this case,
m is said to be a conver modular.

Definition 2. The modular space, denoted by X, is defined as

Xm ={z € X :m(az) = 0 as o — 0}.

Ezample 1. 1f (X,]|-||) is a normed space, then ||-|| is a convex modular on X, but the converse
is not necessarily true [15].

Definition 3. If m is a convexr modular, then the norm known as the Luzemburg morm is

defined as

][ = inf{a >0:m (f) < 1}.

(07
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Definition 4. Consider X,, as a modular space and let {x,} be a sequence in X,,. Then,
(i) the sequence {x,} is called m-convergent to a point * € X,,, denoted x, — x, if
m(zy, —x) = 0 as n — oo [10];
(i) {xn} is called an m-Cauchy sequence if for any € > 0, m(x, — xp) < € for sufficiently large
n,p € N [10];
(iii) a subset K(C X,,) is called m-complete if every m-Cauchy sequence in X, is m-convergent
to an element in K [10].

Note that m-convergence does not imply m-Cauchy since m does not satisfy the triangle inequality.
In fact, one can show that this implication holds if and only if m satisfies the Ag-condition.

(iv) The modular m is said to have the Fatou property if m(z) < lim,_,~ inf m(z,) whenever the
sequence {xy} is m-convergent to x [10];

(v) a modular m is said to satisfy the A,-condition if there exists k>0 such that
m(ax) < km(z) for allz € X,,, and o € N, > 2 [3].

Observations.

(i) m(z) <dm((1/d)x) for all z € X, if m is a convex modular and 0 < ¢ < 1;
(ii) in general, the modular m does not behave like a norm or a metric since it is not subaddi-
tive [16]; however, every norm on X is a modular on X.

Definition 5. Consider a modular space X,,, a nonempty subset C C X,,, and a mapping
D :C — C. The orbit of D at a point z € X,,, s the set

O(z) := {2, Dz, Dz, ... }.
The quantity
b (2) i= sup{m (¢ — ) : 2,y € O(2)}
is called the orbit diameter of D at z. In particular, if 6,,(z) < oo, then D has a bounded orbit

at z.

Definition 6. Let the modular m be defined on the vector space X, and let C C X,, be
nonempty. A function D : C — C is called m-Lipschitzian if there exists a constant L > 0
such that

m (D(x) = D(y)) < Lm(z —y), Va,yeC.
If L <1, then D is called an m-contraction.

Definition 7 [11]. Let C be a subset of a modular function space X,,. A function D : C — C
is called an m-strict contraction if there exists a constant A < 1 such that

m(D(z) = D(y)) < Am(z —y), Va,yeC.

Theorem 1 [1] (The Banach Contraction Mapping Principle in Modular Spaces).
Assume that X, is m-complete. Let C' be a nonempty m-closed subset of X,,, and let T : C — C
be an m-contraction mapping. Then T has a fixzed point z if and only if T has an m-bounded orbit.
Moreover, if

m(z — z) < 00,

then {T"(x)} m-converges to z for any x € C.

If 21 and x9 are two fixed points of 7" such that m (x; —z2) < 0o, then from the above theorem
we conclude that x; = xo. Furthermore, if C is m-bounded, then T has a unique fixed point in C.
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3. The generalized Hyers—Ulam stability of (2.2) in modular spaces

Lemma 1. Assume that X is a linear space, and let X,, be an m-complete convexr modular
space. Consider the set
M={h:X — X, :h(0) =0}

and define a mapping m on M by
m(h) =inf{c > 0: m(h(x)) < cp(z,z)}, heM,
where ¥ : X2 — [0,00). Then My, is a complete convex modular space.

P roof. Itis easy to prove that m is a convex modular on M [22].
For completeness, let {h,} be an m-Cauchy sequence in M3, and let € > 0 be given. Then
there exists k € N such that m(h,, — hy,) < € for all p,n > k. Therefore,

m (hy(xz) — hp(z)) < ep(z,z) forall ze€X and p,n>k. (3.1)

This shows that {hy(z)} is an m-Cauchy sequence in X, for each fixed z € X,,. Since X,, is
m-complete, it follows that {h,(x)} is m-convergent in X,, for each fixed x € X. Thus, we can
define h: X — X, by

h(z) = lim hy,(x), forany =€ X.

n—oo

Clearly, h € M3. Since m has the Fatou property, taking the limit as m — oo in (3.1), we obtain
m (hp(x) — h(z)) < e(x,z) forall z€ X and n >k.

Thus, m(h, —h) < € for all n > k, and therefore {h,} is an m-convergent sequence in M,;. Hence,
M5, is complete. ]

Theorem 2. Let X be a linear space, and X,, be an m-complete convex modular space. Suppose
that ¢ : X — X, is a function with q(0) = 0 satisfying the inequality

m (g(kx +y) + q(kz —y) = 2[g(z +y) + q(z — y)] = 2(k* = 2)q(2) + 29(y)) <W(z,y)  (3:2)
for all x,y € X and some k € N, where ¢ : X% — [0,00) is a function satisfying
o (kx, ky) < kL (2, y)

for all x,y € X and some L with 0 < L < 1. Then there exists a unique mapping P : X — X,
satisfying (2.2) such that

m(2P(r) = 4(0)) < gy (e.0) (33
Proof. Putting y =0 in (3.2), we obtain
m (2q(kx) — 2k%q(z)) < 1(z,0) (3.4)

or equivalently, )
m (q(kx) — k*q(x)) < S (x,0). (3.5)
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Now,

m(ate) ~ TEE) (L 20k ) — 20%0(a))) < gyt 0).

Consider the set
M={h:X — X, :h(0) =0}

and define a function m on M by
m(h) =inf{c > 0:m(h(x)) < cp(z,z)}, he M.

By Lemma 1, My, is a complete convex modular space.
Also, consider the operator S : M;;, — M3 defined by

1
Sh(z) = ﬁh(kzaz) Vh e My, x€X and keN.
Thus,
1
S™h(x) = anh(k" x) VYheMy, z€X and kel

Let us show that S is an m-strictly contractive mapping. Let h,z € M, and suppose there
exists a constant ¢ € [0, 00) such that

m(h—2z)<c
Then,
m(h(z) — z(z)) < cp(z,x) Vo e X.
Now,
1 1 1
m(Sh(x) — Sz(x)) = m(ﬁh(lm) — ﬁz(kx)) < ?m(h(k:x) — z(kx))
< %cw(lm,kx) <cLly(xz,x) VreX.
Therefore,
m(Sh—Sz) < cL.
Hence,

m(Sh — Sz) < Lm(h—z) forall g¢,h€My.

That is, S is an m-strict contraction.
Now, we prove
O = sup{m(S™ (f) = S™(f)) : m,n € N} < oo.
From (3.5), we have

m (q(k*z) — k?q(kz)) < s¢(kx,0). (3.6)

DN | =

Thus,

1
< e m(q(k*z) — k*q(kx)) + e m(q(kx) — k*q(x))
1
1 1 (3.5),(3.6) 1 1 i
< 2(k2)21/1(/€x70) + 272 Y(z,0) = 3 Z k2(z‘+1)w(k z,0) forall ze X.
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Since

for all n > 0, we have

- n—1 i+1 i
m(Q(Ian) - Q(ﬂc)) = m[; <qk/;(:1)) a q(;]:m ))}
n—1 n—1 1

1 i+1 2 i _ i
:ZW m (2q(k™ z) — 2k q(m))_zgmwm,())

1=0

since 0< L < 1.

(3§4) 1/}('%30) niLi < 1/}('%'70)

2 = 91201 _ T\
2k — 2k2(1 - L)
Hence,
q(k"z) P(x,0)
S < y .
m( 1on q(az)) < (1-1) since 0<L<1 (3.7)

Vax € X and n € N. Thus, from (3.7) it follows that for any n,p € N,

() ) (85 ) L (0

< L _¥@0) + L 90 < ¥(z,0) forall ze X [by (3.7)].

2 22(1—L) 2 2k2(1—L) ~ 2k2(1—L)

This implies that

1 1 1
s(on(Z.\ _ qr(= <« -
m(S <2q) s <2q)) Sokea-1) =%
for all p,n € N.
This shows that S has a bounded orbit at 1/2¢. Then,

m(5" (o) — 2a(a)) =m (D Ly(a)
,0

< %m<q(/€"w) —q(z )) < 15( ) < finite Vre X and VkeN [by (3.7)].

f;2n 2k2(1 - L)

l\')|*—‘[\')lb—‘

Thus, by applying Theorem 1,
(i) S has a fixed point P € M at 1/2¢q, that is, SP = P, or equivalently,

1

P(x) = EP(k:x) for all z € X;

(ii) the sequence {S™(1/2q)} m-converges to P.

Therefore,

s () - o) -

Thus, we can define
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Again, replacing x and y by ™z and k™y, respectively, in (3.2), we obtain

m (K" 1)) + (k" (k= ) = 20a(K" &z + ) + (k" (@ — )]

—2(k% — 2)q(k"z) + 2q(k"y)) <

1 1

Now, taking the limit as n — oo and applying the Fatou property, where 0 < L < 1, we get
P(kx +y) + P(kx — y) = 2[P(z + y) + Pz — y)] + 2(k* — 2) P(z) — 2P(y).
Thus, P is a k-quadratic Euler—Lagrange mapping.
Also, since m has the Fatou property, it follows from (3.7) that

m(2P(z) — q(z)) Y(x,0) Vre X.

1
< - -
= 2k2(1- L)

To prove uniqueness, let P’ : X — X,,, be another k-quadratic Euler-Lagrange functional mapping
satisfying inequality (3.3). Then we have

1 1 ¥(z,0)
for all z € X and k£ € N.
Again, let P and P’ be two fixed points of S such that
m (P(z)) — P'(z)) < o.
Then, by Theorem 1, we conclude that P(z) = P'(z) for all z € X.
This completes the proof of the theorem. O

Corollary 1. Let X be a normed linear space, and let X,, be an m-complete convexr modular
space. Suppose 0 > 0. Let q: X — X,,, be a function with q(0) = 0 satisfying

m(q(kz +y) + qlkz —y) = 2la( +y) + q(z — y)] — 2(k* = 2)q(x) + 2q(y)) < O([|=[” + y[”)
for all z,y € X, k € N, and 0 < p < 1. Then there exists a unique k-quadratic mapping
P: X — X, such that

m(2P(z) — q(z)) < ﬁ\lxll”

forallx € X.

P r o of. Define
bz, y) = 0([lz]” + [lyl”)
for all 2,y € X and take L = 2P~!. Then the proof of the result follows similarly to Theorem 2. [J

Corollary 2. Lete > 0, X be a normed linear space, and X, be an m-complete convex modular
spaces. Suppose a function q : X — X, with ¢(0) = 0 satisfies

m(q(kz +y) + q(kz — y) — 2[q(z + y) + q(z — y)] — 2(k* — 2)q(z) +2q(y)) < €

for all x,y € X and k € N. Then there exists a unique k-quadratic mapping P : X — X, such
that .
m(2P(x) — o)) < 1

forallx € X.
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Proof. Define ¢(z,y) = € for all z,y € X and take L = 1/2. Then the proof of the result
follows similarly to Theorem 2. O

Corollary 3. Let 0,e > 0, X be a normed linear space, and let Y be a Banach space. Suppose
that a mapping q : X — Y with q(0) = 0 satisfies the inequality

lq(kz +y) + q(kz — y) — 2[q(z + y) + q(z — y)] — 2(k* — 2)q(x) + 2q(y)|| < e+ (/=] + [lyl])

for all x,y € X and k € N. Then there exists a unique k-quadratic mapping P : X — Y such that

I2P@) - d)I < 35— + gl
forallz € X and 0 <p < 1.
P roof. Since every normed linear space is a modular space, we define m(x) = ||z| and
P(x,y) = e+ 0" + llyl")
for all ,y € X and take L = 2P~!. Then the proof follows from Theorem 2. O
Ezample 2. Let (X, | - ||) be a commutative Banach algebra, and let X, be an m-complete

convex modular space, where m(x) = ||z||.
Define ¢ : X — X, by
q(z) = ax® + Al|z||zo

for all x € X, where a, A € R" and z is a unit vector in X. Then

m(q(kz +y) + q(kz — y) — 2[q(z + y) + q(z — y)] — 2(k* — 2)q(z) + 2q(y))
< 2A[(K — k — 2= + 4]ly|l]

for all z,y € X.
Define
¥(,y) = 24[(k* — k — 2) ||l + 4]yl

for all z,y € X and take L = 1/2. Thus, all the conditions of Theorem 2 are satisfied. Then there
exists a unique k-quadratic Euler-Lagrange function P : X — X, such that

m(2P(z) — q(z) < 2A(k* —k—2)

< 5 lz|| ¥ze X

Remark 1. Many of the Hyers—Ulam—Rassias stability results rely on the A,-condition stated in
part (v) of Definition 4 for various values of & > 2. Our theorems are established without assuming
this condition on the modular space. Omitting this condition makes the proof more involved.
Furthermore, we have employed fixed point methods within the framework of modular spaces.
Such an approach to stability problems in modular spaces has previously appeared in [22]. This
methodology can also be adapted to other functional equations, potentially serving as a foundation
for future research.
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Abstract: This paper extends as a lemma an auxiliary result obtained by Singh and Chanam. Using it, we
prove a refinement of the Turdn-type inequality for rational functions obtained recently by Akhter et al. Next,
using examples, we discuss the result of Mir et al.
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1. Introduction

Let C denote the set of complex numbers z, and let R(z) be the real part of z. Let P, be the
set of all complex polynomials
n
g(z) == Z dy,2*
k=0

of degree at most n, and let ¢'(z) be the derivative of g(z). Let S; := {z : |z| =}, and let R;” and
Rl+ be the interior and exterior of Sj, respectively. For v, € C, let

w2 = [[—w: Ve =] (1 ‘W) ,

k=1 k=1

and let

Ry = Ru(11, 72, -1 Yn) = {i(é)) Lg€ Pn}

be the set of rational functions having a finite limit as z — oo and poles y1,72,...,Yn, such that
v € Rf. The well-known result of Bernstein [4] states the following.

Theorem 1 [4]. For any z € C, if g € P,, then

/
< .
max |g'(2)] < nmax|g(2)|

Confining himself to the set of polynomials whose zeros all lie in S7 U Rf, Erdos conjectured,
which was later confirmed by Lax [5], that

’ n
< = .
mely' (7)) < 5 mala (=)l

'The first author is highly thankful to NIT Manipur for financial support.
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If all zeros of g(z) are in Sy U Ry, Turdn [9] proved that

/ n
> — .
gggflg (2)| = 5 gggflg(»’o*)l

Li et al. [6] derived inequalities similar to Bernstein inequalities for rational functions ¢ € R,
considering prescribed poles 1,72, ...,7, and replacing 2" by the Blashke product V(z). They
established the following result featuring these poles.

Theorem 2 [6]. If ¢ € Ry, has all its zeros in S1 U R}, then, for z € Sy,

1
)] < 2V laCe)l
Equality holds for q(z) = agV (z) + by with |ag| = |bo| = 1.
Aziz and Shah [2] improved this inequality as follows.

Theorem 3 [2]. Let ¢ € R,, and all its zeros lye in S1 U Rf. If e1,e9,... e, are the zeros of
V(z) +& and €1,¢€,. .., €, are the zeros of V(z) — &, £ € S1, then, for z € Sy,

1/2

e = P52 (s atenl) (s lawl) (1)

2 1<k<n 1<k<n

Recently, Mir et al. [7] proved the following result, which gives a generalized and strengthened
upper estimate than that in Theorem 3.

Theorem 4 [7]. Let

where
m—s
g(z) = 2° Z dp,2*
k=0

is an m-degree polynomial (m < n) having all its zeros in S; U Rl+, I > 1, except for a zero of
multiplicity s at the origin. If e1,ea,..., e, are the zeros of V(z)+ & and €1, €2, ..., €, are the zeros

of V(z) = &, & € Sy, then, for z € Sy,

|d'(2)] < W;ﬂ{(g@nlwwlf + (él,gtSXnIQ(ek)I)2
L (ol = "l o\ sl 2m—n(L D) g2 2
_4<1+l (\do! +lm‘5\dm—s!> 1+l 21+ >\V’(2)\} '

Furthermore, Li et al. [6] obtained the following inequality for rational functions, which gener-
alizes the polynomial inequality of Turéan [9].

Theorem 5 [6]. If ¢ € Ry, has all its zeros in S1 U Ry, then, for z € Sy,
1
)] = 2Vl

Recently, Akhter et al. [1] obtained the following result by introducing a complex parameter o
which provides an improvement and a generalization of Theorem 5.
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Theorem 6 [1]. Assume that

where

g(z) = 2° Z dp,z*
k=0

is an m-degree polynomial (m < n) having all zeros in Sy UR; , Il <1, and a zero of multiplicity s
at the origin. Then, for every complez o, |6| < 1, and z € S,

1

q(z)‘ > %{|V’(z)| 1 (5(25 —n)+2m —n+ 2(m — s)sw)) }|q(z)|.

/ (m — S )5
2q'(2) + Y
In this paper, we first establish a refined inequality of Theorem 6 by including certain coefficients
of the polynomial, and then discuss Theorem 4 due to Mir et al. [7] using counterexamples that
they claim improve the bound given by Theorem 3. The paper is organized as follows. Section 2
presents the main result, some remarks, and corollaries. In addition, we discuss the result due to
Mir et al. [7]. Section 3 presents some auxiliary results necessary to establish the main result.
Section 4 provides a proof of the main result. Section 5 concerns the conclusion.

2. Main result and discussion

Here, we present the following result concerning rational functions, which generalizes and sharp-
ens the polynomial inequality of Turdn [9].

Theorem 7. Let

q(z) = w(2) € Ry,
where
g(z) = 2° Z dp,2*
k=0

is an m-degree polynomial (m < n) having all its zeros in S;UR; , 1 < 1, and a zero of multiplicity
s at the origin. Then, for every complez 0, |6| < 1, and z € Sh,

9%;%%u>z§@wun+;}5

+m<V”;¥§%%igwa>+2mr—Q%wQ}mu»

2q'(2) +

<l(28—n) +2m—n
(2.1)

Remark 1. Since the zeros of the polynomial

9(2) — k
h(z) ==~ = diz
o k=0
are in S U R, [ <1, we have
dm—s - ’
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which is equivalent to
VI8 dp—s| > /|do]. (2.2)

On the right-hand side of inequality (2.1) of Theorem 7, there is an extra term contributed by

the quantity
2l<\/lm S|dyp—s| \/|d0>
/lm s|dm s|

which in view of (2.2) is nonnegative, and hence Theorem 7 refines Theorem 6.

Taking § = 0 and m = n in Theorem 7, we obtain the following interesting result, which gives
a generalization and an improvement of Theorem 5 due to Li et al. [6], and an improvement of the
result established by Akhter et al. [1, Corollary 2.2].

Corollary 1. Let

where
n—s
z) =2° Z dp 2"
k=0

is an n-degree polynomial having all its zeros in Sy U R, | <1, and a zero of multiplicity s at the
origin. Then, for z € Sy,

Id' ()] > = {|V( )|—|—?<2l5—|—n(1—l —|—2l< ' ln\;%@))}m&ﬂ

Moreover, taking [ = 1 in Theorem 7, we obtain a result that improves the known result
[1, Corollary 2.4] obtained by Akhter et al.

Corollary 2. Let

where
m—s
z) =2° Z dp,z*
k=0

is an m-degree polynomial (m < n) having all its zeros in S1 U R{ and a zero of multiplicity s at
the origin. Then, for every complez 0, |0| < 1, and z € Sy,

&)+ U0 2 {1+ s + (V’dw ) + m = 5)%(6) fa(2)

Next, the claim that the bound in inequality (1.2) of Theorem 4 proved by Mir et al. [7]
sharpens the bound in inequality (1.1) of Theorem 3 due to Aziz and Shah [2] follows in the case
when the quantity

< ! <ydoy—zmsydm_sy>_ sl _2m—n(1+l)>_A

14+1 \|do| + 1™ 5|dpm—s| ] 1+1 2(1+1)

on the right-hand side of inequality (1.2) of Theorem 4 is nonnegative. But this is not always the
case, as the following counterexamples illustrate.
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Ezample 1. Let ¢ € Rg, where g(z) = 23(2% — 22 + z — 1) has the zeros {1,i,—i} on |z| = 1
and the remaining zeros at the origin. It can be easily seen that this polynomial gives A = —1.5 in
Theorem 4.

Ezample 2. Let q € Rs, where g(z) = 23(22 — 4) has the zeros {—2,2} on |z| = 2 and the

remaining zeros at the origin. For this polynomial, we have A = —1.1666.

3. Lemmas

We must incorporate the following lemmas into our proof to demonstrate the theorem. Aziz
and Zargar [3] established the first.

Lemma 1 [3]. If

ﬁ (1 —7k2>
k1 Z =Yk

SEC) R

then, for z € Sy,

2

Lemma 2. [f0<a<1,0<b<1,and0<1<1, then
2
= >1+1Wb—1Vab.
1+a

Proof. Fora=1, the inequality follows trivially. So, take a < 1, then

—1+\/5>12l\/5;
1+a
that is,
1—a
b—1
o >l\/— f = Vb —1Vab
Hence,

2
= > 1+IVb—IVab.
1+a

The following lemma we prove is a generalization of a finding by Singh and Chanam [8].

Lemma 3. If g € P, (n > 1) has all its zeros in Sy U R, , | < 1, then, for z € Sy such that

9(z) # 0,
& V] — /T
§R<ZL(Z](Z)> > 1+l{n+ ( L 0 >} (3.1)

Remark 2. As the abstract mentioned, for [ = 1, this lemma reduces to Lemma 2 of Singh and
Chanam [8].

P r o o f. For simplicity, suppose that d,, = 1. We apply mathematical induction on the degree
of g(z).
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If n =1, then g(2) = z — 20, 20 € S;U R, and, for z € Sy and z # 2y, we have

§R(Z‘(‘ZJ/((I’JZ))) - §]CE(?’—ZZo) - 1+1|Zo|.

By basic computation, we can show that, for zo € S;U R;",

L .1 {1+l(%>}.

1+|Zo| — 141

9(2) 1 Vi— Iz
R(-6) 5 L fy (A=)}
9(z) ) ~ 1+ Vi
which is inequality (3.1) for n = 1.
Suppose that (3.1) holds for all polynomials of degree < M.
Let g(z) = (2 —w)G(z), w € S;U R, where

So,

M
G(z) = Z dp,2*
k=0
is a polynomial of degree M having all its zeros in S; U R;", then

%@(())) :%<z—zw> ”‘*(Zg((f))) > et 1iz{M+l<%>}

for all z € Sy such that g(z) # 0.
It is required to show that, for z € S,

Clearly, inequality (3.2) holds if

! +L{M+Z<W——\/W>} > L{MHH(\/ZMH _ ‘/‘wudo‘)},

1+ |wl  1+1 VIM ~ 141 N
which is equivalent to
L+ do] \/rwudor
>14+ 0 = —1 . 3.3
e~ VM (ML (3:3)
As the zeros of g(z) are in S;U R, and
0<i<1, US@SL OSh;—lﬁl,
by Lemma 2,
2 |do] |w||do|
>14+U1 = —1 . 3.4
T+~ TV [T (34)
Also,
1+1 21
> . 3.5
L+ |w| = 1+ |w| (3:5)

From (3.4) and (3.5), inequality (3.3) follows, and this proves Lemma 3. O
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4. Proof of the main result

Proof of Theorem 7. Since

q(z) = z;fé;) € R,
where .
h(z) = dy, ¥,
k=0
for every complex 4, |§| < 1, we have
2¢'(z)  (m—s)d . zh'(z)  zw'(z) | (m—s)d
q(2) 1+1 h(z) w(z) 1+1
Equivalently,
2q¢'(z)  (m—s)0\ . zh'(2) zw'(z) (m — s)R(9)
R ) e () R ()

Specially for z € S1, using Lemmas 3 and 1, we have

e( ) e e ()
(2 | oo o
2 1+1

_ %{|V’(z)| + 1Lﬂ(l@s —n) +2m—n+2l<%:{m> +2(m — s)éR(cS)> }

from which it is obvious that

(m —s)d
17“(1(2)‘

> %{|V’(Z)| + ﬁ(l@s —n)+2m—n+2l <\/ lm&w> +2(m — 5)%(5)>}|q(z)|

This proves Theorem 7. U

2q'(2) +

5. Conclusion

This paper investigates the bounds of the derivative of a class of rational functions on the unit
disk while considering the contribution of certain coefficients of the underlying polynomial. We
also discuss the result by Mir et al., recently published in the Ural Mathematical Journal, using
some counterexamples.
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Abstract: In this paper, we formulate and study an initial boundary-value problem of the type of the
third boundary condition for a degenerate partial differential equation of high even order in a rectangle. Using
the Fouriers method, based on separation of variables, a spectral problem for an ordinary differential equation
is obtained. Using the Green’s function method, the latter problem is equivalently reduced to the Fredholm
integral equation of the second kind with a symmetric kernel, which implies the existence of eigenvalues and
a system of eigenfunctions of the spectral problem. Using the found integral equation and Mercer’s theorem,
the uniform convergence of certain bilinear series depending on the eigenfunctions is proved. The order of the
Fourier coefficients has been established. The solution to the considered problem has been written as a sum
of the Fourier series over the system of eigenfunctions of the spectral problem. The uniqueness of the solution
to the problem was proved using the method of energy integrals. An estimate for solution of the problem was
obtained, which implies its continuous dependence on the given functions.

Keywords: Degenerate equation, Initial boundary-value problem, Method of separation of variables, Spec-
tral problem, Green’s function method, Integral equation, Fourier series.

1. Introduction

Recently, researchers have been paying more and more attention to degenerate partial differen-
tial equations. This trend is primarily driven by the intrinsic requirements of the theory of partial
differential equations. Additionally, a multitude of problems in gas dynamics, hydrodynamics [4, 5],
the theory of infinitesimal bending of surfaces, and the momentless theory of shells with alternating
curvature [17], as well as in the theory of oscillations [8, 9], mathematical biology [12], filtration
theory, boundary layer theory, and technical mechanics, necessitate the investigation of degenerate
partial differential equations.

Currently, intensive research is underway on initial boundary value problems in quadrangular
domains for degenerate partial differential equations of high even order in spatial variables. For
instance, in [3], initial boundary value problems in a rectangle were formulated and investigated
for the following degenerate equation:

o ok [ ok _

Moreover, in [2] and [13], similar equations with generalizations were explored.

When considering initial boundary value problems for degenerate equations of type (1.1), the
formulation of the problems is significantly influenced by the degree of degeneracy « [2, 3], and
sometimes by the evenness and oddness of the number k. Additionally, as the order of the equation
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increases, the number of options for boundary conditions also increases. For instance, in [2, 3],
when considering initial boundary value problems for equation (1.1) in the quadrilateral

Q={0<zx<1, 0<t<T}
at 0 < a < 1, boundary conditions of the form
(702" u|,_, =0, j=0,k—1; (89029 ul,_; =0, ¢=0,k—1 (1.2)

were specified, at « € (1,k), some boundary conditions at x = 0 are replaced by the boundedness
condition, and at a € (k,2k) at x = 0 no boundary conditions were specified.

In [13], considering equation (1.1) for o € (0,1), boundary conditions of the form (1.2) were
specified, but here ¢ = k, 2k — 1.

In [6, 7], when considering a degenerate equation of a different type, boundary conditions (1.2)
were adopted. In [15], for a specific degenerate equation, a problem with boundary conditions
relating the values of the desired function and the derivatives with respect to x at * = 0 and
x = 1 was formulated and studied. In [1] and [16], for equation (1.1) with o = 0, [ = 2, and
for a degenerate fourth-order equation of type (1.1) respectively, conditions of the third type were
specified for both z = 0 and = = 1. Moreover, in [14], a mixed problem was considered for a fourth-
order degenerate equation with fractional case of [, namely for 1 < [ < 2, and the dependence of
the degeneration degree of o to the formulation of the boundary conditions has been studied.

In this paper, an initial boundary value problem with conditions similar to the third boundary
condition for a degenerate partial differential equation of high even order in a rectangle is formulated
and investigated.

2. Formulation of the problem

In a rectangle
Q={(z,t):0<x<]; 0<t<T},

we consider the following degenerate equation of high even order

9%u o 0%y,
= L P [ t 2.1
8t2 + 8.%.2” (‘T ({91'2” > f(ﬂ?, )’ ( )

where u = u(x,t) is an unknown function, f(z,t) is a given function, and « is a given real number,
such that 0 < a <1l and n € N.
We study the following initial boundary-value problem:

Problem A. Find a function u(x,t) such that:

1) g, (89/0x7) u, (09 /027) [z (8% /02*") u| € C(), j=0,2n—1;
(0% )0x™) [x* (0% /02*") u], uy € C(Q);

2) it satisfies the equation (2.1) in the domain €;

3) it satisfies the following initial conditions

U(CC,O) = Qpl(x)’ T € [0’ 1]’ ut(:r:,()) = @2(x)’ T e [0’ 1] (2'2)
and boundary conditions
623’ 82j+1 82j N 8271 82j+1 N aQn
8x2ju(0’t):(9x21+1u(0’t)’ 02 <$ (9x2”u(x’t)> v=0 Ox2i+1 <$ ax2n“(x’t)> 2=0’
82j a2j+1 a2j N 3211 a2j+1 N 82n
5o (L= u(L ), 5 (2 (e 0) | =5 (+ gt n)|

j=0n—1, tel0,1],
(2.3)
where ;1 (x) and po(z) are given continuous functions.
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3. Investigation of the spectral problem

By formally applying the Fourier method to the problem A, we get the following spectral

problem:
_ @2n) () BV
Mv(z)] = (x v (w)) =XM(z), 0<z<l; (3.1)
v(j)(m) (xa (2n) (x)) Clo,1], j=0,2n—
v (0) = v+ (0), [z v (z) ](21 [xav 2n) ()] (2j+1) » j=0,n—1; (3.2)
) (1) = vFHD (1), [:Eav@" ()] [:cav (z)] ) _y J=0n—-1

It is easy to verify that for any functions v(x) and w(z) satisfying the conditions (3.2), the
equality

1 1
/Ow(:n)M[v(:c)]dx:/O v(x)M[w(z)|dx

holds true. This implies that the problem with conditions M[v(z)] = 0 and (3.2) is self-adjoint.
Let v(x) be a function satisfying conditions {(3.1), (3.2)}. Then, multiplying the equation (3.1)

with the function v(z) and integrating the resulting equality over the interval [0,1], and subse-

quently applying the integration by parts rule and considering equalities (3.2), we arrive at

1 1
v (z)dx = 2% [ ()] 2dux. .
R R O 33)

0

If A =0, then from equality (3.3) it follows that
v@(z) =0, 0<xz<l.

Hence, due to the conditions

o@)(0) = vC(0), (1) =01, j =TT,
we have v(z) =0, 0 <z < 1. If A <0, then from (3.3) it immediately follows that v(z) = 0,
0 <z < 1. Consequently, problem {(3.1),(3.2)} can have nontrivial solutions only for A > 0.
Assuming A > 0, we prove the existence of eigenvalues of problem {(3.1), (3.2) } using the Green’s
function method. The Green’s function G(z, s) of this problem has the following properties:
1) (07/027) G(x,s), j = 0,2n—1 and (87/0a7) [z* (0**/02*") G(z,s)], j = 0,2n —2 are
continuous for all z, s € [0, 1];
2) in each of the intervals [0,s) and (s,1] there exists a continuous derivative

(021 oz 1) [2 (6% /0x*™) G(z,5)], and at = = s it has a jump:

(82771 /0a?n=1) [22 (6% )92?") Gz, S)]m:”o =1 (3.4)

r=s—0

3) in the intervals (0,s) and (s,1) with respect to the argument z there exists a continuous
derivative MG(x,s) and the equality MG(z,s) = 0 holds;
4) for s € (0,1) with respect to x it satisfies the conditions

9% G(0,s)  9%G(0,s)

ox2 gzt 7
82j 62" 62j+1 8271 '
02 < Hx2n G(x,s)) 0T e ( (9:52"G(x’5)> .y d=0n=T
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P¥G(1,s)  9UHIG(, s)

dx2  oxXtl 7

82j N aZn 82j+1 N 8271
Ozx% <x Ox2n G(m,s)) v=1 O+l (w (9:62"G(m’8)>

As proven above, problem {(3.1),(3.2)} for A = 0 has only a trivial solution. Then, according
to [11, p. 39], there exists a unique Green’s function G(z,s) for this problem. Let us now prove
that the Green’s function G(z,s), satisfying the above conditions 1-4, is symmetric with respect
to its arguments.

Let

, j=0mn-1

r=1

v(z), h(z) € C7H0,1]; 2% (2), 2°h®) (z) € C*10,1] N C?™(0,1).
Let us introduce the following notation:

Mlo(a)] = (2*0C" (@) = (@), Mlh(@)] = ("5 (@) = g(a).
Then the following equality holds true

h(z)M(v(z)] — v(@)M[h(z)] = h(z) (@0 (@) ® = v(z) (2*n (2))
{(_1)j |:h(j) (x) (xaU(Zn) (x)) (2n—1-j) _ @) (z) (xozh(Zn) (x)) (2"*1*j)} } (3.5)

= f(x)h(z) — g(x)v(z), O0<zx<l1.
If we assume v(z) = G(z,s) and h(xz) = G(x,§), then at all the points of the interval (0, 1),
except points x # £, x # s, the equalities M [v(x)] = 0 and M [h(z)] = 0 hold. Then equality (3.5)
takes the form

2n—1

d ) dj d2n717j N d2n
Z %{(_1)j [wG(ﬁ,g) dp2n—1—j <$ dz2n G(x’s))
j=0 (3.6)
d] d2n—1—j d2n
— G, 5) (madﬂn G(x,§)>]} =0, ze(0,1)/{s ¢}

Without loss of generality, we assume that s < . Then the segment [0, 1] is divided into three
segments: [0,s], [s,£], [€,1]. Integrating the equality (3.6) over these segments, we obtain

2n—1 i i
T & d2n—1—j d2n
—1)J «
j}:o: {( 1) [ G, )T (2" Gl 9))

dj d2n*1*j N d2n z=5—0
— G, 8) T (2" G(m,f))] }

da =0
2n—1 ‘ dj d2n—1—j d2n
1) = «
-3 {17 |56, fzms (o g Glo)
di J2n—1-j N q2n z=£—0
dad G, s) dx?n—1-j <x dz? G(x,§)>] }m:s+0
2n—1 ; ;
T d d2n—1—] d2n
1)V 2= a
* Z {( 2 [dij(x”S)dx%—l—j (w d:cQ"G(x’s))

& o A -
_—G(QC, S) 217 <£C dx2n G(x, £)>:| }$§+0 =0.
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If we consider the properties 1 and 4 of the Green’s function G(z,s), then the last equality
takes the form:

[ T (e ) [7 + [0 5) T (2 i)
2n—1 2n r= 2n—1 2n r=
(6 g (G e)) | G (0 G 0] [ =0

According to the property 2 of the function G(z,n), the derivative of
(021 oz 1) [2 (82" /0x*™) G(z,m)] is continuous at x # 7. Therefor we have the equality

2n—1 d2n d2n— 1 d2n

G0 dcizn—l (o e 9)|, ., ~ 6O g (+* G 0) |, )
+[G(x’8)d;:n_11 (° dcf:n G(,9)) ‘$:§+0 - G(x’s)dd;:n_ll (= dcf:n C@)|,_ o] =

Hence, by virtue of equality (3.4), the equality
_G($7 5) + G(§7 5) =0,

follows, which we need to prove.
In the special case when n = 1, the Green’s function G (z, s) takes the following form:

sxp3=¢ . sp?=« . < s3—a n s n 1 > (x+1), 0<z<
x x<s
2—-a), (1-a) 2-a), 3—-a 33—« ’ -0
G(m,s) - 3—a 2—a 3—a
s n s +( T n T n 1 >(s+1) s< <]
2—a)y, (1-a) 2-a)y, 3—a 33—« T

Now, applying the method used in [11], it is easy to verify that problem {(3.1),(3.2)} is equiv-
alent to study of the following integral equation

1
v(x) = )\/0 G(z,s)v(s)ds. (3.7)

Since the kernel is continuous, symmetric and positive, the integral equation (3.7), and therefore,
the problem {(3.1), (3.2)} both have a countable set of eigenvalues

D<A < << <A <., A= o0,

and the corresponding system of eigenfunctions wv(x), ve(z), vs(x), ..., vg(z)... forms an or-
thonormal system in the space Lo(0,1) [10].

In addition, it is not difficult to verify that the system of functions x®/ 2@2211) () /v Nk,
k=1,2,... also forms an orthonormal system in Lo (0, 1).

Lemma 1. Let the function g(x) satisfy the conditions (3.2) and Mg(x) € C(0,1) N L2(0,1).
Then, g(x) can be expanded on the segment [0, 1] into the absolutely and uniformly convergent series
in the system of eigenfunctions of the problem {(3.1),(3.2)}.

P roof. Using the integration by parts rule, the properties of the Green’s function G(z, s),
and the conditions imposed on the function g(x), it is straightforward to verify the equality:

](Zn) ds = g(z).

/01 G(z,s)Mg(s)ds = /01 G(z,s) [so‘g(zn)(s)
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Since Mg(z) € L2(0,1), it follows from the last equality that g(z) is a function representable
through the kernel G(z,s). Additionally, the function G(z,s), i.e. the kernel of equation (3.7), is
continuous in Q. Then, based on Theorem 2 in [10, p. 153], the statement of Lemma 1 holds true. [J

Lemma 2. The following series converge uniformly on segment [0, 1] :

“+o00 ) +oo )
> [ @) e S ([ (@)] (”)2 /N2, j=02n=T (3.8)

k=1 k=1
P roof. Considering the equality (3.1) and the properties of the function G(z, s), from (3.7)

at v(z) = vg(x), we obtain

j ! aj ! a (2n 2n aj . —
v,(j)(:n) =\ ; @G(x,s)vk(s)ds:/o (s v,(f )(5)]( )%G(x,s)ds, j=0,2n—-1.

Hence, applying the rule of integration by parts 2n times, and then considering the condi-
tions (3.2), we have

A 1 . 92n+i ‘
vlg])(x) = /0 so‘vlg2 )(S)iama‘as% G(z,s)ds, 7=0,2n—1,

which, due to A > 0, implies the equality

(4) 1 2n+j a2, (2n)
v (@) _/ aj2 07" 520 (s) |
vl (s ERE o G(x, 5)> Ve ds, j=0,2n—1. (3.9)

From (3.9) it follows that v,(cj )(x) /V/ Ay is the Fourier coefficient of the function by the orthonor-

mal system
+00

{2120 ()2}

Therefore, according to Bessel’s inequality [10], we obtain

k=1

+oo ) 2 1 a2n+j 2 _
S [E@] < [ [t )] s j=0ET (3.10)
k=1

The integral on the right-hand side (3.10) can be rewritten as

1 N §2n+i 2 1 Y Y N H2n 2 o
/0 s [TNOS%G(%,S)] ds-/0 s [@(s aSQNG(ac,s)ﬂ ds, j=0,2n—1.

Since

o 0"G(z,5) G(x,s)
dsn 7 Qi
the function in the square bracket is continuous on 2. Then, due to 0 < o < 1, the integral on the
right-hand side, and therefore the integral in (3.10), is uniformly bounded at j = 0,2n — 1, which
implies that the first series in (3.8) converges uniformly.
The convergence of the remaining series can be proved similarly.
Lemma 2 has been proved. O

€C(Q), j=0,2n—1,
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Lemma 3. Let the conditions

gD (@) e, j=0,2n—1, z*%¢®(z)e C(0,1)N Ly(0,1);
g#(0) = g® (), ¢P(1) =g, =01

be fulfilled, then the inequality

400 1
> Mg < / 2%[g® (x)] *da (3.11)
k=1 0

holds true. Specifically, the series on the left-hand side converges, where

1
%zfgmwwm,kew
0

P r oo f. By utilizing equation (3.1), we can write

1 1
)\Ilﬁ/2gk :)‘119/2/0 g(z)v(x )d:v—)\ 1/2/0 g(x) [a: v,(fn)(x)](%)dx.

Hence, by applying the integration by parts rule 2n times and considering the properties of the
functions g(z) and vg(z), we derive

11/29 _/ {ma/2 (2n) }{)\ 1/2 a/2 2n }dm

This implies that )\,16/ ng is the Fourier coefficient of the function z%/2g(2") (z) by the or-

thonormal system {z%/20("(z)//X } Therefore, according to Bessel’s inequality [10],
inequality (3.11) holds true. Lemma 3 has been proved. O

Lemma 4. Let the function g(x) satisfy the conditions (3.2) and let
Mg(x) € C(0,1) N L2(0,1),

then the following inequality holds true
+oo 1
> et < [ gl (3.12)
k=1 0
Specifically, the series on the left side converges, where
1
a= [ g, keN.
0
P r oo f. By virtue of the formula for g; and equation (3.1), the equality

1 1
ek = Ak/o g(w)vg(z)dx :/0 (@) [z (2)] * da

is valid.
Applying the rule of integration by parts 4n times to the integral on the right side and consid-
ering the properties of the functions g(z) and vi(x), we get
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Mg = / (299 (2)] oy () e = /O [Mg(z)] op()d.

0
This implies that the value A\igy is the Fourier coefficient of the function Mg(x) in the
orthonormal system of functions {vy(x)};>. Then, according to Bessel’s inequality [10], inequal-
ity (3.12) holds true. Lemma 4 has been proved. O

Similarly to Lemma 3, one can prove the following
Lemma 5. If the function g(z) satisfies the conditions (3.2) and
[Mg(2)]V) € Cl0,1], j=0,2n—1; a**[Mg(x)]* € C(0,1) N Ly(0,1);

[Mg(@)]®)|,_o = [Mg()] D] [Mg(@)®] _ = [Mg(@)]>*V| _, j=0n—T1,
then the inequality
+00 1 9
>oatat < [ o {(Mgl)} da
k=1 0

holds true, particularly, the series on the left side converges, where

1
g = / g(z)or(@)dz, ke N.
0

4. Existence, uniqueness and stability of a solution to Problem A

We will seek a solution to problem A in the form

+oo
(@, t) = up(t)or(x), (4.1)
k=1

where vi(x), k € N are the eigenfunctions of the problem {(3.1),(3.2)}, and ug(t), k € N are the
unknown functions to be determined.

Substituting (4.1) into equation (2.1) and the initial conditions (2.2), with respect to wug(t),
k € N, we obtain the following problem

ug(t) + )\kuk(t) = fk(t), t e (O,T), k€ N,
uk(o) = L1k, ’U,;C(O) = P2k,
where

1 _ 1
oo = /O oi(@yon@)de, j=T.% fult) = /0 f(z,tyop(@)dz, ke N,

It is known that the solution to the last problem exists, is unique and is determined by the
following formula:

t
uk(t) = @ cos (tv/Ar) + a7 sin (ty/A) + Akw/o fi(r)sin [(¢ = 7)v/ M) dr,

(4.2)
0<t<T.
From here, the following estimate
lug (V)| < |o1| + L |lar| + L /T 2(rydr, 0<t<T (4.3)
Uk > [Pkl T = P2k T T T)aT, 1= .
VA ViV Jo 7F

easily follows.
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Theorem 1. Let the function ¢1(x) satisfy the conditions of Lemma 5, the function @o(x)
satisfy the conditions of Lemma 4, and the function f(z,t) satisfy the conditions of Lemma 4 with
respect to the argument x uniformly in t. Then series (4.1), the coefficients of which are defined
by the equalities (4.2), determines the solution to problem A.

P roof. To do this, it is necessary to prove the uniform convergence in Q of series (4.1) and
the following series, formally obtained from (4.1):

+oo
= Z ug,(t)vk(x)
+o00 =

(93u:nt [
Zuk :U, i=12n—-1,

j 2n ‘
%( 2 xzn ) Zu (z0® @)Y, j=02n—1

and uniform convergence in any compact set of {0 C 2 the series

o2n 3211 .
dp2n <”f'3 31211 ) Zu 3: vk (55))(2 )a (4.4)
+00
ug(,t) = Zug(t)vk(m) (4.5)
k=1

Let us consider series (4.1). By virtue of (4.3) from (4.1), for any (x,t) € Q we have

= Jog(w r
wt|<§j|uk oz |<Z (f|so1k|+|sm|+ | <>df).

From here, applying the Cauchy—Schwarz inequality, we obtain

400 2 +o0 T +0oo
e < S B S e S dr | [ Snorar). 6o
k=1 k=1 O k=1

The series on the right-hand sides of this inequality, due to the conditions of Theorem 1,
according to Lemmas 2 and 3, converges uniformly. Therefore, the series on the left side, i.e.
series (4.1), converges uniformly in €.

Now, we consider the series (4.4). By virtue of equation (3.1), in any compact set € the series
in (4.4) may be written in the form

+oo
Z )\kuk(t)vk(x) (4.7)
k=1

To prove the uniform convergence of series (4.7), according to (4.3), it is enough to prove the
absolute and uniform convergence of the series

Z AkP1kUE (2 Z V\kpor vk () Z VA / |? drog(x). (4.8)
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In Qg, we apply the Cauchy-Schwarz inequality to each of these series:

‘Z)‘Wl’”’k ‘ Z‘f@lkvk ‘g [io)\z@%k > v,%)\(:)rm,

k=1 k=1
V| = thk”’“ < [ 5
. k=1

(Zf / 2dr - vz \\/v/ [fo(r)]2dr - ”\’f/%)(

z [/fii;?ﬂ o $ 0]

The series on the right-hand sides of these inequalities, due to the conditions of Theorem 1,
according to Lemmas 2, 4 and 5, converges uniformly. Then the series located on the left sides,
i.e. series (4.8) converges absolutely and uniformly in €. Therefore, the series (4.7), and therefore
the series in (4.4), converges uniformly in the compact set 5. The uniform convergence in Qg of
series (4.5) follows from the convergence of series (4.4) and the validity of equation (2.1).

The uniform convergence of the remaining series is similarly proved. Theorem 1 has been
proved. ]

Theorem 2. A problem a cannot have more than one solution.

Proof. Let us assume that there exist two solutions wj(x,t) and ug(z,t) of problem A.
We denote their difference by u(z,t). Then the function u(x,t) satisfies the equation (2.1) for
f(z,t) =0, and conditions (2.2) and (2.3) for ¢1(z) = p2(x) = 0.

Let ¥ Ty € (0,71,

Qo={(z,t):0<z<1, 0<t<Tp}.

It is obvious that Qg C . Let us introduce the following function:

To
w(z,t) = —/t u(x,)d¢,  (z,t) € Qo.

This function has the following properties:

dw O 0?"w = B P
1) wi, wi, 927’ D7 <Cﬂaax2n> €eC(Q), j=02n—-T;

2) it satisfies the conditions (2.3) at ¢ € [0, Tp].

Let us consider the equation (2.1) for f(x,t) = 0 and multiply it by the function w(x,t), and then
integrate the resulting equality over the domain € :

/QO w(x,t){utt(x,t) 33 2n|: 02;(2 )”dtdm:o,

We rewrite this equality as

T() 6211 6211 T()
/ dt/ xt82n 82" dt—l—/dx/ w(z, t)uy(z, t)dt = 0.
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Now, applying the rule of integration by parts, we obtain

To o=t 0%z, t) ow(z,t) 02 ,  0*"u(w,t)
[ oo et e 2t

Ox2n—1 Ox2n Or Ozx2n—2 Ox2n

2n—1 2n To 2n 2n
+...—a w(z,t) (xaa u(, ) } dt+/ dt/ o ;flt ) 97 ulz, )d:c—{—
z=0 O

Ox2n—1 ox2n ox2n
L ou(z,t) |t=To 1o gw(z,t) Ou(x,t)
+/0 [w(x’t) at L:o _/0 ot ot ]dm =0

from which, due to the properties of functions w(z,t) and u(x,t), the equality

T() 2n t 277, T() t t
/ dt/ o0 2?; 0 2n /dm/ aw:c (9u3:) s 0
ox ox
follows.

Hence, taking into account equalities

8_w aQnu _ aQn—f—lw
ot’  oxn  Jxnot’

To 3211 82n+1 To )
z%d dt d — dt =
/ x/ aﬂ" w%& /ﬁx/ 0-

Further, taking into account the equalities

u =

we have

Ou(xz,t) 10 s 0'w(x,t) 0*"Mw(z,t) 10 [0*w(a,t) 2
t =~ lu(a, t g nh
e =g = g @ T e~ zar | own |

and applying the rule of integration by parts to integrals over ¢, taking into account w (x,Ty) = 0,

u(z,0) = 0, we obtain
! ! 0*Mw(x,t) 2
/ u? (x,Tp) dz + / x® [7%’} dx = 0.
0 0 Oz 1=0

It follows that u(x,Tp) = 0, « € [0,1]. Since we considered VT € [0,7], then u(z,t) = 0
(x,t) € Q. Then ui(x,t) = uz(w,t), (v,t) € Q. Theorem 2 is proven. O

Theorem 3. Let functions ¢1(x), p2(x) and f(x,t) satisfy the conditions of Theorem 1. Then
for the solution of Problem A the following estimates

lu(z, )7, 0,1) < Koller (@)1, 0.y + lle2(@)l 7, 0,0) + 1 (@ DI, )] (4.9)
Bllu(z, )@y < K1 [leP @)1, 01 + le2@ o) + 1@ Do) (4.10)

ler(@)lz, 01y = [/01 2 [p1(2)]? dﬂj N

and r =r(z) = z%, and Ky and K, are some real positive numbers.

are valid, where
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P r oo f. Here, taking into account the orthonormality of the system {v (m)}Ziol and inequal-
ity (4.3) followed from (4.1), we obtain

—+00 —+00
1 1 2
u(x,t) U O1k| + —= |par| + —= || fr(t
I Doy = 3 1: G ,;:1:{' wl+ = lead + o= Ol |

+00 +oo
1 1
<3y [t 3ovbe 3 IO 0n | <33 o+ 3+ 3 1O 0m |
k=1

Hence, considering Bessel’s inequality, we get
+00
2 2 2
Hu(ﬂf,t)H%g(o,l) < Ko < o1 (@) I7500,1) + ll2(@)7,0,1) + Z 1 700,1) >, (4.11)
k=1

where Ky = 3C, C = max (1,1/\1).

Taking into account the following easily verifiable equality

[ f (1) HLQ(Q Z | fx(t) HLQ(OT

from (4.11), we obtain inequality (4.9).
Further, according to the statements of Lemmas 2 and 3, from (4.6) it follows

T+o00 +00
[|u(x, t)HC —sup|u(az t) < Ky \// 2% 2n 2))2dz + ng% /0 Z[fk(T)]QdT},
k=1

where

K1 =sup ka

[0,1]

From here, due to the introduced notation, inequality (4.10) follows. Theorem 3 has been
proved. ]

5. Conclusion

In a quadrilateral, an initial boundary-value problem has been considered for a high-order
partial differential equation that degenerates at the boundary of the domain. The uniqueness of
the solution to the problem was proved by the method of energy integrals. The solution to the
problem was found in the form of a Fourier series. The sufficient conditions for the given functions
have been identified that ensure the existence of a solution to the problem. The estimates for the
solution of the problem in spaces Ls [0, 1] and C' [0, 1] have been obtained.
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Abstract: To explore the impact of toxicants on a marine ecological food chain system consisting of three
species, this work develops and analyzes a non-linear mathematical model. The model consists of five state
variables: phytoplankton, zooplankton, fish, environmental toxicant, and organismal toxicant. We have incor-
porated the Monod-Haldane functional response as a predation function for each species. Using the Jacobian
matrix, the stability analysis was conducted, and necessary constraints were obtained for the system’s local and
global stability. Hopf bifurcation analysis was performed for carrying capacity (K) and the rate of decrease in
the growth rate of phytoplankton due to the presence of toxicants (r1). Also, phase portraits are presented for
different parameters of the model. In addition, numerical simulations are executed using MATLAB to prove
theoretical findings and explore the impact of parameter variation on ecological species behavior.

Keywords: Environmental toxicant, Marine food chain, Stability, Hopf-bifurcation, Lyapunov function.

1. Introduction

It is well known that environmental contamination poses a significant threat to marine ecosys-
tems. The main causes of it are industrial discharge and chemical spills. The rapid expansion of
modern industry and agriculture significantly contributes to environmental pollution and habitat
degradation. These pollutants contain harmful elements such as cadmium, zinc, copper, iron and
mercury. As a result of the destruction of their natural ecosystems and increased exposure to
dangerous pollutants, many species face serious risks to their survival, and many are on the verge
of becoming extinct. Therefore, it is essential to study toxic substances in marine ecosystems from
an environmental and conservational point of view.

In recent decades, mathematical models have become tremendously helpful in understanding
and assessing the feeding relationships between species within ecosystems. In [2], Babu et al. ex-
plored the dynamic difficulties of a three-species food chain model. From the stability analysis,
sufficient constraints for the survival and extinction of the population under toxicant stress have
been revealed. Zhang et al. [22] considered an experimental marine food chain with three levels
(microalgae — zooplankton — fish) to evaluate how feeding selectivity affects the transmission
of methylmercury (MeHg") across the food chain system. In [11], Misra and Babu proposed
and examined a three-species mathematical model in the presence of environmental and organis-
mal toxicants. They found that Hopf bifurcation occurs at the predation rate of the intermediate
predator. They also note that the system containing toxicants appears to be more stable than the
toxicant-free system. Kalyan Das et al. [5] determine how the nanoparticle influences the inter-
action between phytoplankton and zooplankton. They observed that when zooplankton consumes
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phytoplankton, the growth of the zooplankton is slowed down by nanoparticles. Majeed and Kad-
him [13] discussed the occurrence of local bifurcation and persistence under suitable food chain
conditions, including a model of prey-first predator-second predator under the influence of toxins
on all species. Talb et al. [20] considered a three-species aquatic food chain model in a polluted
environment. It is noted that there are rich dynamics in the proposed food chain model, including
periodic and chaotic. Kavita Yadav et al. [21] examined a marine tri-trophic food chain system
that has distributed delay and environmental toxicants. They observed that distributed delay and
environmental toxicants are crucial variables in the occurrence of Hopf bifurcation. Mandal et
al. [14] created a mathematical model to study the control of the harmful effects of toxicants on the
phytoplankton-zooplankton system by raising public awareness among people. They reveal that
a moderate level of anthropogenic pollution might cause the phytoplankton-zooplankton system
to become unstable. However, the contaminated system becomes stable due to public awareness.
Smith and Weis [18] have observed that fish from polluted environments have much higher mortality
rates than fish from unpolluted areas when they were exposed to a predator (blue crab Callinectes
sapidus Rathbun).

Although several mathematical models may be used to explain the dynamics of interacting
species, predator-prey theory is still based on the predator’s functional response. Pal et al. [17]
developed a simplified Monad Haldane (MH) functional response for toxin-producing phytoplankton
and zooplankton populations and investigated how the toxication process of phytoplankton affects
bloom creation and termination. Lui and Tan [9] where MH functional response is used for group
defense theory. Several studies, based on theoretical and experimental data, have examined tri-
trophic food chain systems, focusing on the impact of toxicants on the system’s survival or extinction
[1, 3, 4, 6-8, 10, 15, 16, 19]. So, these investigations encourage us to investigate the dynamics of
the fish, phytoplankton, and zooplankton systems when toxicants are present.

In this paper, we formulated a mathematical model to study the impact of toxicants in a three-
species marine food chain system considering Monad—Haldane functional responses. The existence
of several equilibrium points has been examined. Then we established the local stability of the
system using the Jacobian matrix. We also use the Lyapunov function and the Routh—Hurwitz
criteria to assess the global stability and durability of the system.

2. Model formulation

Here, we consider an ecological model with three marine species. There are two ways through
which toxicants can enter an organism. It can be absorbed by the population through resources
(food chain) or directly from the environment. The model assumes that organismal toxicants have
a negative impact on the growth rate of prey populations. In the absence of organismal toxicants,
the prey’s population growth follows logistic growth. In the model there are five state variables:
x(t) density of phytoplankton, y(¢) density of zooplankton, z(¢) density of fish, c.(t) concentration
of environmental toxicants and cy(t) concentration of organism toxicant in the prey population. By
considering these as state variables, we formulate a mathematical model to investigate the effects
of toxicants on a three-species marine food chain system using the following system of non-linear
ordinary differential equations

_ S
dt zr{co) <1 K) azr? +m’ (2.1)
dy bxy cyz 9
by g vE 2.2
dt ax?24+m Y By2 +h gy (22)
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dz dyz 9
= - 2.3
it~ By +h T (2:3)
dce
¢ Q0 aice — azxce + ey, (2.4)
d
% = asxce — bicyg — vacy, (2.5)

with (0) > 0, y(0) >0, 2(0) >0, cg >0, c(0) > 0. Here, we assumed that the growth of
phytoplankton is negatively affected by organismal toxicants, we consider

r(co) = ro9 — 1100,

where ry denotes the intrinsic growth rate of phytoplankton, r; is the constant that determines the
rate of decrease in the growth rate of phytoplankton due to the presence of toxicants, and K is the
environmental capacity.

The expression azy/(ax? +m) describes the predation of phytoplankton by zooplankton fol-
lowing Monad Haldane functional response, a is the predation rate, m is the saturation constant
which is scaling the impact of the predator interference, food chain and food weighting factor, «
denotes the inhibitory effect.

As the zooplankton population consumes the phytoplankton population, the growth is directly
related to the rate at which phytoplankton is consumed, i.e., response function for zooplankton is
bry/(ax? +m), where b is conversion coefficient, d; is the natural death rate of zooplankton and g;
is the intraspecies competition coefficient among zooplankton population.

The term cyz/(By? + h) describes the predation of zooplankton by fish, ¢ denotes the predation
rate, h is the saturation constant which is scaling the impact of the predator interference, food
chain and food weighting factor, and 5 denotes the inhibitory effect.

As zooplankton is consumed by the fish population, so the growth of fish is dyz/(By? + h),
where d is the conversion coefficient of zooplankton to fish, ds is the natural death rate of fish
population and g is the intraspecies competition coeflicient among fish population.

Let gg represents the external input of toxicant into the environment. The parameter v denotes
the removal rate of a toxicant from the prey population (phytoplankton) due to its death. The
parameter as denotes the removal rate of a toxicant from the environment due to uptake by the
phytoplankton (prey) populations. Furthermore, b; and a; denote the washout rates of organismal
and environmental toxicant, respectively.

3. Boundedness of the Model

Determining the boundedness of solutions is essential to ensuring the system’s biological feasi-
bility. It guarantees that all population densities remain finite and non-negative for all time. Now
we will determine the region of attraction, where our system is bounded.

Theorem 1. Let the set
Q= {(@y, 2, c0000) €R”: alt) S K, wlt) + Ty(t) + 1o2(t) < K,

ce(t) + cot) < Ko, co(t) > K3, x(t) + co(t) > K4},
then all solutions of the system are bounded in the region 2, where
q0 q0 i, — @0 —aki)

1)K
M7 Ko=2 Ky=—2 L= ’
$1 b2 a; +ax K ®3
o1 = min{d, ds, 1}, P9 = min{al, bl}, ¢3 = max{nKQ — 19,01 + GQK}.

Ky =
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Proof. From (2.1), we get

Z—jgxm(l—%).

By the usual comparison theorem, we get as t — oo,

z(t) < K.

Now, let us consider the following function:
ac

F(t) = a(t) + Ju(t) + 552(0)
by using (2.1), (2.2) and (2.3), we get
dF

E +¢1F S K(TO + 1)7
where ¢1 = min{l, d, da} then, by the usual comparison theorem, we get as t — oo
K 1 K 1
Py < BO0FD - poy o+ Gy + o) < Ky, Ky = B0t
$1 b bd P1

Again, consider the following function:
G(t) = ce(t) + co(t),
then by using (2.4), (2.5), we get

dG
—- + (a1ce + bico) < qo,
dt
then again using usual comparison theorem, we get as t — oo,
do
Gt) < 22
(t) < ®2
where ¢ = min{ay, b1}, and hence
ce(t) +co(t) < Koy Ko =1
¢2
From (2.4) we get,
dc
d—te + (a1 + a2 K)ce > qo,
then, we get as t — oo,
do
t)> Ks, K3=—"—.
ce(t) = Ka, 5T+ agK

Now let us consider the following function:
H(t) = x(t) + ce(t),

by using (2.1) and (2.4) we get,
dH

— H > —aK
o + ¢3H > (qo — akKy),

where
¢3 = max{r1 Ko — 19, a1 + axK},

then we get as t — oo,
H(t) > (g0 — aK1),

and hence,

2(t) +cot) > Ky, Ky = (qo—(ﬁiam).
3

Hence, all the solutions of the system are bounded in the region €.
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4. Analysis of Model

4.1. Existence of equilibrium points

In steady-state solutions, where population densities do not change over time, the system’s equi-
librium points are found. These can be determined by solving the system of algebraic equations
obtained by setting the right-hand sides of differential equations to zero. The set of four equi-
librium points considered in this study includes all biologically feasible configurations of species
survival and extinction under the influence of toxicants. Specifically, we examine: (i) the trivial
equilibrium where no species survive, (i) boundary equilibria representing partial survival of one
or two species, and (7i7) the interior equilibrium where all species coexist. Thus, the mathematical
model has the following four positive equilibrium points, namely, Eq(0, 0,0, c¢,0), E1(Z,0,0,¢é,co),

E’g(i,@,(),ée,éo), E3(x*, y*, 2%, ¢, ¢f)-

e For the equilibrium point Fy(0,0,0,c.,0):

— from (2.4) we get ¢ = qo/a1. When only an environmental toxicant is present, then the
equilibrium point is Ey(0,0,0,qo/a1,0).

e In the absence of Zooplankton and Fish E1(%,0,0,¢,¢):

— from (2.1) z = K;
— from (2.5) ép = aaKée. /(b1 + vK);
— from (2.4)

_ q0

“= + a2 K — asvK?/(b+vK)’

Ge > 0if (a1 + asK)(b+vK) > asvK?.
e In the absence of Fish Eg(i,g,O,ée,éo):

— from (2.2) we get

1 bz
j=—|————d ] 4.1
y a1 |:Oé£'2 +m ! ( )
9> 0if b3 > (ad? +m)dy;
— from (2.4)
. qo(b1 + v)

e = (a1 + a22)(by + v&) — vagd?

¢, > 0 provided (ay + as2)(by + v2) > vagd?;
— from (2.5)
aggﬁc} .
by +vi’

— from (2.1) we get an algebraic equation in & variable,

A~

Ccy =

(4.2)

A~

Z
(ro — m160)(ad? +m) (1 - ?) —ay =0.
A positive solution is obtained by solving the above equation for & and then the values of ¢y,
¢e, § can be computed from equations (4.1) to (4.2).

o When all the species are present (non-trivial equilibrium point) E3(x*,y*, 2%, ¢}, c5): the

existence of the equilibrium point £ has been established through the isocline method [12],
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— from (2.1)
= rm ol T ®) el = ; 4.
0 TI(K - I’) |:T'O < K) CVI'Q +m] ml(x7y)7 ( 3)
— from (2.4) and (2.5),
. 1
ce = gy lao = buma(z, g)] = ma(z, y):
— from (2.2),
. By +hp bz
T c [amQ +m dy — gly] = m3(z,y). (4.4)

Now, considering two functions (from (2.2) to (2.4)),

Su(z,y) = qo — (a1 + asx)ma(x,y) + vam(x,y),

bdzx
Sia(z, y)ﬁ +vzmi(z,y) + qo — diy(d + g1y) — cz(dy + g22) — (a1 + agx)ma(z,y).
For the existence of z* and y*, the two isoclines,
Sui(z,y) =0, (4.5)
Sia(x,y) =0,
must intersect. We note that
b b h2d?
$11(0,0) = =2 >0, §15(0,0) = 2 4 hdydy — L,
(&) T &

b h2d?
%@m>0ﬁ-?+mw>@7i
1

Also considering, S11(z,0) = 0 then = will be a positive root (say) ¢1, from the following

value of z,
bair
T = 0 > 0,
as(bro — r1q0) — vairg

if ag(bro — r1q0) — vagrg > 0.

Now, consider S11(0,y) = 0 then,
mro
Yy=—"=¢2.
a
Now, let us consider Sia(z,0) = 0, then x will have one positive root (say) ¢s3, from the
following cubic equation of x,

aBz? + aAz? + (amB — bh)x + mA =0,

if amB < bh and mA > 0, where,
b b
A= g0, e [T 2 (g b)),
1 ™ a1 1
Now S12(0,y) = 0, then y will have one positive root (say) ¢4, from the following equation
of y,
Ay + Aoy’ + Agy* — Ay’ + Asy® + Agy — A7 = 0,
2 2d 2 2 Qh 2d2
A = 928 Ay — 1918792 Ay = 92897 n g28%dy

) )
& & & C

)

4 dih 28hd? 2 goh?
Ay = q1da B — M, As = b 0192 — glgj —dida + g1dy,
2 dih? b b d?h?
A6:M_d2h91 +dd1+&, A7=1—To+d1d2h—9271,
rm (&) C
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if Ay >0, A5 < 0, Ag and A7 > 0. Thus, both the isoclines intersect each other in the
region w

w:{(x,y):0<x<¢3,0<y<¢2},

in the following two cases (see Fig. 1):

(1) 1 @3> P2,  O1 > Pa,
(i1) : @3 < 2, 1 < ¢a.

This point of intersection will give x*, y*. For the uniqueness of the (z*,y*), we must have
dy/dz < 0 for the curves in the region w. For the curve (4.5),

dy (ax? 4+ m) (K —2) N 2aaxy

(ﬂnmx—mxmﬁ+mn—5y(< +AQ)<<Q(4n

where
as ai + axx X @
Fr= 2 bim) —omi, By= 0 e g (1 2)
L= (g0 — bimy) — vmy 2 a; } oz §= 70 K)  az?+m
and for curve (4.6)
@ B Gy — Gy — cmg(x,y)(dQ + 292m3) — bdy/(owc2 + m) <0, (4.8)

de di(d +2gy) — bd/(ax? + m)

where
by (a1 + agm)]

abq GQQO]
al ’

 Gimmilap o o

Gy =m! [
1 =my(z,y) |ve + a a

In case (i), the absolute value of dy/dx given by (4.7) is less than the absolute value of dy/dx
given by (4.8). For the case (i7), the condition is the opposite. Knowing the value of z*, y*;
z*, ¢& and ¢ can be computed from the (4.3) to (4.4).

Y Y
(x*, y*) (x*, y*)
¢, / b, /
b, ¢,
0 ¢, ¢; X0 b3 ¢, X
Case (): ¢35 > 2, P1 > @4. Case (ii): ¢3 < @2, ¢1 < ¢a.

Figure 1. Existence of equilibrium point E3 of the Model.
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4.2. Local stability of the Model

Local stability analysis investigates the behavior of solutions in proximity to equilibrium points
through the examination of the Jacobian matrix. To validate the local stability of the equilibrium,
the eigenvalues of the Jacobian matrix are computed at each equilibrium point. If all eigenvalues
have a negative real part, the equilibrium point is locally asymptotically stable.

The Jacobian matrix associated with the Model is

diy —di2 0  —diz O
do1 —dap —dog 0 0

J = 0 dso dss3 0 01,
dgg 0 0 dyg  dgs
dsi1 0 0 dsq  dss

2z ay(m — ax?) azr x
di1 = l—-—=)———— =———, diz= 1——
1 T(CO)< K) (az2+m)2° T axZ4m’ P Tlx( K)’
by(m — ax?) cz(h — By?) cy
d - 5 d - d + 2 + o ==,
21 (az® + m)? 22 1 g1y (By + h)? 23 B2+ h
dz(h — By?) dy
d = 5 - - d - 2 9
32 (By + )2 33 B2+ h 2 g2z
dig =20, dy = —agce +vey, dys = —a1 — az,
ds1 = asce — vy, dsg = —by —vx, dss = as.

e At Eg, the eigenvalues of the characteristic equation are rg,—dy, —ds and ++/a1by, showing
the instability of Ej since one eigenvalue is positive.

e At Eq, two eigenvalues of the characteristic equation are,—d;,—ds, and the remaining three
eigenvalues are given by the roots of the following cubic equation

A SN2+ Sod+ S5 =0,

where
5= D) (0, + am) - ri@) (1- ).
Sy = Cl.i'(G/Q + U) + alg(vcb — GQC}) — ash1Z — a1by — ajvzx,
S3 = azai(véy — azée) + c1(agbi1 T + ar1by + a1v),
1= w — (a1 + a2x) — r(c‘o)<1 — %)
According to Routh Hurwitz criteria E; is locally asymptotically stable if S; > 0 and
5152’\— S3 > 0.

e At Ej, one of the eigenvalues of the characteristic equation is dgj/(892 + h) — da and the
remaining four eigenvalues are given by the roots of the following equation

M+ QN+ QN+ Q3A + Qs =0,
where
abij(m — ai?)
(az? +m)3
abiy(m — ai?)
(az? +m)3
abiy(m — ai?)
(az? +m)3

Qr=di +2919 — (aa +v)T — — wi,

Q2 = —w [d1 +2g19 — ] —aiby — (a1v + agby)z

—(az +v)z [d1 +2q1y — - wl] ;
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abij(m — ai?)
(ai? 4+ m)3
abij(m — ai?)
(@2 +m)3 1} ’

Q3 = f(ag + v)w1 |:d1 + 2919 — } — (alv + agbl)f

[d1 + 2019 —

abij(m — ai?)
(az?2+m)3 I

Q4= a1by + (CL1U + azbl)i — w1 |:d1 + 2919 — (ag + U)&% —

. z ir(co)  ag(m — ai?)
= 1 — —> .
b T(CO)< A (a&? 4+ m)?

Applying Routh-Hurwitz criteria, it is found that Es is locally asymptotically stable if the
following conditions hold:

Q1>0, QiQ2> Q3 Q1Q2Q3 > Q3 + QiQu.

o The characteristic equation of E3 is given as:

A4+ RiA + RoA® + Rs\? + RyA+ Rs = 0,

where
Ry = —(a4s + ass5 + a11 + azz + asz),
Ry = agsass — asiass + (a4q + ass)(ag2 + asz + a11) + azzass
—ag3az + ain(aze + azs) + ajzasi,
R3 = —[(a4sas5 — asiass)(agz + ass + a11) + (asq + as5)(aza33 — azzasz
+ar1(ag + asz) + a12a21)] + a13(assass5 — as1a45) + agraiz(a + assz),
Ry = (a4aa55 — as1a45)(azzazs — azzasz + ain(age + ass) + ajzazr)+
(@44 + as5)(a12a21a33 + a11(azazs — azzass)),
Rs = —(aaas5 — as1a45)(a12a21a33 + a11(a20a33 — az2a23)) — (a41a55 — as1045)
(a1sa23a32 — ar3az:ass).
and
X - X %2 X
ail = 7“(0(*)) <1 - %) -2 7;00) B G?QECTQ +O;r9:)2)’ a1 = _axf;—i— m’
* X *2 X %2
a1z =" (1 - %) » G21 = %, agy = di +291y" + %,
wpy = Y g, By Ay
By** +h (By* + h)? By +h
aq1 = —aC; +0C;, Qa4 = VT, @45 = —a; — ax”,
asy = agC, —vcy, asqa = —by —vx*, ass = axzr’.

According to Routh-Hurwitz criterion, the equilibrium point E3 is locally asymptotically
stable if

Ry >0, RiRy—R3>0, RiRyR3> R2+ R?Ry, RiRoR3+ RiRs5 > R%+ RIR,.
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5. Global stability

Global stability is analyzed using Lyapunov functions, ensuring that the system will settle into
a steady-state solution over time.

Theorem 2. If the following constraints are satisfied in the region € :

r(cg)m > Kaay™(z; + z¥), (5.1)
(d1 + g1 (yu +y")) > My, (5.2)
n2(dz + g2(2u + 27)) > dy*(h — Byuy™), (5.3)
r(c§)  aoy*(x, + x*)
< K m >M1 > Ms, (5.4)
My Moy + d(hzy + Byuy*2*) > cy*(h + Byiy™), (5.5)
(b +2%)(a1 + agx™) > (az +v)a™, (5.6)
(b—l—x*)(T(IC(O) — (37;7? Rk )> > (az(ce, — vep,), (5.7)

where

My = (g +y)) - (D) b = P2y

m 2
dy*(h — *
2
a(m—FaCC*Q) b(myu +axux*y*) 2
M3 = [ - } ’
m 2
(1 4+ zab)  c(zih — Byy*=*)
M, = ( - >’
m 2

m = (az? +m)(az*® +m), n = (By2 +h)(By** +h),

where x; and x,, y; and Yy, c¢, and co,, 2z, denote the lower (I) and upper (u) bounds of the
respective state variables,

b(Ky — K K1bd
xl:K4—K2, LEUZK, Ce, :K3a €0, :K2a yl:%’ yu:Kl’ Pu = (;C ’

(where values of K;, i =1,2,3,4 can be seen at Theorem 1) then the positive equilibrium point E3

18 globally asymptotically stable in the region ).
Proof. We assumed the following positive definite function about E3:
x n n n n
Li=(o-a" =o' () + Sy =y + (s = 297 + e — )+ e — )
> 2 2 2 2
Differentiating L1 with respect to time ¢, we get

dLy x—x*\ dr N oz o dce ey
7 ( >E+n1(y—y )54-”2(2—2 )E+n3(0e—ce)%+n4(00—co)ﬁ-

After performing some algebraic manipulations using system of equations (2.1), (2.5), we obtain

X

dLi wa(Tlcg) aay*(x +2%)
=P - )
* b h_ * ok
(g — ) [nldl F gy + ) — <w (1:7rlm ) clz nfyy z ))]
nady*(h — ﬁyy*)]
72

—(z — 2*)? |:n2(d2 +g2(2 + 2%)) —
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—(ce — ¢&)*na(ar + asz*) — (co — cf)*na(b + *)

—(z—2")(y —y") [

a(m + ax*?)  nib(my + a:c:v*y*)}
m 712

—(y =y )(z - Z*)% (nic(hy* + Byy*?) — nod(hz + Byy*=*))

—(x —2")(co — ) <7“1 - % — ngagce + n31)00>

—(x — 2")(ce — & )na(agce — veg) + (co — ) (ce — cg)x™(ag + ngv),
where
m = (az® + m)(az*? +m), 12 = (By* + h)(By™* + h).
Now dLi/dt can further be written as sum of the quadratic forms as
Ly _
dt —
+(b11/2)(x — 2%)? + bua(z — ") (ce — ¢f)

y*) + (b22/2)(y — y*)?

+ )

+(b11/2)(z — 2*)* = bis(x — 2*)(co — ¢§) + (bss/2) (co — ¢)°
+

"

—[(b11/2)(z — 2*)* — bra(z — 2*)(y —

+(b22/2)(y — y*)? + bas(y — y*)(z — 2*) + (bs3/2)(2 — 2¥)
+(baa/2)(ce — ¢£)* = bas(ce — &) (co — ¢§) + (bs5/2)(co — ¢§)?],
where
r(ct acy*(x + z* z*(1 4+ zab c(zh — **
b11: (KE])_ y( )7 b22:n1d1+n191(y+y*)—< ( )_ ( 5yy )>7
m m 2
dy*(h — *
bzs = na(da + g2(z + %)) — n2cy (772 Byy ), bag = ng(ar + asx™), bss = nz(b+ z),
a(m + ax*?)  nib(my + azz*y* 1 N N .
b1z = ( ) _ mblmy Y ), bas = — (nic(hy* + Byy*?) — nod(hz + Byy*2*)),
m 12 2
b45 = x*(ag + n4v), 615 = (7“1 — % — N3a2Ce + TL31)CQ)

Now, by using Sylvesters criteria and by choosing

*2
ny = alm + az™)rp >0
mb(my + axz*y*)

and ng = ng = ny = 1 we get dL;/dt is negative definite under the following conditions:

b1 > 0, (5.8)
bag > 0, (5.9)
b3z > 0, (5.10)
biibay > by, (5.11)
br1bag > b3y, (5.12)
baobsz > b3, (5.13)
biibss > bis, (5.14)
baabss > bis. (5.15)
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(a) Stable graph around the equilibrium point E;. (b) Stable graph around the equilibrium point Es.

Figure 2. Stable graph around the equilibrium points E; and E»

It is observed that the fourth inequality, i.e., by1boy > b%Q is satisfied due to the proper choice
of n1, and for other inequalities, (5.1) = (5.8), (5.2) = (5.9), (5.3) = (5.10), (5.4) = (5.12),
(5.5) = (5.13), (5.6) = (5.14), (5.7) = (5.15). Hence L; is a Lyapunov function with respect to
E3, whose domain contains the region of attraction €2, which proves the theorem. O

6. Simulations and discussion

In this section, we numerically explore the effects of key parameters on population interaction
using MATLAB and MATHEMATICA software.
We have taken the following parameter values for Ey:

ro =305 1 =07, K=65 a=112 «a=049, m=148, ¢=0.01,
b=121, dy=0571, ¢ =002 d=31 B=142, h=17, dy=0.223,
g2 =0.025, qo=0515, v=021, a3 =081, ap=0.142, b =0.52.

It has been found that under the above set of parameters, the equilibrium point F; is locally
asymptotically stable (see Fig. 2a).

=65, §g=0, z=0, ¢ =0.4837, ¢ =0.2368.
We select the following parameter values for the equilibrium Ey:

ro=3.65 r =052, K=15 a=199, a=025 m=2380458, c=0.01,
b=1.01, dy=0.0571, ¢ =0.025 d=10571, B=2192, h=0.1568, dy=0.35,
go = 0.0351, qo=0.515, v=0.821, a;=092881, ay=0.63, b =0.252.

It has been observed that under the above set of parameters, the equilibrium point Es is locally
asymptotically stable (see Fig. 2b).

T =13.85, ¢§=74350, =z=0, c =0.4611, & = 0.3453.
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Figure 3. Stable graph around the equilibrium point E3.

We choose the following parameter values for E3:

ro =058 1 =026 K=10, a=2891, a=0653, m=42 c=0.671,
b=146, dy=0.171, ¢ =0.085, d=059, B=052 h=1053, ds=0.03,
go = 0.0351, qo=0.155, v=0.8421, a; =081, as=0492, b =0.1252.

It has been found that under the above set of parameters, the equilibrium point E3 is locally
asymptotically stable (see Fig. 3 and Fig. 4).

x* =0.7446, y*=0.9126, =z =0.5445 ¢, =0.1780, ¢} = 0.08689.

The bifurcation diagrams of phytoplankton, zooplankton, and fish with respect to K are presented
in Fig. 5 and Fig. 6, where

ro=0.58, 71 =026, a=2891, a=0653 m=42 c=0.671,
b=146, dy=0.171, ¢ =0.085, d=059, B=052, h=1053, ds=0.03,
g2 =0.0351, qo=0.155, v=0.8421, a; =081, as=0492, b =0.1252.

For the above set of parameter values, we observed that if we change K from 6 < K < 7.5 the
system remains stable but shows oscillatory behavior in 7.55 < K < 10.
Again, let us choose the following parameters

ro =328, K=10, a=12891, a=0.0653, m=42, c=9.867l,
b=11.46, di =0.9971, g =0.07685, d =559, B=20952, h=1053, dy=0.39,
g2 = 0.015351, ¢o=0.151, v=0.8421, aj;=0.81, as=0.493, b =0.1252.
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Figure 4. Phase graph around the equilibrium point EJ.
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Figure 5. Bifurcation diagram of the model with respect to K.
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Figure 7. Bifurcation diagram of the system with respect to different values of .

Bifurcation diagrams of phytoplankton and zooplankton with respect to r; are presented in Fig. 7a
and 7b. Phase graphs for different values of r; showing limit cycle behavior are given at Fig. 8.



160 Kavita Yadav, Raveendra Babu A., B. P. S. Jadon

For the above set of parameter values, we observed that if we change r; from 1 < r; < 2.55 the
system shows oscillatory behavior, but is stable in 2.55 < r; < 10.

1.6

14r

12r
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(a) (b)

| 17256

25

15F
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T

0.5

Figure 8. Phase graph of the system with respect to different values of r;.

7. Conclusion

In this study, we proposed a mathematical model to explore the impact of toxicants in a tri-
trophic marine food chain system. We established the boundedness of the system, which ensures
that the population of the species remains within the feasible region. The local stability of the equi-
librium point in the model has been analyzed using the Jacobian matrix. From the stability of E,
it can be concluded that the only population of phytoplankton will survive, and the population of
zooplankton and fish would tend to go extinct (see Fig. 2a). The stability of E, indicates that the
phytoplankton and zooplankton population will survive and the fish will extinct (see Fig. 2b). The
interior equilibrium point E3 is locally and globally stable, showing coexistence of all three popula-
tions (see Fig. 3). From this analysis, it is seen that some parameter associated with our proposed
model can make the system unstable. Our investigation shows that a few parameters related to our
suggested model have the potential to cause system instability. The numerical simulation indicates
that increasing the system’s carrying capacity K keeps it stable up to a critical value, after which
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it becomes unstable (Fig. 5). Also, it is concluded that r; has a significant role in the stability of
the ecosystem (Fig. 7). Phase portraits are also presented, which show the limit cycle behavior of
the system for different values of the parameters.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

REFERENCES

. Alebraheem J. Predator interference in a predator-prey model with mixed functional and numerical

responses. J. Math., 2023. Art. no. 4349573. DOI: 10.1155/2023/4349573

Babu A.R., Misra O. P., Singh C., Kalra P. Model for the dynamical study of a three-species food-chain
system under toxicant stress. Int. J. Sci. Res. Sci., 2015. Vol. 1, No. 2. P. 493-513.

Babu A.R., Yadav K., Jadon B.P.S. The study of top predator interference on tri species with “food-
limited” model under the toxicant environment: A mathematical implication. Liberte J., 2025. Vol. 13,
No. 1. P. 20-35. DOI: 10.5281/zenodo.15878934

. Babu A.R., Gupta S., Rathaur N., Agarwal T., Sharma M. The effects of crowding and toxicant on

biological food-chain system: a mathematical approach. Hilbert J. Math. Anal., 2024. Vol. 2, No. 2.
P. 080-091. DOI: 10.62918 /hjma.v2i2.24

Das K., Srinivas M. N., Saikh A., Biswas Md. H. A. Impact of nanomaterial in the marine environment:
through mathematical modelling by eco-path framework. Commun. Biomath. Sci., 2024. Vol. 7, No. 1.
P. 148-161. DOI: 10.5614/cbms.2024.7.1.8

Hallam T.G., de Luna J.T. Effects of toxicants on populations: A qualitative: Approach III.
Environmental and food chain pathways. J. Theoret. Biol., 1984. Vol. 109, No. 3. P. 411-429.
DOI: 10.1016/50022-5193(84)80090-9

Haque M., Ali N. Chakravarty S. Study of a tri-trophic prey-dependent food chain model of interacting
populations. Math. Biosci., 2003. Vol. 246, No. 1. P. 55-71. DOI: 10.1016/j.mbs.2013.07.021

Hallam T.G., Clark C.E., Jordan G.S. Effects of toxicants on populations: A qualitative approach II.
First order kinetics. J. Math. Biol., 1983. Vol. 18. P. 25-37. DOI: 10.1007/bf00275908

Liu Z., Tan R. Impulsive harvesting and stocking in a Monod-Haldane functional response predator-prey
system. Chaos, Solitons € Fractals, 2007. Vol. 34, No. 2. P. 454-464. DOI: 10.1016/j.chaos.2006.03.054
Liu W. M. Criterion of Hopf bifurcations without using eigenvalues. J. Math. Anal. Appl., 1994. Vol. 182,
No. 1. P. 250-256. DOI: 10.1006/jmaa.1994.1079

Misra O.P., Babu A.R. A model for the dynamical study of food-chain system considering interference
of top predator in a polluted environment. J. Math. Model., 2016. Vol. 3, No. 2. P. 189-218.

Misra O.P., Babu A.R. Modelling effect of toxicant in a three-species food-chain system incorporating
delay in toxicant uptake process by prey. Model. Earth Syst. Environ., 2016. Vol. 2. Art. no. 77. P. 1-27.
DOTI: 10.1007/s40808-016-0128-4

Majeed A.A., Kadhim A.J. The bifurcation analysis and persistence of the food chain eco-
logical model with toxicant. J. Phys.: Conf. Ser., 2021. Vol. 1818, No. 1. Art. no. 012191.
DOTI: 10.1088/1742-6596,/1818/1/012191

Mandal A., Tiwari P.K., Pal S. Impact of awareness on environmental toxins affecting plank-
ton dynamics: a mathematical implication. J. Appl. Math. Comput., 2021. Vol. 66. P. 369-395.
DOI: 10.1007/s12190-020-01441-5

Preston B. L., Snell T. W. Direct and indirect effects of sublethal toxicant exposure on population dy-
namics of freshwater rotifers: a modeling approach. Aquatic toxicology, 2001. Vol. 52, No. 2. P. 87-99.
DOI: 10.1016/50166-445X(00)00143-0

Panja P., Mondal S. K., Jana D. K. Effects of toxicants on Phytoplankton—Zooplankton—Fish dynamics
and harvesting. Chaos, Solitions & Fractal, 2017. Vol. 104. P. 389-399. DOI: 10.1016/j.chaos.2017.08.036
Pal R., Basu D., Banerjee M. Modelling of phytoplankton allelopathy with Monod-Haldane-
type functional response — A mathematical study. Biosystems, 2009. Vol. 95, No. 3. P. 243-253.
DOTI: 10.1016/j.biosystems.2008.11.002

Smith G. M., Weis J. S. Predator-prey relationships in mummichogs (Fundulus heteroclitus L.): Effects
of living in a polluted environment. J. Ezp. Marine Biol. Ecol., 1997. Vol. 209, No. 1-2. P. 75-87.
DOI: 10.1016/S0022-0981(96)02590-7

Thakur N.K., Ojha A., Jana D., Upadhyay R.K. Modeling the plankton-fish dynamics with top
predator interference and multiple gestation delays. Nonlinear Dyn., 2020. Vol. 100. P. 4003-4029.
DOI: 10.1007/s11071-020-05688-2


https://doi.org/10.1155/2023/4349573
https://doi.org/10.5281/zenodo.15878934
https://doi.org/10.62918/hjma.v2i2.24
https://doi.org/10.5614/cbms.2024.7.1.8
https://doi.org/10.1016/S0022-5193(84)80090-9
https://doi.org/10.1016/j.mbs.2013.07.021
https://doi.org/10.1007/bf00275908
https://doi.org/10.1016/j.chaos.2006.03.054
https://doi.org/10.1006/jmaa.1994.1079
https://doi.org/10.1007/s40808-016-0128-4
https://doi.org/10.1088/1742-6596/1818/1/012191
https://doi.org/10.1007/s12190-020-01441-5
https://doi.org/10.1016/S0166-445X(00)00143-0
https://doi.org/10.1016/j.chaos.2017.08.036
https://doi.org/10.1016/j.biosystems.2008.11.002
https://doi.org/10.1016/S0022-0981(96)02590-7
https://doi.org/10.1007/s11071-020-05688-2

162 Kavita Yadav, Raveendra Babu A., B. P. S. Jadon

20. Talib R. H., Helal M. M., Naji R. K. The dynamics of the aquatic food chain system in the contaminated
environment. Iragi J. Sci., 2022. Vol. 63, No. 5. P. 2173-2193. DOI: 10.24996/ijs.2022.63.5.31

21. Yadav K., Babu A.R., Jadon B.P.S. Mathematical implications of the effect of toxicants and dis-
tributed delay on tri-trophic food chain model. J. Syst. Eng. Electron., 2024. Vol. 34, No. 12. P. 582-597.
DOI: 10.5281/zenodo.14563265

22. Zhang P., et al. Effect of feeding selectivity on the transfer of methylmercury through experimental
marine food chains. Mar. Environ. Res., 2013. Vol. 89. P. 39-44. DOI: 10.1016/j.marenvres.2013.05.001


https://doi.org/10.24996/ijs.2022.63.5.31
https://doi.org/10.5281/zenodo.14563265
https://doi.org/10.1016/j.marenvres.2013.05.001

Editor: Tatiana F. Filippova
Managing Editor: Oxana G. Matviychuk

Design: Alexander R. Matviychuk

Contact Information
16 S. Kovalevskaya str., Ekaterinburg, Russia, 620990
Phone: +7 (343) 375-34-73
Fax: +7 (343) 374-25-81

Email: secretary(@umjuran.ru

Web-site: https://umjuran.ru

N.N.Krasovskii Institute of Mathematics and Mechanics

of the Ural Branch of Russian Academy of Sciences

Ural Federal University named after the first President of Russia B.N.Yeltsin

Distributed for free


mailto:secretary@umjuran.ru
https://umjuran.ru/

	Introduction
	2-Local liner operators of finite-dimensional vector spaces which are liner operators
	2-Local liner operators on finite-dimensional vector spaces which are not linear operators
	2-Local derivations of complex null-filiform and filiform Zinbiel algebras
	2-Local automorphisms of naturally graded quasi-filiform Leibniz algebras of type I
	Introduction
	General notions and definitions
	Some topological constructions
	Directed families, filters, and filter bases
	Attraction sets in topological spaces
	Attainability problem with precompact target operator and some representations for attraction sets
	Filters and attainability sets, 1
	Filters and attainability sets, 2
	Some topological properties
	Introduction
	Motivation and some numerical examples
	Position of problem and preliminary result
	Main result
	Proof of Proposition 2
	Proof of Theorem 1
	Conclusion
	Notes on the dedication
	Introduction and our theorem
	Some lemmas, the Key Lemma, and a new proof of one of Strietz's results
	A tediously provable lemma
	The rest of tediously provable lemmas
	Proving Theorem 1 and Proposition 1 with our lemmas
	Conclusion 
	Introduction
	Topologies on YX
	Topologies on YX due to ideal
	Topologies on YX induced by continuous functions
	Conclusion
	Acknowledgements
	Introduction
	PID on graph complements and Nordhaus–Gaddum inequalities
	PID of some graph classes and their complements
	A unique family G of graphs G
	Conclusion
	Introduction
	Preliminaries
	The generalized Hyers–Ulam stability of (2.2) in modular spaces
	Introduction
	Main result and discussion
	Lemmas
	Proof of the main result
	Conclusion
	Introduction
	Formulation of the problem
	Investigation of the spectral problem 
	Existence, uniqueness and stability of a solution to Problem A 
	Conclusion
	Introduction
	Model formulation
	Boundedness of the Model
	Analysis of Model
	Existence of equilibrium points
	Local stability of the Model

	Global stability
	Simulations and discussion
	Conclusion

